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FIRST STEPS TOWARDS THE
AVERAGING WITH RESPECT TO
A PART OF THE COORDINATES

Ivan Polekhin

ABsTrRACT. The problem of averaging on an infinite time interval is consid-
ered. The classical results on averaging proved by N.N. Bogoluybov are gen-
eralized to the case in which only a part of the coordinates in the phase space
remains close to the equilibrium position of the averaged system. We call this
the averaging with respect to a part of the coordinates. The results are based
on some topological ideas combined with the standard theorem on averaging
on a finite time interval.

1. Introduction

The classical averaging theory consists of two main results proved by N. N. Bo-
golyubov [1]: the theorem on averaging over a finite time interval and the theorem
on averaging over an infinite time interval. Let us briefly recall the main results of
these theorems.

Let us have a system of ordinary differential equations

(1.1) & =v(x) + w(z, kt),

where z e R", te R, k€ R, k> 0; v: R" - R"” and w: R” x R — R" are smooth
functions, the function w is (27 /k)-periodic in t.
We additionally assume that the time average of the function w equals zero
1 27
— w(x,t)dt = 0.
5 | wen
If k£ is a positive large number, then the function w is rapidly oscillating and
its average value equals zero. In the papers of N.N. Bogolyubov the above system
is presented in the so-called standard form

% — xl = €(U(.’E) + U}(LL’,’T)),
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where e = 1/k is the small parameter and 7 = ¢/e. However, we will not use this
form in our considerations.
System (1.1) is the original system and

(1.2) & =v(z)

is the averaged one.

Let us now present the main theorem of the classical theory of averaging de-
veloped by N.N. Bogolyubov. This result contains sufficient conditions for the
closeness of solutions of systems (1.1) and (1.2) on a finite time interval.

THEOREM 1.1. Let xg be an initial condition, to be an initial time, and [to,to+
T] be a finite time interval. Let us assume that the solution x(t;tg,x0) s defined
on [to,to + T)]. Then for any e > 0 there exists K, such that for any k > K for all
t € [to,to + T the following inequality holds

||xaveraged(t;t07 (E()) - x(t;t07:r0)|| <E.

Here Tayeraged(t;to, o) is the solution of the averaged system, xz(t;to,zo) is the
solution of the original system; Tayeraged (to;to, o) = x(to;to, To) = 0.

The second basic result is the theorem on averaging on an infinite time interval.
We present this theorem for the case in which the right hand side is periodic.

THEOREM 1.2. Let x = 0 be a non-degenerate equilibrium of the averaged

system: v(0) =0 and
ov
det —(0) # 0.
et o (0) #
For any € > 0 there exists K such that for any k > K there exists a point xo and
for all t
l(t; to, xo)|| < e.

Moreover, the solution x(t;tg, xg) is (27 /k)-periodic.

In other words, for k sufficiently large there exists a solution of the original
system which is arbitrarily close to the equilibrium solution of the averaged solution.
In our paper, we are going to present sufficient conditions for the existence of
a solution of the original system such that only a part of the coordinates in the
phase space remains close to the equilibrium. In some sense, this is analogues to the
stability with respect to a part of the variables developed by V.V. Rumyantsev [2,3].

2. Main result
Let us now have the following system
(2.1) & =vz(x) +we(z,y,kt), §=0vy(y) +wy(z,y,kt).

Here x e R™, y e R™, k € R, vy: R™ — R™, v,: R" — R, w,: R™ x R™ X
R — R", w,: R™ xR™ xR — R". The functions w, and w, are 2r-periodic with
respect to the last variable: w,(z,y, kt + 27) = wy(z,y, kt), we(z,y, kt + 27) =
wy(z,y, kt) for all z,y,t. All functions here and below are assumed to be C°°-
smooth.
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Let the set W, be defined by some function F} : R"* — R:
W, ={z e R": F,(x) <0}.

Everywhere below we assume that W, is a connected set and that on its boundary
OW,., defined by the equation F,(z) = 0, the condition dF, # 0 is satisfied, i.e. the
boundary 0W, is a smooth submanifold of R"= of codimension one.

