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POINT SPECTRA AND NORMAL MODES
OF THE RAYLEIGH LOADED STRING
WITH DAMPING

Francesco Fasso, Sara Galasso, and Antonio Ponno

ABsTrRACT. We describe the point spectra of some dissipative version of the
celebrated “Rayleigh loaded string”, an elastic string of finite length carrying
a number n > 1 of equally spaced, equal point masses, which is a basic model
that exhibits a band structure and appears in many applied areas. We con-
sider the case in which the dissipation is due to a viscous damping due to
the interaction string-environment, a standard model for internal visco-elastic
dissipation (the Kelvin—Voigt model), and their combined presence. We show
that the point spectrum of each of these damped versions of the Rayleigh
loaded string is a continuous deformation of the point spectrum of the un-
loaded elastic strings with that damping and that presents a band structure
similar to that of the undamped case. We also provide explicit analytical
expressions for the eigenfunctions, for any value of n.

1. Introduction

1.1. Aim and motivations. The Rayleigh’s loaded string, or simply the
loaded string, [4,7,20,22,25] is an elastic string with fixed ends and a certain
non-homogeneous density distribution, which is assumed to perform small trans-
verse oscillations under the influence of no forces except for the (constant) string
tension. The non-homogeneity is due to the presence of a number n > 1 of localized
point masses (“loads”) along the string.

One of the reasons for interest in this system is that it is an instance of a “lo-
cally periodic system”; a class of systems whose spectral properties are of significant
interest in various areas of physics, and have received great attention in the physics
literature (see [7] for an introduction). Cases with any number of loads, variously
distributed along the string, have been considered in connection with the forma-
tion of conduction bands, Anderson localization and other classical and quantum
phenomena [10, 20].
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In the simplest case, which is the one we will consider here, the masses are
equal and equally spaced and their introduction is well known to give the spectrum
a band structure [7,12,22]. Specifically, the spectrum is a continuous deformation
of that of the uniform (“unloaded”) elastic string, with deformation parameter the
ratio i := §; between the mass m of the loads and the mass M of the string, and
is organized in bands of n + 1 eigenvalues. Each band is formed by one of those
special eigenvalues of the unloaded string which have nodes at the locations of the
point masses, and of other n eigenvalues which tend to it as ji grows.

The aim of the present paper is to investigate the effect of various types of
dissipation on the point spectrum of the loaded string. We are mainly interested in
the case in which the elastic string is replaced by a viscoelastic string, with internal
damping, but we will also consider the cases of viscous external damping and the
combined effect of the two. Specifically, we will consider the standard “Kelvin—
Voigt” model of viscoelastic string [8,23,24], which introduces in the wave equation
for the transversal string displacement 1 a term J¢,.., with a constant 4 > 0, and
the standard model (Heaviside’s “telegrapher” equation [11]) of external damping
which introduces in the wave equation a term — Bwt, with a constant B > 0. The
string with both sources of dissipation has been studied, e.g., in [15]. The point
spectra of the unloaded strings with these types of dampings, which depend on
B and 4, are known (see e.g. [17,18,23]). Their eigenvalues are given by two
functions, parametrized by B and 4, of those of the undamped elastic string. We
will call these two functions the “spectral map”.

More generally, the spectral properties of damped elastic strings and of similar
systems, with various types of non-uniform dampings (particularly of the Kelvin—
Voigt type) and non-homogeneous densities, have received ample attention in the
mathematical literature in the last decades, and many general results are known,
e.g. on the localization of the spectrum in the complex plane, the accumulations
of the eigenvalues, the existence of a Riesz basis, etc. (see e.g. [3,9,13-15,17,18,
23,26] and references therein). However, it seems to us that considering the limit
case of a (uniformly) damped string with equal, concentrated inhomogeneities at
equally spaced points, where everything can be made explicit, has some interest.

For instance, our interest for this problem originated from a study of the long-
time dynamics of a chain of n > 1 pendula hanging from a viscoelastic string [6].
Upon linearization around the equilibrium configuration, such a system decouples
into two linear subsystems, one of which is precisely the Kelvin—Voigt viscoelas-
tic loaded string that we consider here. The other subsystem can be viewed as
a Kelvin—Voigt viscoelastic string with n harmonic oscillators of a certain (non
generic) type attached to it. A detailed knowledge of the spectra of these two
systems is, thus, a prerequisite for the study of the string carrying the pendula.
However, because of some relevant differences between them (and also the non-
genericity of that specific Kelvin—Voigt case), we find it clearer to study them
separately.
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1.2. Results. We will focus on the dependence of the damped spectra on the
mass of the loads, namely, on the parameter ji, and show that it has a well defined
band structure.

Specifically, we will first show that, for each B and 4, the eigenvalues of the
damped loaded string with a certain [ are given by the same “spectral map” of the
unloaded damped string, but evaluated on the eigenvalues of the Rayleigh string
with that f.

As a consequence, for each B and 4, the spectrum is a continuous deformation,
with deformation parameter i, of the spectrum of the unloaded string with those
B and 4. As [1 grows, the eigenvalues move, in the complex plane, on a “spectral
locus” which is determined by n, 3 and 4. (For given n, B and 4, such a spectral
locus can be seen as the union of the point spectra of the damped loaded string for
all i > 0). This process produces the formation of bands in the spectrum.

Each band contains one of those special eigenvalues of the, now damped, un-
loaded string with that B and 4 whose eigenfunctions have nodes at the locations
of the point masses, and other n eigenvalues which move towards it, making the
band narrower, as i grows, and cluster to them as i — 4oc.

In addition, we will derive explicit expressions for the eigenfunctions, which are
valid for all n (and, to our knowledge, are new even in the undamped case).

