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ELASTIC STABILITY OF AN EXCENTRIC CIRCULAR ANNULUS
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1. Introduction

Let us take a wall in the form of an excentric circular annulus which
is on the outer boundary L, loaded by a constant compression (—P,) and
on the inner boundary L, by a constant compression (—Py), Fig. 1. Let the
wall have a simply supported inner and outer boundary. The loading of the
wall perpendicularly to its plane shall be equal to zero. The wall is isothropic
and homogeneous and its thickness # must be such that the plane stress state
always remains in the elastic domain [I].
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In a similar way as at simply connected walls, a state of instability
appears also in a finite simply or doubly connected wall where the holes lower
the degree of stability of the wall. For the above chosen example of the wall
it will be determined those vector values of the extermal load at which a state
of instability arises in the wall and where at an arbitrary small disturbance
the process of buckling appears.

In order to determine the state of instability in the wall, the fundamental
differential equation of the elastic stability of a wall was used (3) containing
the elements of the tensor of plane stress state G

2. Determination of the plane stress tensor

Let us take a three-dimensional orthogonal coordinate system with a
complex plane (z) and a real axis Z. The wall middle plane is set into the
complex plane (z) with the domain S and is conformally mapped into a new
complex plane (%), [4] on a centrical circular annulus with the domain X,
Fig. 2. The centres of the circles shall be at the beginning of the plane (Y),
Co=0, thus, that the real axis Im z—0 is mapped on the real axis Im ¥ =0.

This requirement can be fulfilled by a bilinear mapping function [5].

. . +b
1) z=x+iy—w@=0@e®)—oE+ip) < 20T
¢y §+4d,
Choosing the constant: a,=b,=C, ¢, -1, dy=—1 where C is a real func-
tion of the wall geometry, the mapping function is
+ 1
@ mo@-ct

Fig. 2
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due to a,d, —b,¢c,<0 the semi-plane Im z>0 is mapped by the function (2)
into the semi-plane Im p<0.

The real constant C and the radii of the centric circular annulus
. <O <p,, are:
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Due to the simple pole in the point {=1, the domain £ is chosen, defined
by the inequation 1<<p,</{/<p;-

The principle vector resultant force on the inner boundary is equal to
zero, F,= 0, therefore the functions @ ({) and ¥ (¥) in the domain X are just
equal to holomorphic functions [4].

PO~ 3 @l

n=—o

(5)
Y=Y, Q=S bl

n=—o

The function ®@, ({) is introduced into the differential equation of the plane
stress state in the centric circular annulus, [6]
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If the functions of external load on the inner boundary f({), =P, and on the
outer boundary f({),~ P, are taken into account, then the solution of the
equation (6) is '

hon 2k
7,7,4_._. —

(7) O, (%) z t-Jf-(lf)\)h,wtho—2h,2§+h,§2
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where the constants are

2 2
A=pi1p2 K;=9p,/p p=pylpz

2(a2_ 132 2.9 i4e
8) P :__Pk3(92 D?+(k3e3— 1) p,=k,-p,
2[(3+ 1) (1 + k3 e9) — 4k3 03
: K(p-1)

= .Pi':k 'pz
LR DR+ D) (14K od) — 4K2 03 ‘

and the second holomorphic function (6)

:

[

¢ o' Q) w’ (%)

The complex system of the stress tensor components of the plane state

6+6,=2[D )+ D Q)]

o (° s (et
©® Y=~ : )[cb ©+®, (i ) —f(C),]— m(—c—) @ (2)
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2= G+ 2iT—————— [ (D) D '
R e R A AR (SR 4(4)
1s now, taking into accouns the functions (7) and 9, (7):
(10) Oy + 0o =4 1y +2 ’u[(c— I)2(]— 7\)+(92__ 1)2(1—‘—12:2)
& 4 p*
cs—cﬁz:rpa:z(m—f)z [(2”0_2”"”?)9%+h1(C—I)(I——)l)-
P (e —0)? ¢
(1 (‘?f*C -2 {Ef_l?zpf_(l__k_)+p%—p§ c]}
pi—-% ¢°-¢ (1 -0 £ &

3. Determination of the critical external load

The critical external load on boundaries is determined by solving the
fundamental equation of elastic stability (3).

wtcfia(c’ &) Weez b (L, z)—wgggmf)' +weg ey (6, 0) +
+k [ —wez ¢4 (G, 0+ w d—(t,‘z+wggd(ﬁ, Q) —wee(€,§) -

(12) W el D+ 0, Z)}=o
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In this case the new complex plane ({) was determined by the bilinear function
(1) in which a,=1,b,=0,¢,= —a, d, =1 were chosen as constants and where
a is a real con tant.