DEFINITION 2.1. We say that € W, is an egress point with respect to the
system @ = vy (x) if dF;(v;) > 0 at . The set of all egress points is denoted by
Wit c ow,.

DEFINITION 2.2. We say that the solution of & = v(x) enters W, at x € W,
if dF;(v,) < 0 at 2. The set of all such points is denoted by W, C oW,

DEFINITION 2.3. We say that the vector field v, (z) is externally tangent to
oW, at z if dF,(v,(x)) = 0 and additionally

i ( OF; vivl + 0F, aviﬂﬂ) >0
8%1'8%]' ror axl 8(Ej x '

3,j=1
The set of all points in which the vector field v, (x) is externally tangent to oW,
will be denoted by W2+.

REMARK 2.1. Similar definitions hold for the system y = v,(y). In this case,
we denote the corresponding sets by W,,, W,~, W,, and W)+.

REMARK 2.2. As an example of the above three types of points one can consider

the system on the plane

T = 71,

ig = —XT2.
The set W, is the unit circle defined by the inequality F.(z) = 23 + 23 — 1 < 0.
The points of the boundary z% + 3 — 1 = 0 for which 7 > 23 are the egress
points; if 22 < x3 then the trajectories of solutions enter W,; if 22 = 3 then
the trajectory is externally tangent to the boundary OW, at these four points. A
schematic representation of the vector field of this system is shown in Figure 1.

The following statement is essentially the main result of the paper.

THEOREM 2.1. Let us have two compact sets W, C R™ and W, C R™ such
that OW, = W, OW, = Wt UW, UWDT and W, has at least two connected
components. Then there exists (xzo,y0) C R™ x R™ such that the trajectory of
solution of (2.1) starting at (zo,yo) remains in W, x Wy for all t > 0, provided
that k is large.

PROOF. The general idea of the proof can be outlined as follows. First, we will
consider a modification of the system (2.1) and proof the statement for this system.
Then we will show that for large k& the obtained solution cannot reach the subset
of R™ x R™ in which we modify our system. Therefore, this solution exists in the
original system, provided that k is large.
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Let us consider the following system, which will be called the modified system.
T =vz(z) + op(2)wy(z,y, kt),

Here, 0,: R"** — R, 0,: R"™ — R. These functions are defined as follows. Let
0: R — R be the constant function (which equals unity) minus a standard bell-
shaped function:

(r/8)? )
U(T): 1—e@/® -1, if —(5<7"<(S,
1, if |r| > 4.

Therefore, o equals unity outside the d-neighborhood of zero. Here § > 0 is a
parameter.

Let Os5(0W,) be the d-neighborhood of the boundary oW,. Os(0W,) is a
tabular neighborhood of 0W,, provided that § > 0 is small (below we assume that
this property holds).

Finally, we define o, (x) as a composition

o, (x) = o(dist(z, OW,)),

where dist(z, 0W,,) is the usual Euclidean distance between the point = and the
boundary. Similarly, o, (y) = o(dist(y, OW,)).

Let us show that for any fixed § > 0, & > 0 there exists a point (zg,y0) €
R™ x R™ such that the solution of the modified system (2.2) starting at (xo,yo)
never leaves W, x W,.

We will prove by contradiction. For the brevity of notations we will de-
note the pair (z,y) by z. Therefore, by zZmod(t) = Zmod(t; to,20) we will denote
the solution (mod (t; %0, o), Ymod (t; to, o)) of (2.2) satisfying the initial condition
Zmod (to; o, 20) = 20 (in other words, we have (Zmod(to;t0,%0), Ymod(to;to,%0)) =

(z0,90))-
Let 7: W, x Wy, — RU {400} be the following function:

7(20) = sup{t' = 0: zmod(t; to, 20) C (Wy N\ OW,) x (W, \ OW,) for all t € [0,¢)}.

In other words, 7(zp) defines the time required to reach the boundary of the set
W, x Wy for the solution starting at zo. For instance, for any 2o € int (W, x Wy)
we have 7(z9) > 0. For all 2z € 0(W, x W) we put 7(zp) = 0.