1.3. Organization of the paper. In Section 2 we describe the system under
study. In Section 3 we review the spectra of the damped unloaded strings and
determine their spectral loci which, as explained above, are the starting point for
the description of the spectrum of the damped loaded strings. In Section 4 we
study these spectra; preliminarily; however, we review in detail the structure of the
spectrum of the Rayleigh loaded undamped string (B =4 =0, & > 0) whose eigen-
values determine those of the damped loaded strings with the same fi. Section 5 is
devoted to the eigenfunctions.

Unless stated differently, by “spectrum” we mean “point spectrum”.

2. The system

2.1. The undamped and damped loaded strings. Rayleigh’s loaded string
is a planar homogeneous elastic string of finite length and fixed ends which carries
n point masses, which we assume to be equally spaced and with the same mass m.
The only force acting on the system is the elasticity of the string, whose tension 7
is assumed to be constant. We denote M the mass of the (unloaded) string, L its
length, and p = M/L its constant linear density. The string is supposed to perform
transverse displacements and its configuration at each time ¢ is, thus, described by
an embedding (with standard regularity properties, see below) of the form

[0,L] >z (z,¢(z, 1)) € R

where ¢: [0, L] x R — R satisfies the boundary conditions ¥ (0,t) = ¢(L,t) = 0 Vt.
The point masses are attached to the points of the string with material coordinate
x given by %HL, %HL, -oos g7 L. The equation governing the dynamics of the
system is given, e.g., in [4, equation (40)], and, after the inclusion of a viscous
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dissipative term Bwt and of a Kelvin—Voigt dissipative term —4ts;., with positive
constants 4 and 3, takes the form

(21)  pvue = Taa +m Y ud e — At + B =0, $(0,) =9(L,1) = 0.

j=1

Here, for any a € R, d,(x) := é(z — a) denotes the translated Dirac delta.
In order to slightly simplify the equations that determine the eigenvalues, we
use dimensionless space and time coordinates & := (n + 1)Z, ¢ := (n + 1)%\/%15

(which we will keep on denoting x,¢) and parameters

5o L B _n+1 7 _n+1lm
T n+412n/p7 T L/pT’ = m

After this (unusual) rescaling, the fundamental frequency ¥ \/% of the elastic string

of length L is n%H The inclusion of the factor n+1 in the rescalings and parameters
prevents its appearing in some conditions, particularly in the quantity £z , defined
below. Also, after the rescaling, the string has length n + 1, the point masses are
at the points

zj:=7, j=0,...,n+1,

and equation (2.1) becomes

(22) Tu—Vua+2um2 Y Puds, + 287 —27pn =0, @ € (0,n+1), tER,
j=1

with the boundary conditions
(2.3) »(0,t) =vY(n+1,t) =0 VteR.

We consider equations (2.2), (2.3) for 5 >0, v > 0 and p > 0. We call them
the damped (undamped, if f =~ = 0) loaded (unloaded, if ;1 = 0) string Sg - ..

2.2. Weak formulation. Consider the space ¥ of continuous real functions
f:[0,n+1] = R which are C? in z € (0,n + 1) \ {z1,...,2,}, have bounded left
and right first x-derivative at x1,...,x,, and vanish at 0 and n 4+ 1. Let ¥ be the
space of real functions

¥:[0,n+1] xR = R, (x,t) — P(x,t)

which are C? in ¢ and are such that, for each ¢, z +— 1 (z,t) belongs to X.

Then, following a standard approach (see e.g. [25, Appendix III to Ch. II]), we
define as (real) solution of equations (2.2)-(2.3), or of Ss,,, any function ¢ € 3.
which satisfies, for all t € R, the equation

(2.4) T2y (2, 1) — e (2, 1) + 26720 (2, 1) — 29ie(2,1) =0 Vz € (0,n+ 1) ~ {z1,..., 20}
and the jump conditions

(2.5) 2um®hre(5,1) — (he + 29%1a) (@] 1) + (Yo + 29012) (27 ,8) =0 Vji=1,...,n.
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Here 1, (xjt, t), wm(wj[, t) stand for limw_mj_t Pz, t), limw_mji Yz (x,t). By a com-
plex solution we refer to a complex function whose real and imaginary parts are real
solutions. (The jump of the z derivatives at each point z; is computed integrating
(2.2) in (z; — €,z; + €) and taking the limit ¢ — 0).

For p = 0, the jump conditions (2.5) imply the smoothness of ¢ and (2.4) re-
duces to the wave equation (2.2) without Dirac deltas, which describes the damped
(undamped, if 8 = v = 0) unloaded string Sg 0. We may, thus, include in this
formulation the case of the unloaded strings of length n + 1 with any n > 1.

2.3. The point spectrum. For this type of systems, eigenvalues can be found
via separation of variables (or, equivalently, via matrix pencils [13]). Specifically,
a complex number A is an eigenvalue if there exist a nonzero complex solution
of the form

U, t) = flx)e
we will call f the eigenfunction and the family of solutions ct, with ¢ € C~\ {0}, the
(damped) normal mode with eigenvalue A. The point spectrum Spg . , of Sp -, is
the set of all its eigenvalues. Obviously, the nonreal eigenvalues come in conjugate
pairs.

Explicitly, from (2.3), (2.4) and (2.5), A is an eigenvalue of Sg, , with eigen-
function f if and only if f € 3, f # 0 and

(2.6a) (14 29\ f"(x) = T* (A2 + 28\ f(z) Vo e (0,n+1)~{z1,..., 2.},
(2.6b)  (L+29N)(f'(a]) = f'(z})) = 2um? N f(z;) Vj=1,...,n,
(2.6¢) f(0)=f(n+1)=0.

Note that, for each § > 0 and v > 0, Spg ,, ¢ is the spectrum of the unloaded

(damped or undamped) string Sg -0, and that for each p > 0, Spo,o,,, 1s the spec-
trum of the undamped Rayleigh loaded string.

