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STATISTICAL ANALYSIS OF LINEAR SOLID BODY WITH CONTINUOUS
DISTRIBUTION OF SCREW DISLOCATIONS

Milan Micunovié

Introduction

It is supposed that deformation and stress state of linear infinite solid body
depends only on position and motion of great finite number N of parallel straight
screw dislocations. In other words, the influence of body forces is neglected but
could be taken into account as straightforward generalization of presented work.

By assumption, dislocations can move with arbitrary subsonic velocities
staying during the motion parallel to their initial directions. Since dislocations
perform relative motion with regard to particles of the body, the corresponding
deformation is elasto-plastic.

For discrete defects the theory (cf. [1], [2], [3]) that properly describes shock
waves, dislocation loops, point defects, cracks as well as vortex sheets is developed
in rigorous way. In this theory defects are considered as material or immaterial
surfaces on which there appears discontinuity of displacement, velocity or stress.
However, the theory is rather complicated so that effective results can be obtained
only if areas of defect surfaces are infinitesimal. The basic definition of dislocation
in the theory follows Volterra’s definition by which dislocation is boundary surface
where jump of displacement exists.

On the other hand, each simply connected region of the body which does
not contain dislocation lines deforms in a continuous way so that essential source
of deformation is dislocation line by itself. Also, by means of experiments only
dislocation lines are observed and not surfaces of displacement discontinuities.
Dynamics of linear continuum with dislocations as line defects (cf. [4], [5], [6])
is as well developed. For this theory the size of dislocation line does not restrict
the field of application.

However, first — because of enormous number (10—1012/cm?2) practically
arbitrarily distributed dislocations and second — owing to their complicated relative
motion with respect to basic material, the continuum theory cannot succesfully explain
the plastic deformation process (cf. [7], [8]). On account of this it is necessary, by me-
ans of statistical approach, to analyze what information from discrete defects is
of essential value for continuum theory.

Model accepted in this paper is one of the simplest idealizations of real dis-
location distribution and motion. Nevertheless, we believe that the results could
be used for construction of more complicated models of dislocation networks.
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I. Survey of discrete dislocation dynamics

In this section the most important results of discrete dislocation dynamics
(cf. [2], [5], [6]), necessary for further analysis, are reviewed. Motion of particles
as well as dislocations is observed in spatial

=12 . N Cartesian coordinate frame x'= x;.
e B Dislocation lines are supposed to be smooth
and if of finite length then must be closed. On
Figure 1 one dislocation loop is shown. {; repre-
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1s tangent unit vector.

In general, displacement gradient of arbitrary
particle is (cf. [9])
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where (3; is elastic while B; is plastic distortion.
The corresponding strains are described by following tensors
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The fact that continuum is linear is described by the following response function

(1.3) Urj:C;jk:f—’k,':CqMBk[,

where o, is symmetric stress tensor and c;y, is tensor of material coefficients.
The elastic distortion tensor [3; is connected with dislocation density tensor

oy, by the following relation

(1.4) it = €tk Bik,m OF a=Rotf,

where ¢, is antisymmetric permutation tensor. By making use of Dirac delta
function

5(X) =8 (x,)3(x,) 3 (xy),

dislocation density is determined in the following form
(1.5) aa(x, )= 2 b; § dG3[x— L D=2 o
re T I T

If % is known in advance then B can be determined from (1.4) with accuracy only
up to gradient of arbitrary vector function. Because of this we need the equation
of balance of linear momentum in local form

dv dv, 0v;
].6 —t—cl _=0, _'% I,
(1.6) P P ;lekl, j @ o
where p is mass density and v; — velocity of displacement of the corresponding

particle.
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Finally, dynamical equation that connects velocity gradient and rate of elastic
distortion on the basis of (1.1) may be written in the form
0 0 »

Bik +— B ="Vi k-

1.7 _—
(1.7 ot ot

Herein, the rate of plastic distortion can be connected with velocities and places
of dislocation lines points in the following way (cf. [5], [6])

(18) Jikz _ﬁéik=ekmanni9
ot

where V,,,; is dislocation flux tensor which has the form

(].9) anf(;:’ I)=Zbi fﬁdcntms[x_c(ls t)]EZanis
rr, rr I T
so that (1.7) transforms into
0
(1.10) — B~ Vi, ke =%imn Vouni-
ot

Now, it is possible from (1.4), (1.6) and (1.10) to find elastic distortion field as well
as velocity field if dislocation density and flux are known as functions of place
and time.