Let us consider a curve I': [0,1] — W, x W, satisfying the following prop-
erties. Let I';(s) and I'y(s) be the functions which define I': T';: [0,1] — W,
and I'y: [0,1] — W,. Therefore, I'(s) = (I'y(s),I'y(s)). Let I'y(s) defines an ar-
bitrary path without self-intersections such that I',(0) € W, T',(1) € W, and
I'z(s) € int(W,) for all s € (0,1); T'y(s) = yo € int(Wy), where yo is an arbitrary
interior point in W, and I';(0), I';;(1) belong to two different connected components
of W.

It is not hard to prove that the map 7 is continuous. This follows from the
assumption that OW, = W rUW_-UW?2T i.e. the vector field v, is either transversal
to OW,, or externally tangent to the boundary (see Figure 1).
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For any point zp = (2o, y0) € I’ we assume that 7(z9) < oco. Therefore, for the
initial point point zy € I' we have some point zmoa(7(20); 0, 20) € (W, x W,,) which
belongs to the boundary of the considered set. Moreover, Tmoa(7(20);0, 20) € W,©
(here we use that W, = W, ). Since the function zmoa(t; o, 20) is continuous in
all variables, then the map

20 Zmod(T(ZO); 0, ZO)
is also continuous as a composition of two continuous functions. We will denote this

map by X: I' — 9(W, x W,). Let C be the connected component of W, such that
I';(0) € C. Let us define the following projection Pr: W x W, — {I';(0),I',(1)}:

Pr(z )7 (Fz(O),y0)7 if xedC,
T @), m0), i @€ Wi N C.

This map is also continuous. Finally, the map Pr(X): T' — {T',(0),T';(1)} is con-
tinuous. We have constructed a continuous map from I' to its boundary. Therefore,
our assumption that 7(zp) < oo for all zg € I' cannot be true and we have at least
one zg € I' such that 7(z9) = +oco. In other words, the corresponding trajectory
never leaves W, x W,.

FIGURE 1. A schematic representation of the dynamics in W.
The dynamics in W, is trivial in the sense that the y-component
of the solutions cannot leave W,.

Now, we will show that for § > 0 sufficiently small and k£ > 0 sufficiently large,
the above solution also exists in the original system.
Let us consider the averaged system

(23) T = Um(x)a Y= Uy(y)

By Zaveraged(t) = Zaveraged(t; o, 20) we will denote the solution (Zaveraged(t;to, o),
Yaveraged (£5 10, Yo)) of (2.3) satisfying the initial condition Zaveraged(to;to,20) = 2o
(in other WOI‘dS7 we have (xaveraged(to; t07 $0)7 yaveraged(to; t07 yO)) = (LL'(), yO))
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Let zp € OW, and yo € W,,. We will consider three cases. First, if o € W,
yo € Wy, then for any ty € [0, 2] there exists At € [0,1] such that dist(W, x
Wy, Zaveraged (to+At; to, 29)) > 0 (actually, it holds for all sufficiently small At > 0).
Indeed, the Taylor expansion of Taveraged(to + t;%0, 20) has the following form

Laveraged (tO + t; to, ZO) =20+ Vg (.’I}Q)t + O(tQ)
Therefore,

d

% t_OFw(xaveraged(to + t; to, ZO)) == F:c(xo) + sz(Ux(on))t + O(tz)

= dFy(va(20))t + O(t?) > 0

for all sufficiently small ¢t > 0.

From the continuous dependence on the initial conditions, we obtain that for
any to € [0,2n] and any zo € W, yo € W, there exist two positive numbers
p = plzo,to) > 0, d = p(z0,t0) > 0 such that for any initial conditions to, 20
satisfying

llzo — 20 + |to — to|* < p*
we have
diSt(Zaveraged(£0 + At; tAOa 20)7 W, x VVy) >d
for some At = At(zg,1t9) € [0,1]. Here and below the norm ||zg — Zo]| is the usual
Euclidean distance in R™* x R™v.