3. The spectra of the damped unloaded strings

3.1. The spectral map. We now review the spectra of the damped unloaded
strings with the three types of dissipation that we consider. As already mentioned
in the Introduction, all this is elementary and essentially known, and can also be
viewed as particular cases of general situations discussed e.g. in [3,9,13,14,17,23,
26|. However, our approach is finalized to the subsequent treatment of the damped
loaded string.

For all 8 > 0, define the functions

£0: C—C, &30(N) :=mV/ A2 428X,
and, for v > 0,
VA2 28\
VIF29X

Here and in the following /- denotes the real square root for real nonnegative
arguments and (e.g. the choice of the branch is immaterial) the complex square

& C N {—%} —-C, &N =7
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root with nonnegative imaginary part for all other, real or complex, arguments.
We make the tacit convention that, if v = 0, then {—%} is the empty set and use
the symbol &g, for both v = 0 and v > 0. We will see below that 0, —23 and
—% are not eigenvalues, so in the rest of this section we tacitly exclude them from
consideration.

It is well known that the spectrum of the damped unloaded string Sg 4,0 is
related to that of the elastic string So 0,0 by a simple relation: for any 5 > 0 and
v 2 0, A € Spg 4 if and only if %fgﬁ()\) € Spgoo and A # =28, —% This is
due to the fact that, as an abstract equation, when m = 0 equation (2.1) has the
structure Av) + Bi) + C¢p = 0 with linear operators A, B and C such that B is a
linear combination of the other two (see e.g. [16, Section 7.5]). In fact, it is a simple
check (integrate (2.2) with g = 0 in [0,n + 1] and impose the boundary conditions
(2.3)) that a complex number A belongs to Spg ., o if and only if it is different from
—24 and from —% and satisfies sinh ((n + 1)€3,,(X)) = 0 and belongs to Spq ¢ o if
and only if sinh((n + 1)7\) = 0.

We define
K
Con4 1
so that Spg oo = {Fiwg : k € Z; } and A € C~ {—26,—%} is in Spg , o if and
only if {5, () = imwy for some k € Z,. Solving these equations gives Spg . o =

{A87 (wg) € C {—%, —28} : k € Z4} with the two functions

Wi - keN,

(31) MR- C M (W) = —(B+9w) £ V(B +w?)? - u?,

that we will call spectral map.
Note that the labeling of the eigenvalues is such that

(3.2) Ea(NTY (wh)) = imwr VB, k

(the absence of the double sign at the left hand side is due to our convention on
the square root).

3.2. The spectral locus. In view of the study of the damped loaded string
we introduce, for each 8 > 0 and v > 0, the spectral locus Lg .~ C C of Spg ., o as

Lpr =L+ ULpqy -
with
Loy =MNT(Ry), Lgoy - = 2A27(Ry),
so that Spﬂ)%o C Lg for all n > 1. It is not difficult to check that:
1. If >0, then Lgo = (—28,0) U{A € C: Re(X) = -5}
2. If v > 0, then Lo, = (—o0, —%) U Co -
3. If B,v > 0, then there are three cases:
3.1. 4By < 1 (underdamped case): Lg ., = (— oo, f%) U(—28,0)UC3s,.
3.2. 4By =1 (critical case): Lg, = (—00,0).
3.3. 487 > 1 (overdamped case): Lg, = (—o0, —28) U (— %,0).
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FIGURE 1. The spectral loci (in the non-critical case). The marks
+ and the colors denote the subsets Lg ., + (blue) and Lg , _ (red)

and the arrows denote the orientation on them, which is that of w
increasing in the parametrization of these sets by the func-

tions A3,
Here Cj3 .~ is the circle of center —% and radius 7V12—’;1m. The spectral loci are
shown in Figure 1. In the case of a Kelvin—Voigt viscoelastic string without external
damping (8 = 0, v > 0), the circle C, is tangent to the imaginary axis at 0. In
case 3.1., the point —27 lies inside the circle Cg . We will not consider the critical
case in the sequel.

It is also not difficult to show that, the critical case excluded, both functions
)\i’ws Ry — Lg.~,+ are injective and, therefore, induce an orientation on the sets
L.~ +, according to increasing values of the parameter w. These two subsets and
their orientation are shown in Figure 1, and will be used later. We note also
that Lg . + and Lg . — have empty intersection except, in cases 1., 2. and 3.3, at
w = %(1 + /1 —45y), which are the points of intersection between the negative
real semi-axis and either the circle Cg , or the line Re(A) = —3. These are the only

values of w for which /\i’”’ are not smooth, but only continuous.

REMARK 3.1. In the critical case, A7 are not injective because )\i"y (w) =-28

for all w > 25 and )\E"y(w) = —2( for all w < 2. As a consequence, in this case the

spectral locus contains the point —25 = —% (which is not in the point spectrum).
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3.3. The unloaded spectra. We now quickly describe the structure of the
spectra Spg ., ¢, considering first the two limit cases v = 0 and 3 = 0.

1. The spectrum Spg g o, of the string with viscous damping, 8 > 0 and v = 0,

is completely elementary. The eigenvalues are the )\i’o(wk) = -+ /8% —wi,
k € Z,. A finite number (zero, if § < n%rl) of them belong to the real interval
(—20,0) and all other to the line Re(\) = —3. See Figure 5.a (which uses a notation
that will be introduced later).

We add that, for each k, as 8 grows the two eigenvalues )\i’o(wk) move along
the circle of radius wy centered at zero, from +iwy to the point —f3, where they

meet and then move on the real axis one to the right and one to the left of —3.

2. The Kelvin—Voigt spectrum Spy , g, with v > 0, is very well known, see
e.g. [17,23]. The eigenvalues are A} (wy) = —w? £ /72wf —w?, k€ Z,.