Thus the mapping function becomes equal to:

(13) z=x+iy=rél=w(@)=wE+iy]=wlpe)=

1-al

because a,d, —b,c,>0, the semi-plane Im £>0 is mapped into the semi-plane
Im z>0 and the real axis Im =0 on the real axis Im z=0.

The domain S of the excentric circular annulus which is in plane (2)
limited by the curves L, and L,, Fig. 1, is now mapped onto domain Z in

plane (¥) by the function (13). The domain ¥ is defined by the inequation
0,<|{/<p,, Fig. 3, where the contant is

e

Vi =r) el + r)y— €

(14)

and the radii
27y 27,

VTt aar2+ 1 T T 4a2+1

Fig. 3

In domain  the function (13) must not have any poles, therefore the follo-
wing inequation must be valid

ap<l
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Taking into account the stress tensor components (10). con:tants (3, 4,
8, 14) and the mapping function (13), the coefficients at derivatives in the
differential equation (12) take the following form:

= 1 = 2a
= B, D)=— “®
S g e PO (1-al?(1-aly
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In the case of a simply supported boundary (3), the equations of the mixed
boundary value problem on the boundary Yr With points 6=y, k=1, 2, con-
sidering the mapping function (13), take the form:

T 2 I o
208 (1) o' (o) o (o)

(16) w(o,0)=u(s), =0

With regard to the above coefficients at derivatives, the partial differential
equation (12) takes the form which is in analytical way probably difficult to
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solve, therefore the critical external load is determined numerically by the use
of the finite difference method in polar coordinates, (7).
In the complex plane (¥) the equation (12) can be wiitten for zero point
in the differential form, Fig. 4.
i=4 j=12 i=9 j=8
(17 D; (p,9)- z w; fi; (p,9) +k Z D; (p,d) Z w; g (p,3) =0

i=1 i=0 i=5 ~ j=0

I

Fig. 4

where wj means the middle plane displacement of the wall in the direction
of the real axis Z in point j. The functions f};(p, 9) and g; (p, 9) contain the
expressions which appear at the tl'aI'leOl'mathI’l of the differential equation (12)
into the equation written by finite differences.

Due to the equalities: a,(p, H=a(%, 0, b,(p, D=0, D, s (s 9) =
e, D), <, (p,{})—c4 €0, d(p,9)=d(&, %) and e, (p, ) =e (&, ¥, the functions

Pifo; ), i=1; 2, , 9 can be written in the form
D, (p, 9) = l :
e 160789 Va, (6, 9)
1
D,(p, %)= — 807 A9 {16, (e, ) +b, (p, M) cos & +i [b, (p,9) — b, (p, 9 sin H}
1 S—
D,(p, 9)= ————{i[b, (p, 9) - b, (p, ] cos 3 —[b, (e, ¥ + b, (p, ¥) sin 3}
8 2A82
al
D,(p, ¥)=—-

e AY
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Dy(p, 9= ——t . Ca®®)
4PA3 az(Pv‘c})Vaz(P’B)

Dy(p, 9) = '?pl[é_ {[d (p, 9) +d, (0, 9) cos 29— i [d, (o, 9) — d, (p, 9)] sin 2 9}

1 — S,
Dy )= = {ld (0.9 + i (o, 9 sin 29414, (0, )~y s ) 05 29)

Dy (p, 9) = -é [e, (o, ¥) +e, (p, B)] sin & + ;— e, (p, 9) — e, (p, 9] cos &

S T i

(18) Dy (p, 9) =% le, (p> 3) + €, (p, ¥) cos & — = (e (p> 3) — e, (p, H)] sin &

After the arrangement the difference equation (17) in zero point can
de written

(19) (Se:+kZ,)w,=0, ¢=0,1,2,...,12
where the functions S,, and Z,, for zero point are equal

Seo=D,; (e, V[4i3 A Bij+1)+16AH2(Z-1)+12 +
+D, (0, ) [—4i3A9 +8AY+D,(p,¥)(—4i2AH—-4)