However, in general case for complete set of field equations it is necessary
to have the equations of motion for each dislocation. Such equations have the
form (cf. [1], [2])

0
(1.11) —dp;=df;+ 2, df;, '=1,2,..., N,
0t T T A TA
A#T
where:
df; — the force on dislocation line element d/r caused by external displacement
o
field (this force we neglect in the paper as factor of secondary im-
portance),
df; — the force on dislocation line element d/r caused by stress field of dislo-

ra
cation line /,.

The last one equals to
1.12 dfi= e, [0%, v ©) + €y By (O] b, d %,
(1.12) éE[é,@ W&MQHE

The linear momentum dp; of element dir is derived from the action of dislocation /-
r

on itself (cf. [1], [2]) and in the case of small velocities of dislocation lines has the
form

. . P
(1.13) dp;=dm;,C,, L,=—FC,,
i B I r r

orr
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where dm,, is tensorial mass of dislocation element d/i- given by means of the ex-
r

pression

(1.14) dmi=m, b b dlr, m,, = const.
r PP r

Equation (1.11) obtains very simplified form if its left hand side is neglected (cf.
[4], [6D).

Now, equations (1.4), (1.6), (1.10) and (1.11) represent the complete set of
field equations. However, this set is difficult to be solved because of their great
number corresponding to number of dislocations.

In our case we suppose that all the dislocations are straight and parallel to
x3-axis during their motion. They must be either closed or come out to external
surface of the body. Owing to this the length of each dislocation line is infinite
Therefore, velocities of all the points of any dislocation line are the same and pro-
jection of common velocity on x3-axis is of no importance. Furthermore, our ad-
ditional assumption is that Burgers vectors of all dislocations are the same

(1.15) b;=b3;,=b,.
r

Taking into account homogeneity of material this assumption does not represent
great restriction and makes statistics easier.

It is known that in an infinite continuum having one straight screw dislocation
displacement vector is parallel to dislocation line i.e.

(1.16) vi(x, 1) =8, v,.

Bearing in mind this and that all the quantities depend only on x; and x;, equations
(1.1), (1.5) and (1.9) take the form

(1-17) Uy, =Py + B35 U5, =P+ B3y

oy (x,, xzat)=8i38!362 fdC38(x1—Cl)S(xz—Cz)S(x3HC3)=

(1.18) r.© r r r I

:8i3813b28(x1*c|)S(XZ_Z?.);
r | B T

0
(1.19) Vi (X1 > Xy z)=3,.33,,3b;a(x,+Crl)8(x2—§_z)5; Cn-

Moreover, by integrating (1.11)—(1.14) we obtain per unit length of dislocation
line

0
(1.20) —pi= 2 fir

otr A Ar

A#T
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L
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2. Statistics

For statistical derivation of hydrodynamic field equations the following

procedure (cf. [10], [11]) is applied. Places , . .., £ and linear momenta p , . . ., p
1 N 1 N

of N arbitrarily distributed molecules are defined by means of one representative
point in 6 N-dimensional phase space. The probability distribution function (rela-
tive density of representative points in phase space) is denoted by

(2.1) T wisa 5 & D5 s sy B =0 o s
1 N 1 N L
satisfying the normalization condition
(2.2) [rag6-1,
where
(2.3) dF6=dC -dC-dp- - -dp
I N 1 N

volume element in phase space. f changes with time in accordance with Liouville
theorem

of 5 (9f y of
(2.4) 5 Z(ac,“ap, ) 0.
r

Any dynamic entity (scalar, vector and tensor of arbitrary order) /2 depending on
time and phase coordinates has at time ¢ expectation value

(2.5) (Py=[Pfrdze,

whose change with time is described by means of transport equation

(2.6) ~< )= < >

where

d@ 0@ 0P P
= dt ot Z(acCJrap,)

Further derivation of hydrodynamic field equations consists of application of
transport equation to statistically defined mass density, momentum and energy.
The advantage of this method is a better understanding of stress tensor and other
continuum variables on the basis of molecular interactions.