Those with k < ”TH, if present, form a finite number of pairs of non-real
complex conjugate numbers which belong to the circle Cp . The remaining ones

belong to the interval (—oo, —5-) and accumulate to its boundaries. The A% (wr)
v
are all pairwise distinct except, if ’%1 €Zy, )\?;io L= —%.

+
The Kelvin—Voigt spectrum is illustrated in Figure 2.
Here too, as v grows, the eigenvalues move on circles centered at zero until
they reach the real axis at the point of intersection with the circle Cj .

3. For 8 > 0 and v > 0 there are two cases.

In the underdamped case 43y < 1 the spectrum is similar to that of the Kelvin—
Voigt system, but slightly more complex: there are infinitely many eigenvalues in
the interval (—oo, f%) which accumulate to its boundaries, a possibly zero finite
number of eigenvalues in the interval (—203,0), and a possibly zero finite number of
conjugate pairs of eigenvalues in the circle Cg . ([18, Lemma 1.7] treats this case,
but with different boundary conditions, with 8 = ¢y for some ¢ > 0 and with an
additional term ¢t in the equation, and this changes the radius of the circle Cjs ).

In the overdamped case, with 457 > 1, there are infinitely many eigenvalues in
the interval (—oo, —2/3) which accumulate to —oo and infinitely many eigenvalues
in the interval (—%, 0) which accumulate to —5-.

2y
See Figures 6a and 6c.

REMARK 3.2. Since its eigenvalues depend continuously on v > 0, the spectrum
Spg 4,0 of the Kelvin-Voigt string is a continuous deformation of the spectrum
Sppo,0 of the elastic string. However, the continuity at v = 0 is not geometrically
evident if these spectra are plotted in the complex plane, because, at infinity, the
imaginary axis is “very far” from the real one. This is one of the reasons why we
will later prefer regarding the spectrum Spg ., , of the damped loaded string as a
deformation of the spectrum Spg .,  of the damped unloaded strings, rather than
of the spectrum Spy  ,, of the undamped loaded string. Another reason is that the
spectral locus Lg , does not change with u. We note, however, that the continuity
of the Kelvin—Voigt spectrum at v = 0 becomes geometrically evident if the spectra
are plotted on the Riemann sphere, see Figure 2. Similarly, when 8 > 0, the relation
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FIGURE 2. The point spectra of the Kelvin—Voigt string (red
points) and of the elastic string (blue points) in the complex plane
(top) and in the complex plane and on the Riemann sphere (bot-
tom). The red, black and blue lines are, respectively, the circle
Co,, the real axis and the imaginary axis in the complex plane and
their preimages on the Riemann sphere (In both figures, n = 3,
v =0.24).

between Spg .,  for small v and Spg o could be geometrically understood plotting
the spectra on the Riemann sphere.

3.4. Notation for the bands. For §,v > 0, the eigenfunction of the string
Sp,~,0 relative to an eigenvalue A is

(3.3) fE0z) = sinh(g5,(N)z), = €[0,n+1]

(integrate (2.6a) with ¢ = 0 and use the boundary condition (2.6¢)). Thus, the two
eigenvalues of each pair )\’i’v(wk) have the same eigenfunction.

Moreover, identities (3.2) imply that the eigenfunctions are independent of 3
and 7, in the sense that the eigenfunction of Spg , ( relative to the pair of eigen-
values )\i”y(wk) equals the eigenfunction of Spy , relative to the pair of eigenvalues
200 (wi) = +iwy, namely sin(rwgz).

Consequently, the eigenfunctions relative to the eigenvalues )\i’v (Win+1)¢) have
nodes at the points z1,...,x,. We will see below—and it is well known at least for
B =~ = 0 [22]—that these eigenvalues also belong to Spg,y,, for all p > 0, and
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that they organize its band structure. For this reason, we will call them the string
eigenvalues of Spg ., o and of Spg ,, ,, and we will denote them

)‘?0 L= M (wep), L€y

. 0,0 .
In particular, A,y , = Fiwe,o.
To facilitate, later, the description of the band structure of Spg ., , we relabel
the frequencies of the elastic string as

Weq = Wnt1y+q, LEN, ¢=0,....n

Here, properly, wp ¢ is not defined; however, in order to simplify the notation, we
make the convention wg g = 0.

4. The point spectra of the damped loaded strings

4.1. The spectral map. The key fact for our analysis is that between the
spectra of the damped and undamped loaded strings there is the same relation as
in the unloaded case, namely, the spectral map (3.1). This, together with some
consequences and other properties, is the content of the following Proposition:

PROPOSITION 4.1. Forallm>1,8>20,v>0and u >0
i. 0, =28 and, if v > 0, f% do not belong t0 SPg 4 -
ii. If A € Spg,, then Re(\) =0 if 3 =~ =0 and Re(\) < 0 otherwise.
iii. A € C~ {0,-28, —%} belongs to Spg ., ,, if and only if L&54(N) belongs
to Spg g, that is, if and only if X = )\i’v(w) for some w > 0 such that

+iw € Spg g, .-
iv. Spﬂ,,}/’u C LB7«/.

PROOF. (i.) It follows from (2.6) that if X is such that A = 0, A2 + 28X =0 or
14 28X =0 then f =0.
(ii.) Define the total energy at time ¢ of a complex solution ¢ as

1 i Ti+1 1 n
— 2;/3” (|1/)t(x,t)|2 + P\zbm(z,t)ﬁ)dx +uj; Wy, 8)[2

For any solution v, using (2.4), the vanishing of ¢; at x = 0,n+1 and an integration
by parts of all terms containing ¥, iz, ¥zt and of their complex conjugates
which arise in the computation, gives 4 Ey(¢) = —A(¢) with

Z/z Izbm z,t)|? + 28| (x, t)] )d

For a damped normal mode ¥y (z,t) = e f(z),

A(y) = |AeM|? Z/ 27|f )|2—|—2,8\f(a:,t)|2)dx>0
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if at least one among S and « is positive. But, clearly, Ei(¢)) = thReWEO(QpA
and thus £ E;(1)x) = 2Re(A)Ey (). This implies 2Re(A)Ey(1hn) = —A(hy) <
and proves the statement because E;(1) > 0 if the solution ¢ is nonzero.