Soi=D, (e, M B[AF?(1—i})—11+D,(e, H(—4A9) +
+D,(e, 9 (—2i3A%-2)+D,(p,9) -2

02=D,(p, )[4 AP+ AY) (1 -2i) i, —4 A% 2i,+ 1)id]+

+D,(e, M[-23 AP —i) AP +2i3A9—-2i,A9] +
+D, (0, ¥ [2i3A9%+1i,A87]

Sy =D, (5, 9) 8[AY2 (i) — 11+ D, (5, 9) (— 4 A 9) +
+D,(p, M [2i3A82+2]+D,(p,9)-2

Sea=D,(p, ) [4i3A* (1 -2i) - (AB*+4A3) (1 +2i)i,]+
+D, (p, ) [2i§ A +i) A+ 2iFAP +2i, AY] +
+D,(p, ¥([2i3A82—i,Ad?

Sos=Dyi(ps 920, A3 (2iy— 1)+ D, (p, ) i AD +
+D,(p, M [i3A3+0,5i, A9’

Sos+ D, (ps M [2i, A9 (2iy— 1)]+ D, (p, ) iy AB+
+D,(p, H[—i3A32—0,5i,A%]

Se;=D,(p, ) [2i, A (2iy+ D]+ D,(p, H)(—i, A¥) +
+D,(p, N[ i3AH+0,5i, A9
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Sys=D, (0> N [2i, A9 (2iy+ D]+ D, (p, M (— iy AY) +
+D,(p, ) [3A92-0,5i, 497
Syo=D, (e, 9)-2+D;(p,
S,0=D; (o, ) [2i3 A% (1 +i)] + D, (o, 9) (3A9)
Syu=D,(e»9)-2+D;(p, N(—1)
Syia+ D, (0, M [2i3A8 (i — D] +D,)p, M (—i3A9)
Zy =Dy (0, 9)[—4i3A92— 4]+ D (p, 9[- 413492 +4]
Zy, + Dy (0, 9)- 2+ Dg(p> 9 (—2) +D;(p, ) 2A9 + Dy (p, 9)
Z,,=Dy(p, 9)[2i309% +iy A9+ Dy (p, ) [273A92— iy A%+
+Dg(p, M) (— 1)
Zy=D;(0,9)-2+Ds (0, N (—2)+ D, (0, N(—2A3) + Dy (p, 8) (- 1)
Zy= D, (0, D) [2i2A92— iy A9 + D (o, ) [2i3A92 +iy ASY +
+ D,y (e, 9) (i, A9)
Z,.,=D,(d,9) (—i,A9)
Zy,=D, (0, 9) (i, A9)
Zy=D, (e, 9 (—iyAY)
Zyy=D, (0, 9) (i, A9)
(20) B = BT = T 40

Since the real axis Imz=0 is mapped by the function (13) onto the
real axis Im{=0, and stress tensor o; on the real axis is symmetrical, the
domain X in plane (%) can be divided into a symmetrical polar nct w th n-knots,
referring to the symmetry axis of the excentric circular annulus Imz=0. Thus
the net can be made denser in the wall domain Imz>0, and at the same
time we are in this way confined only to the cases when the wall is buckled
symmetrically to the real axis Imz=0.

For each knot point of the polar net the difference equation (19) is
written, and thus a homegeneous system is obtained containing n-linear equ-
ations and n-unknowns, representing the displacement function w, t=1,2, ..., n

(Sjr+k‘zjx)w.r:0 (21)

The condition for an untrivial solution of the homogeneous system of equati-
ons (21) is
|S; +kz,|=0 (22)

On the inner and outer wall boundary the displacement functions w, which
are located outside the domain X, can de expressed by wall displacements
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within the domain X using the expressions (16) of a simply supported boun-
dary written in the difference form.

The size of the elements S, and Zj;, the lowest root of the algebraic
equation (22), K, and the buckling coefficient o — L/Km,»n are all defined by
an electronic computer /BM 1130. For this purpose a computer program in
FORTRAN programming language was worked out containing ceventeen
sub-programs and a main program. Two of the sub-programs were used for
inversion and multiplication of matrices, five for the calculation of the
stress-tensor elements o;;, nine for the determination of elements S;; and Z,
and one subprogram for the determination of the buckling coefficient «. The
discusced example of wall was calculated numerically for homogeneous (Py =P,<0)
and unhomogeneous (P, =0, P,<<0) plane stress state at different eccentricites
(¢) and redii ratios (w=r,/r,). As Poisson’s ratio for steel v=0,3 was chosen.
The values of buckling coefficients for homogeneous stress state are assembled
in Table 1. Fig. 5, and for unhomogeneous stress state in Table II, Fig. 6.