Similarly, we obtain p = p(z0,t9) > 0, d = p(z0,t9) > 0 with the same prop-
erties for any to € [0,2n] and any zo € WO, yo € W,. In this case, we have to
consider the Taylor expantion of the solutions up to the terms of the second order
in time:

4

dt t:OFz(xaveraged(tO + t; tOv ZO)) = FI({E()) + dFa:(vx(xO))t

o OF? OF, v,
J 2 3
T3 ]Z_ (axzax] (o)vz(wo) + Ox; Oz ( ))t +0(t") >

If 29 € WO, yo € Wy, then we again have d and p, yet the corresponding
solutions leave W, x W, in the reversed time:

dist (2averaged (fo — At; o, 20), O(Wy x W) > d

for some At € [0,1].

Similarly, for any to € [0,27] and any xg € Wy, yo € W~ = 0W, we have
p = p(z0,t0) > 0, d = p(z0,t0) > 0 such that for any initial conditions £, 2o
satisfying

llz0 = 20l|* + [to — to[* < p?
we have
dlst(zavcragcd( — At to, 20), Wy x Wy) > d

for some At € [0,1].
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Therefore, for any point in the direct product (W, x W) x [0,27] C R"* X
R™ x R we have an open ball B(zg,to) of radius p(zo,to). Let us consider a finite
covering of (W, x W) x [0, 27] by {B;}Y,. Here B; = B(z0, to) for some (20,9) €
O(W, x W) x [0,2x]. For any B; = B(zo,to) we also have the corresponding
di = d(Zoﬂfo).

Let 6 > 0 be such a number that Os(9(W, x W,)) x [0,27] C Ufil B;. From
the theorem on averaging on a finite time interval there exists K > 0 such that for
any k > K and any (zo,%) € Uf\;1 B; we have

diSt(Zavcragcd(tO + t;to, Zo), Zmod(tO + t; to, Zo)) < D/?,

for all ¢t € [—1,1]. Here
D = min d;.
1<i<N
Therefore, if zm0a(t) € Wy x Wy, then zmod(t) is also a solution of the original
system. O

COROLLARY 2.1. Let us assume that for any € > 0 there are two compact sets
W, CR", W, C O(0) and W, C R" such that OW, = W, OW, = WHuw, u
WOt and W has at least two connected components. Then, for any e > 0 there
exists zg = (To,y0) C R™ x R™ such that for the solution (z(t;0,20),y(t;0, 20))
of (2.1) starting at (xo,yo) it holds that x(t;0,20) € O (0) for all t > 0, provided
that k is large.

3. Mechanical example

As an example, let us consider a planar inverted pendulum and a point moving
along a horizontal circle. We assume that the pendulum and the massive point
interact and the magnitude of the interaction force is a rapidly oscillating function
of time. To be more precise, let [ be the length of the rigid rod of the pendulum.
Let Oxyz be an inertial coordinate system. By Zpend, Ypends Zpend We denote the
corresponding coordinates of the point mass of the pendulum located at the end of
the rod.

ZTpend = 0,  Ypend = 15INQ, 2Zpend = [ cOS .
Here ¢ is the angle between the rod and the vertical direction Oz. Let us also have
a horizontal circle of radius r centered at the origin. Let ¢ be a local coordinate
on this circle. The coordinates Tpoint, Ypoint, Zpoint Of the point mass on this circle
can be written as usual:

Tpoint = T COS ?ﬁ, Ypoint = T Sin’(/), Zpoint = 0.

In addition, we assume that the magnitude of the force of interaction has the form
F(¢, 1) sin kt and the point mass on a circle is subject to a force of viscous friction.
The Lagrange equations have the following form

"npendeSb = mpendlg sinp + Qg& (QO, ’(/)) sin kt,
mpointr2¢ = _/J/w + Qw(s@, w) sin kt.
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FIGURE 2. An inverted planar pendulum and a point mass moving
along a horizontal circle.

Here p > 0 is the coefficient of viscous friction; Q. (¢, %) and Qy(yp, %) can be
obtained explicitly as functions of F'(p,%). The averaged system has the following
form

. . g . . . H
L1 =22, T2= TSIHJH, Y1 =92, Y2= T2 r2y2'
point

Here x1 = ¢ and y; = 9. Let
F, =23 4 22 — 52

Since the upper equilibrium of the pendulum is a saddle point, then F, defines W,
such that oW, = W, U W, UWI*. Let F, = y3 — 1. Formally, the set where
F, > 0is not compact in R%. Yet, y; is an angular variable, so this set is S* x [—1,1]
and compact. From the theorem we have that for any ¢ > 0 there exists a solution
of the original system such that for this solution p2(t) + ¢%(t) < & for all t > 0,
provided that k is large.