(iii.) f satisfies (2.6) with some 3,7 > 0 and A # 0, —25,—% if and only if
it satisfies them with A replaced by %5577(/\) and 8 and + replaced by 0. By ii.,
the eigenvalues of Sp; , , are purely imaginary. Solving the equation £ () = inw

)
0

with iw € Spg ¢, gives A\ = M ().
(iv.) For each w € Ry, A} (w) € Lg . O

REMARK 4.1. When m = 0, namely, for the unloaded string, item ii. could
also be deduced with an algebraic argument from (2.6a) (see [16, Theorem 7.1]).

4.2. Review of Spg g ,. Item iii. of Proposition 4.1 allows to deduce the
spectrum Spg ., of the damped loaded string from that of the undamped loaded
string Spy ¢ ,,» which is known: a complex number A # 0 belongs to Spy g, if and
only if it satisfies

(4.1) sinh(7rA) U, (um A sinh(7)) + cosh (7)) = 0

(see [7,22] for n = 1 and [20] for an equivalent formulation valid for any n, where,
however, there are no detailed proofs).

Here the Uy, k € N, are the Chebyshev polynomials of the second kind, which
are the complex polynomials defined by the recurrence

(4.2) Up(z) :=1, Ui(z):=2z, U(z):=22Uk_1(z) — Up_2(z) (k>2, z€C)

(see e.g. [19]). Each Uy : C — C is a polynomial of degree k and has the k simple
Zeroes
pr

(4.3) Ck’p::COS<k+l)’ p=1,...,k

The appearance of the Chebyshev polynomials in the eigenvalue equations is typical
of locally periodic systems [7].

The zeroes of the first factor in (4.1) are the “string” eigenvalues +iwg o = £il,
{ € Z,, of the elastic string, whose eigenfunctions have nodes at the positions of
the point masses.

Since the zeroes of U,, are the n numbers ¢, p, p = 1,...,n, the zeroes of the
second factor in (4.1) are the solutions of the n equations
(4.4) pmAsinh(wA) + cosh(mA) = ¢ py, p=1,...,m,

and thus come in groups of n. Their properties are well known and are recalled in
the following Proposition (of which we provide for completeness a proof, because
we could not find a detailed one in the literature).

PROPOSITION 4.2. For any n > 1 and p > 0, Spg, consists of the string
eigenvalues +iwg o, £ € Zy, and, for each £ € N, of n pairs of other eigenvalues
+iwy ,, ¢ =1,...,n, with

(4.5) weo <wpy <o < Wy, < Wit o
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Each qu is a smooth decreasing function of p which tends to weq for p — 0 and
to weo for p — 4o00.

Wl Wy w3 Wiy  Wsp 0 . & KA . & w
0 w wy w3 w4
(a) (b)

FIGURE 3. The spectrum Spy q ,, of the undamped Rayleigh string,
for n = 3. (a) The frequencies wZ , are the abscissas of the inter-
section points between the graphs of the function at the Lh.s. of
equation (4.6) (solid curve) and of the n = 3 functions at its r.h.s.
(dashed curves; p = 1 red, p = 2 blue, p = 3 green), reordered as
in (4.5); the black points denote the string frequencies. (b) The
frequencies as functions of u; the vertical black lines denote the
string frequencies; the other lines denote the frequencies wZ o With

the coloring as in (a). (In (a) p = 0.1, in (b) p € (0, 3)).

PROOF. Fix p > 0. The non-string eigenvalues of Sp, , , are the solutions +iw
with non-integer positive w of the n equations (4.4). Written for w € Ry N\ Z4,
these equations are

(4.6) prwsin(rw) = cos(mw) — ¢pp, p=1,...,n,
or else

(4.7 Flw)=fp(w), p=1,...,n,

with

F(w) = mpo, - folw) = %

Since |cnp| < 1, fj(w) = w% < 0, fp is strictly decreasing in each

interval (¢,¢ + 1), £ € N, which it maps diffeomorphically onto R. Together with
the fact that, for u > 0, Ry 3 w — F(u,w) is strictly increasing and onto R, this
ensures that each equation (4.6) or (4.7) has exactly one positive solution @y , (1)
in each such interval. Solutions with different p are (at the same p) obviously
different. A look at Figure 3.a, which plots the two functions at the two sides of
(4.6), shows that at fixed u, the @y, (1) increase (decrease) with p if £ is even (odd).
We thus relabel them as

b : : b : :
Wy 4 1= Weg if £ is even, Wy 4 1= Wen—g+1 if ¢ is odd

so as to get the ordering (4.5).
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Consider now the p-dependence of the w) g An inspection of Figure 3.a shows
that they are decreasing functions of ; and that each of them tends to wy as
# — 400 and (after the relabeling) to we 4 for p — 0 (the solid curve becomes
steeper if p increases and flatter if u decreases). Their smoothness follows from the
implicit function theorem, given that - (F(p,w) — fy(w)) = mp — fp(w) >0 for all
w=0andw ¢ Z,. O

Thus, the undamped Rayleigh spectrum Spy, , is a global, smooth p-defor-
mation of the spectrum Spg o of the elastic string. As p increases, the string
frequencies wy,o remain fixed while the other frequencies wZ , move to their left
towards the immediately lower wy ¢ (towards zero, if £ = 0), forming bands which,
for each u, become narrower with ¢. See Figure 3b.