In this paper it is assumed that dislocations are randomly distributed in the
similar way as molecules in kinetic theory of fluids, following the idea given in [3].
In consequence of our assumption about shape of dislocation lines all the variables
depend only on x;, x, and ¢ so that our phase space is 4N-dimensional. Now,
velocity and elastic distortion depend on position of each dislocation and have
expectation values

(2.8) EE<"1>=;<;§>: ;fl‘:ifd%,
(2.9) By=B =2 B =2 / By dF6,
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owing to their additive nature — continuum is linear. On the other hand, expectation
values

(2.10) o= ay) = g oy =8;,8;,,
(2.11) =28 (x,-%)8(x,—- %)),
r r I
(212) me"_:_'<ani>=z<me'>£ba‘Vm8n38f3’
| R
(213) Vma:Z<tm8(x1_c1)3(xzfcz)>a
r r ) i I

obtained from (1.18) and (1.19), are obvious. On left sides of relations (2.8)—(2.13)
all the variables are functions of x|, x, and r. Also

(2]‘4) Yi= vr'(x] s X f), pijz Bij (xl y X5 f)’
r r } iy I

while index I' shows dislocation line, by influence of which partial velocity v; or
r

partial elastic distortion B,; are caused.
F

3. Field equations

On the basis of dynamics of discrete dislocations and described statistical
method we are able now to derive continuum equations.

Multiplying equation (1.4) by /' d % and integrating over all the phase space
we obtain

(3.1), . %t = €tk Bike, m 5

or, explicitly, by means of (2.10) and (2.11)
1 — -
(3.1), « :—g (Bs2.1 — B31,0)-

Herein, the following transformation

Z(Bik.m>:§:f|: i Bix (xn,:)]f(t.hp) Py d 6 =

r r r 0x,T r r

3.2) 3 5 -
:_c)xm—% ?ikfd%___—'axm <Bik>EBfk,m

is used. In the same way, the relations

ov, -~
(3-3), oy, Cum Brr,;=0,

ov

(3.3), P‘)—:_H(En.]'i‘gsz.z):o:



Statistical analysis of linear solid body with continuous distribution of screw... 65

follow directly from (1.6) and the transformation

dv, dv, v,
34 ,,,,‘ ______: _7{
(3.4) < > <d;> Zf SdG6=- ="

Also, equation (1.10) by means of integration over all the phase space gives

0 — — =
(3.3), b Bik Vi, k= E€kmn ¥ st
ot

or, according to (1.8) and (2.12), explicitly
g =
(3.5), _le via=baV,, 5{332_"3.2=—b°‘V1'

In order to derive conservation law for dislocation density Liouville theorem
has to be used with one partial integration over the whole phase space. As a result,
we obtain

(3.6), g“:%= _b3i3813§;(°‘ Vo),

or, after (2.10),

(3.6), %% 4 2 @r)+ 2@y =o.
ot 0x, 0x,

For a complete set of field equations we still need equation of balance of dislocation
momentum. Dislocation momentum per unit length is defined by

(3.7) pi=2 APy =myp 2 (5,8 =am;,V,.
E F I il
Now, if we look for dp;/dt and apply transport equation (2.4), the following relation

ad
(3.8) Bz 2 ¢ ot Vk)+2<8p.>
()f dxk

will be obtained, where

K

(3.9) 61 Xy )= —mp, 2= V) = V) 8.
I | iy | o r

K
After analogy with statistical theory of hydrodynamical field equations, o is

called kinetic stress tensor (cf. [3], [10], [11]). The last term of right hand side of
(3.8) by means of (1.11), (1.12), (1.15) and (1.16) can be written in the form