Let us note that the above holds even if we add some additional force acting
on the point mass on the circle. Namely, let the second equation in the original
system has the form

mpointrg/lL = ﬂ“ﬁ + Qw(% w) sin kt + f((p7 1/J>

In the averaged system we obtain the following equation

. 0 f(y1)
Y2 = — 2 Y2 + 9"
MpointT MpointT

The function f(y;) is bounded. Therefore, for F,, = y3 — a® we have

no oo fly)
2¥2 + 2
MpointT MpointT

yQ) < 07

provided that yo = +a, a > 0 is sufficiently large. Finally, the theorem can be
applied for F, = 2?2 + 22 — 62 and F, = y3 — a®. Moreover, it can be shown that
this result also holds for f = f(z1,y1).

d
Bl P, VO __2(_
ay Y292
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4. Conclusion

The results presented in this paper are a continuation of a series of papers in
which classical results of the Bogolyubov averaging method are proved using topo-
logical methods [4-8|. More precisely, the general scheme of reasoning is as follows:

(1) Instead of the original system, a modified system is considered.

(2) For it, using fixed point theorems or other topological theorems, the ex-
istence of a solution with the required properties is proved.

(3) Using the finite time averaging theorem, we show that the obtained solu-
tion cannot reach the region in which we modify the original system.

This approach, firstly, clarifies the geometry of the averaging method. In partic-
ular, it explains the difference between the averaging in the periodic and almost
periodic cases [9]. Secondly, it allows us to generalize classical results to the case
of degenerate (in the sense of linear theory) equilibrium positions. To be more
precise, it has been shown that the applicability of the theorem on averaging on
an infinite time interval does not depend on the properties of the linear part of
the averaged system at the equilibrium, but on some qualitative properties of the

averaged vector field. In particular, the systems &7 = z1, 9 = —29 and &1 = a:?,
i9 = —a3 are identical from this point of view.

In this paper, we use the topological Wazewski method [10-12], which allows
us to prove the existence of solutions that do not leave the considered regions of the
extended phase space. Unlike fixed point theorems (which are not applicable to the
problem under consideration), the use of the Wazewski method does not require
the periodicity of the right hand side (in our case, the function w, is periodic in
time, but we cannot guarantee that the function y(¢) will also be periodic in time).

Note that the Wazewski method has been previously used to prove the ex-
istence of non-falling solutions for an inverted pendulum on a moving base (the
Whitney pendulum) [13], as well as to prove the existence of non-falling solutions
for the Kapitza—Whitney pendulum [5]. One of the most important areas of further
research is the search for interesting mechanical problems to which the developed
averaging method could be applied.
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IPBU KOPAIIN KA YCPEIIHbABAILY
V OJTHOCY HA JIEO KOOPIWHATA

PE3UME. Pasmarpa ce mpobieM ycpemaBama Ha OECKOHAYHOM BPEMEHCKOM WH-
TepBasy. Knacuaru pegynraru o ycpeamaBamy Koje je jgokazao H. H. Borossy6os
Cy YOUIITEHN Ha CJIy4aj ¥ KOME CaMoO Je0 KOOpJanmHaTa y (HhazHOM IPOCTOPY OCTaje
6/IM3y PABHOTEXKHOI TOJIOXKAja ycpeameHor cucrema. OBO HAa3WBaMO yCpeIrhbaBa-
IbeM Y OJTHOCY Ha JIe0 KOOpanHaTa. Pe3yTaru cy 3aCHOBAHU HA HEKUM TOIIOJIOIIKAM
ujejarMa KOMOMHOBAHUM Ca CTAHIAP/IHOM TEOPEMOM O YCPeIhaBamy HA KOHATHOM
BPEMEHCKOM HMHTEPBAJY.
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