It is also possible to give a quantitative, asymptotic estimate on the size wZ "=
we,o of the bands. From Figure 3a it is clear that, if g(w) := mpwsin(rw), then
for sufficiently large p and € 1 ~ |g(w},,) — g(weo)| = |g9'(we0)llws,, — weol =

1

7r2u€|wé‘,n —wgo|. Thus, for large 1 and ¢, the size of the bands decrease as ma

REMARK 4.2. (i) The fact that, in absence of damping, the frequencies decrease
when g grows is in agreement with a general theorem by Rayleigh on the dependence
of the frequencies of mechanical systems on the rigidity [1,22]. On this regard,
we mention that in [12] the band structure is qualitatively deduced from such a
theorem and a limit argument; clearly, this type of argument does not apply in the
presence of viscoelastic damping.

(ii) It follows from (4.1) and Proposition 4.2 that, for any n > 1, § > >0
and p > 0, a complex number A belongs to Spg ., , if and only if A 7é 0, A 7£ 26,
)\7&7— (if v > 0) and

(4.8) sinh(&g,+(A)Un(18p.~(A) sinh(§s.4 (X)) 4 cosh(§p4(A))) = 0.

We give a direct proof of this equation, and of its particular case (4.1), within
the proof of Proposition 5.1 on the eigenfunctions, because some of its details are
needed to compute the eigenfunctions.

4.3. The point spectra of the damped Rayleigh strings. At this point,
the structure of the spectra of the damped Rayleigh strings should be clear. Re-
call that the intervals and arcs of the spectral locus are oriented according to w
increasing.

PRrROPOSITION 4.3. Consider any > 0 and v > 0 such that 45~y # 1.
. For any p >0, Spg ., , consists of the string eigenvalues )‘e 04 L € 2Ly,
and of the eigenvalues N\ VW) AT Y (wi)s £EN
ii. Asu grows, each PVt 2w p) p # 0, moves continuously and monotonically
along Lg ~ +, in the direction opposed to that induced by w increasing, and
satisfies

LILIE)I}) )\B ’Y( e,p) = )‘:ﬂt”y(w&p)’ Mgr-ir-loo Aﬁ ’y( va) = Agai
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Im(}) Im(1)
50 /’ 71 @50 ) i
50, . i
50 /‘ Fios L4
Xyo+ . N
o e [lew H
304 :
. e
0 _— é
2,0,+ * L
. i w0 :
0 . [ 0 [
A[f,[)ﬁ- E— Af.o,— ° r
(a) Sp,g,o,o , B>0 (b) SpB,O,y , B>0, u>0

FIGURE 4. (a) The point spectrum Spg o, 8 > 0, of the elastic
string with viscous damping and (b) the point spectrum Spg , , of
the Rayleigh string with viscous damping, i > 0. For comparison,
the eigenvalues of the elastic string without damping are shown in
(a) by the ticks on the imaginary axis. In this and the next figures
the thicker dots are the string eigenvalues and the thinner ones are
the other eigenvalues. The string eigenvalues are labeled in (a).
Ounly the upper complex halfplane is shown. (Values used: n = 3,
B =1.05 and, in (b), p = 0.15).

Im(A) Im(1)

0.y
Aso-

Re(d)

(@) Spg,0, ¥>0 (b SPoyus ¥>0, u>0

FIGURE 5. The spectra Spy .,  of the unloaded (a) and Sp ., , (b)
of the loaded viscoelastic string. The string eigenvalues (thicker
dots) are labeled in (a). Note the narrowing of the bands and the
passage of some eigenvalues from (—oo, —%) to Coy as p grows.
(Numerical values: n =3, v =0.22 and, in (b), = 0.1).

PROOF. (i.) This follows from item iii. of Proposition 4.1 and from the de-
scription of Spy ( , in Proposition 4.2.

(ii.) Since the wj, are continuous functions of y > 0, the )\i’v(wzq) depend
continuously on 8 > 0, v > 0 and p > 0. As u grows, for fixed 8 > 0 and v > 0,
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Im() Im(@)

Re(d) % Re(d)

(a) Spﬁ’%o, 0<4By<1 (b) Spﬁmﬂ, 0<4pBy<1l, u>0

Im(d) Im(a)

By By
20,4, Ao+

i+

Re(d) Re(d)

-28 7271

k4

-28 72%

(©) Spg,0, 4By>1 (d) Spg,,, 4By>1, pu>0

FIGURE 6. The spectrum of the viscoelastic string with viscous
damping in the underdamped (a) and overdamped (c) cases com-
pared to the spectrum of the Rayleigh string with the same damp-
ing (b,c). (Used values: n = 3; (a) 8 = 0.5, v = 0.3, p = 0;
(b) 8 =05, v=03, p=02L (¢c) 8 =07 ~v =05 u=0;
(d) 8=0.5,v=0.3, u = 0.6).

the string eigenvalues remain fixed and the other eigenvalues move continuously on
the spectral locus Lg . Since each wgq is a decreasing function of p and belongs

M
L,q

)\2 0.4 and A2 (wg.q). The limit behaviours follow from those of the Wy g O

to the interval (wpo,we,q), see (4.5), each A2 (w! ) moves monotonically between

Globally, Spg ., ,, is a continuous deformation of Spg ., o in which, for each £ € N,

cach eigenvalue N} (wf,) is closer to the string eigenvalue )\Z 0+ than A (we ).
Therefore, bands of n + 1 eigenvalues are present, which, as in the undamped
case, are separated by the string eigenvalues, but are narrower than those of the
undamped case. They become narrower as ¢ and p grow (because of those of
SPo,0,, do s0).