Table 1

et 0,1 0,2 0,3 04 0,5 0,6 0,7 0,8 0,9 1,0
0,00 4,09 4,27 4,70 5.35 6,33 7,85 10,41 15,56 31,11 (o)
0,75 3,75 4,03 4,41 4,94 5,68 6,76 8,41 11,34 17,6
1,5 3,51 3,77 4,07 4,49 5,04 5,81 6,96 8,83
2,25 3,28 3,49 3,73 4,05 4,47 5,04 5,88
3,0 3,02 3,20 3,37 3,67 3,96 4,40
3,75 2,75 2,89 3,05 3,25 3,50 3,84
4,5 2,45 2,58 2,73 2,89 3,08
525 2,13 2,27 2,40 2,53
6,0 1,79 1,96 2,1
6,75 1,4 1,7 1,88

Table 11

000 | 416 456 514 601 708 874 11,8 186 392 ®©
075 | 3,81 419 470 535 622 757 983 140 23,0

1,5 3,58 3,87 426 477 547 653 819 109

225 | 33 - 3,56 385 426 483 568 695

3,0 3,04 324 347 381 329 497

3,75 | 2,75 292 3,12 340 380 435

4,5 245 26 2,78 3,02 335

525 | 2,13 228 246 2,67

6,0 1,78 1,96 2,15

6,75 1,4 1,69 1,92
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If a comparison is drawn between analytically defined buckling coeffi-

cient « for a centric circular annulus by Skerlj (8) and the numerical result
at e=0, the deviations do not exceed the value —2,6%. It is found out that

28
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Fig. 5

0,75 150 225 300 375 4,50 525 600 675 ®

Fig. 6

at decreasing radii ratio w and at increasing eccentricity e in the same polar
net, the error grows up. In Fig. 7, the function a=a(e) defined by a net of

a |
5 § u=01
L]
=
] -.____‘\
~
a r \"-.\
\."'\

]

i 5 e i
° 0% 1,50 225 300 3,75 4,50 525 8,00 6,75 [

Fig. 7

twenty knots is presented by a dashed line, and the function a=a(e) defined

by a net of forty knots by a full line, at a homogeneous stress state and
radii ratio =0, 1.
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ELASTISCHE STABJLITKT EINES EXZENTRISCHEN
KREISSFORMIGEN RINGRAUMS

F. Kosel
Zusammenfassung

In diesem Beitrag wird elastische Stabilitit eines exzentrischen kreissfor-
migen Ringraums behandelt. Die zentrale Wandebene wurde in eine komplexe
Zahlenebene (z) gelegt und auf einen exzentricchen kreissformigen Ringraum
einer komplexen Zahlenebene ({) konform abgebildet.

Mit Hilfe der Differenzialmethode und des Rechners IBM 1130 werden
die Beulbeiwerte numerisch definiert <o fiir eine von beiden Seiten geldnkig
gelagerte Wand, die durch eine gleichmissige Druckspannung (P, =P,<0) auf
beiden Rinder oder durch eine gleichmaissige Druckspannung (Py=0), (P,<0)
nur auf den &dusseren Rand belasted wird. Die Ergebnisse und Abweichungen
sind aus den Tabellen und Diagramen ersichtlich.

ELASTICNA STABILNOST EKSCENTRICNEGA KROZNEGA KOLOBARJA
F. Kosel
Rezime

V tem ¢lanku je obravnavana elastiCna stabilnost ekscentriCnega kroZnega
kolobarja. Osrednja ravnina <tene je bila poloZena v kompleksno ravnino (z)
in preslikana na centriéni krozni kolobar kompleksne ravnine (7).

Numeri¢no, z uporabo diferencne metode in racunalnika IBM 1130, so
dolocene velikosti izboCitvenega koeficienta za obojestransko prosto oprto steno,
ki je obremenjena na obeh robovih z enakomerno tlatno napetostjo (Py=Pz<0)
oziroma samo z enakomerno tlano napetostjo na zunanjem robu (P, =0, P,<0).
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