The resulting structure is illustrated in Figures 4, 5 and 6 for the three cases of
the Kelvin—Voigt dissipation, viscous dissipation, and the combination of the two.

5. The eigenfunctions

We conclude this study by providing expressions for the eigenfunctions. To our
knowledge, these expressions are new even in the case v = 0: the best we could
find in the literature are numerical investigation of the eigenfunctions [12,21].
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Preliminarily note that, in view of (4.3), the zeroes of the factor U, in the
eigenvalue equation (4.8), namely the non-string eigenvalues, are the zeroes of the
n equations

(5.1) pmAsinh(Eg,, (X)) 4 cosh (E54(N) = cnp, pP=1,...,n.

By the multiplicity of an eigenvalue we mean the number of damped normal modes
with that eigenvalue and linearly independent eigenfunctions.

ProprOSITION 5.1. Consider anyn > 1, 8 >0, v > 0 and p > 0 and assume
45~ # 1. Then:

1. All ergenvalues in Spg ., have multiplicity 1.
ii. The eigenfunction relative to a string eigenvalue A is as in (3.3).
iii. The eigenfunction f of an eigenvalue A which is solution of the p-th equa-
tion (4.4) satisfies, for all x € [x;_1,2;], j=1,...,n+1,

(5.2) f(z) =Uj-1(cnp)sinh(&p,(A)(z —2-1)) = Uj—2(cn,p) sinh(§p o (N) (z — ;).

PRrROOF. Since we need some informations on the eigenfunctions which can be
obtained within a proof of the characteristic equation (4.8), we begin giving such a
proof (using the standard “transfer matrix” method [7]). Consider a normal mode
Y Mz,t) = f(z)e*. The eigenfunction f € ¥ satisfies (2.6a), (2.6b) and (2.6c).
Define f; := fliz,_ 2, [2j-1,2;] > C,j=1,...,n+ 1 and

£:=¢&3~()), c:=cosh(f), s:=sinh(§).
By (2.6a), each f; satisfies
fj//(x) :£2fj(‘r)7 T € (irjfhxj)v

and thus
(5.3)  fi(@) = ajcosh((x — xj_1)§) + bjsinh((z —z;-1)§) Vo € [z;1,2;]
with a; := f;(z;_1) and b; := %fj’(:z:j_l) Thus, fj(z;) = ca; + sb; and fi(z;) =
&(saj + cbj;). By the continuity of f, fjy1(z;) = f;j(z;), namely

(5.4) ajy1=caj+sb;, j=1,...,n,
and (2.6b) gives
(5.5) bjy1 =2ukaj 1 — (sa; +cbj), j=1,...,n

The last two sets of equations can be written as

aj+1 aj -
-M . j=1,...,n,
(bj+1) <bj> / "

with the 2 x 2 (“transfer”) matrix

c s
M= (s+2,u§c c+2,u§s)
and thus

aj+1 . 3 al .
(5.6) (bj+1>_M (bl>’ j=1,...,n
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The boundary conditions (2.6¢) give
a1 =0, capy1+ sbpy1.

Since a; = 0, necessarily b; = %f’(O*) # 0 (otherwise all aj,b; = 0 and ¢¥* = 0).
Given that the eigenfunction is defined up to a factor we may assume by = 1. The
vanishing of ca,11 + sb,41 implies

e(M™)12 + s(M™)22 = 0,

which is,thus, a necessary condition for A to belong to the spectrum. The follow-
ing standard argument [2,7] shows that this condition is exactly the eigenvalue
equation (4.8).

First, note that M has determinant one. Thus, by the Cayley—Hamilton theo-
rem and the recursion (4.2), its powers are given by

(5.7) M7 =U; 1 (y)M - U; 5(y)I, je€N,
where y := 1 Tr(M) = ¢+ p&s and I is the 2 x 2 unit matrix (see [7]). Therefore,
c(M™ )12+S( )22 = (CM12 + M) Up—1(y) — sUn—2(y) = 2(cs + pés*)Un—1(y) —

sUn—2(y) = s(2yU, — Un—2(y)) = sUn(y), where the last equality follows
again from (4.2). ThlS proves that every eigenvalue is a zero of sU,(y), that is,
satisfies (4.8).

Conversely, it is easy to prove that any A\ € C which is # 0, —2b, — 2 and which
satisfies sU, (y) = 0 belongs to Spg ., ,,-

REMARK 5.1. The unimodularity of the transfer matrix is usually related to
time reversal and energy conservation [7]. In our case, energy is not conserved, but
the dissipation does not act on the system at fixed ¢, hence on the eigenfunctions f.

We may now prove Proposition 5.1. We keep using the notation introduced so
far in this proof.

(i.) This follows from ii. and iii.

(ii.) For a string eigenvalue, s = 0. Hence ¢ = 1 and a trivial induction
gives sinh(éx;) = 0, cosh(éz;) = ¢ for all j = 1,...,n+ 1. Conditions (5.4)
and (5.5) give all a; = 0 and b; = ¢/~'b;. The choice by = 1 leads to fi(z) =
sinh(§(z — zo)) = sinh({z) Vo € [0,n + 1] and, for each j =1,...,n+1, f;(z) =
b, (sinh(éz) cosh(éxj_1) — cosh(éx) sinh(éx;j_1)) = 2V~ sinh(éz) = sinh(éx) for
all x € [zj_1,2;]. Thus, f(z) = sinh(¢z) for all z € [0,n + 1].

(iii.) A non-string eigenvalue \ € Spg ., is a solution of the p-th equation
(5.1) for some p = 1,...,n. In such a case, 3Tr(M) = ¢+ pés = cpp and (5.6),
(5.7) and a1 = 0 give

(%‘+1> _ <CUJ 1(Cnp) = Uj—2(Cnp) sUj—1(cnp) ) <0>
bj+1 (s +2pc)Uj—1(cnp) (c+2us)Uj-1(cnp) — Uj—2(cnp) bi)’
This implies that there is a one-parameter choice of the a;’s and b;’s, parametrized

by b1, and thus a unique eigenfunction relative to A. Choosing b; = 1 and observing
that, since c4+2ués = 2¢p, p—c, (c+2uEs)Uj—1(cnp)—Uj—2(cnp) = 2¢n pUj—1(Cnp)—
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Uj—2(cnp) —cUj—1(cnp) = Uj(cnp) — cUj—1(cnp) (see (4.2)), we conclude that
ajy1 = sUj-1(cnp),  bje1 =Ujlcnp) —cUji(cnp), §=0,...,n
Therefore, from (5.3), fi(x) = sinh({z) and, for j =1,...,n,
fi+1(@) = sUj—1(cnp) cosh(§x — €x;) + (Uj(cn,p) — cUj—1(cn,p)) sinh(§x — €z;5)
=Uj_1(cnp)(scosh(éx — €xj) — csinh(éx — &x;)) + Uj(cp p) sinh(§x — &x5)
= ~Uj-1(cnp) sinh(§x — €xj41) + Uj(cn,p) sinh (o — Ex;)
where the last equality follows from the fact that

s =sinh(€xy) and ¢ = cosh(£xy). O
n=1, £=0, p=1 n=1, £=1, p=1 n=1, ¥=2, p=1 n=2, £=0, p=1 n=2, £=0, p=2
n=3, £=0, p=1 n=3, £=0, p=2 n=3, £=0, p=3 n=4, £=0, p=3 n=4, £=2, p=4

E\/i

J\

JV

i

FIGURE 7. The eigenfunctions of the (damped or undamped)
Rayleigh’s system relative to a few eigenvalues )\i’w(wz ). The
string profile is the graph of the function —if, with f as in (5.2)
and normalized to 1. Note the discontinuities in the first derivative
of the string profile. In all pictures, = 0.15.

We note very quickly some properties of the eigenfunctions, omitting for short-
ness the simple checks. First, as it happens for the Kelvin—Voigt and elastic strings
(see Section 3.4), for 8 > 0, v > 0, £ € Z; and p = 1,...,n, the eigenfunction
relative to the pair of eigenvalues )\B 71 equals that relatlve to )\0 0.4 g

Second, if A is a non-string elgenvalue in Spg ., ,» which is the solution of the
p-th equation (5.1), p = 1,...,n, then its eigenfunction f satisfies the reflectional
symmetry

f@nsrj—y) = (D" f(z;4+y) Yyel0,1), j=0,...,]%]
and is such that fi(z1) #0 and, forall j=1,...,n

&) oy o,
(5.8) flz) Uj-1(cnp)-
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Identities (5.8) indicate that, during the oscillations, the relative displacements
from the equilibrium configuration of the point masses (determined by the real
parts of f(z1),..., f(z,)) are independent of the band (namely, of the index ¢).

Lastly, using the fact that the Rayleigh’s eigenvalues tend to those of the
Kelvin—Voigt string for g — 0, it is not difficult to verify that so do, pointwisely,
the eigenfunctions. Thus, for small u, the eigenfunctions are small deformations of
those of the Kelvin—Voigt string, but with discontinuities in the first derivative of
the string’s profile function at the point masses. Figure 7 depicts a sample of these
eigenfunctions, computed with the formulas of Proposition 5.1.

REMARK 5.2. Since 5577(A§’7(wé‘,p)) = fgﬁ()\éﬁ(wzp)) for all £ and p, the two

eigenvalues Eﬁﬁ()\i"y (wy',)) have the same eigenfunction. This explains why the
eigenvalue —%, when present, has multiplicity one even though it can be seen as

the coalesce of a pair of such eigenvalues.
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TAYKACTU CIIEKTPU 1 HOPMAJIHU MOJOBUM PEJJINJEBE
OIITEPEREHE CTPYHE CA IIPUT'YIIIEIHBEM

PE3UME. OmnucyjemMo Taukacre CIEKTpe JIUCHIIATUBHE Bep3uje dypeHe “Pejnujere
onrepehene cTpyHe’, eJJaCTHYHE CTPYHE KOHA4YHE JyKHHE Koja Hocu n > 1 jenHa-
KO Pa3MakKHyTHX, jeJIHAKAX TAIYKACTUX Maca, IITO je OCHOBHU MOJIEJ KOjH IIOKa3yje
TPaKacTy CTPYKTYPY U IIOjaBjbyje Ce Y MHOTUM IpUMEHmeHHM obyactuma. Pasma-
TpaMo CJIy4da] Y KOME je JUCHUIAINNja IOCJIEINIa BUCKO3HOT TPUTYIIEHa YCIIeT Me-
DyzejcrBa cTpyHA-OKPY2XKebe, CTAHIAPAHA MOIEN 33 YHYTPAIlhy BACKOEJACTHIHY
mucunanujy (Kensuu-®@ojros Mmozen), Kao n BuxoBy Kombuaanujy. [Tokasyjemo na
je TauKacTH CHeKTap CBaKe OJ OBUX INPUTYIIEHHX Bep3uja PejnmjeBe onrepehene
CTpyHe HelpekuiHa JedopMalinja TadKacTor ClIeKTpa HeollTepeNeHnx eacTUuIHIX
CTPYHA Ca THM IPUTYIIEHEM U KOja MPEJCTaB/ha TPAKACTY CTPYKTYPY CJIIMIHY OHOJ
y HEIPHUI'YIIEHOM CJIy4ajy. Takohe majeMo eKCIIuIuTHE aHAJINTHIKE U3Pa3e 33 COIl-
cTBeHe (pyHKIHje, 38 OUI0 KOjy BPEIHOCT N.
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