(3.10) Z<3p,> whe,, o (9 WV, +[3“)+F,,
W
where i
Fi=be,,i0 2 (85, {n,(0)— vy @)} +
311y . o —1: r_’
+bEJ:fP"z<8 {BJI(C)_<B31(C)>}>
&I A ¥ A r
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Obviously, F; represents the difference between the mean value of product and the
product of mean values and could be neglected in first order approximation as small
quantity of higher order (cf. [12]). Taking this into account we obtain from (3.7),
(3.8) and (3.10) the relation

g d 0 1T 9 K - -
{3:12) ;(aV,)Jr ;)—-~(aVkV,)=-m,,- d—c;knLaba“,-(pvsVs—#p[i“) :

X Xk

If (3.6); is applied to (3.12) then the final form of equation for balance of dislocation
momentum is obtained

V -1 K
&K ok o [_1 g

k= my; _——Gik+b333i(Pst_3+i‘LBJs)]'
o ()xk

(3.13)

dt dxk

In order to have complete set of field equations we must have some constitutive
relation for kinetic stress tensor. This is necessary due to fact that set the of phenome-
nological equations derived by statistical methods cannot be full set. For this con-
stitutive relation we follow [3] where the analogy with hydrodynamics was explored
in the way that kinetic stress tensor compared with stress caused by intermolecular
forces (analogue for the second one in our case is Peach-Koehler force — the last
term on right side of (3.13)) is important only for a fluid with small density. Because
of this, by analogy with ideal barotropic fluid and with assumption about "’adiabatic
flow” we have

K

(3.14) Oy = —m,-jp(a), p(a):po ((X

Y
) =B,

)

where B and y are constants. By replacing (3.13) into (3.14) we finally obtain

V a —1 _ —
oV, +0 ! V= 1 BarD)+bmye, (e V,vy+pBy5),
ot 0x, -y ox

3.15
( ) Lkt a=1,2

In this way the field equations are (3.1)z, (3.3)2, (3.5)2, (3.6)2 and (3.15) (7 in
total) and they serve to determine the unknowns «, ¥, V5, vi, B3y, B3, all of them
being functions of x;, x, and f. Equation (3.1), can be derived from (3.5); and
(3.6), and owing to this the number of equations seems greater than the number of
unknowns. If corresponding initial conditions are given the probtlem can be solved.

If dislocation density « and velocity Vi are given in advance then Green func-
tion can be used for determination of elastic distortion and velocity of displacement.
Namely, from (3.1), (3.3); and (3.5); we have

o= 0 oo
Lfkfak,,,:bs.-,sm[pg(a V,,)+u—],

(3.16) B ; o
Ligvi=udi3 Emps O (Vpa)s
where ’
0? o 0
(3:17) LucEPka-é}—z'—Cuuﬁ Ex—f
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is Lamé operator. As known, solutions for B, and v, are expressed in the form

n . ’ ’ ’ 1- a | aa
Bkm(xs!t)= fdt fdgx Gkn(‘xp_xp)t—t)ban:iemp} _(an)P-'_p'—- ’
ot 0x;

(3.18)

s 3 ’ ' ’ ‘)
v (X1, 1) = fdt'fd_,_x Gy (X, — %5 t -8 )pamsq“a—;—(ocl/s).
a
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CTATUCTUYECKUIN AHAJIU3 JIMHEMHOI'O TBEPJIOI'O TEJIA
C HEINIPEPUBHBIM PACIIPEAEJIEHUEM BUWHTOBBIX JUCJIOKALIUN

Muaan Muuynoeuu

PaccmaTpuBaeMoe TBep/iOe TeJI0-DECKOHEYHOe, OIHOPOJHOE M HMEeT JIH-
HEliHyl0 KOHCTHTYTMBHYIO (yHKIMIO i Hanpsokenus. Ilpeamonaraercs, 4To
3TO TBEpPAOE TEJIO COJAEPKHT KOHEYHOEe OOJIbLIOE YHMCIO NPAMHX BHHTOBIOX
B3aMMHO Iapajule/IbHBIX JMCIOKALNHA, KOTOpble MOTYT HPOHM3BOJIbHO IBHIaThCs
B IJIOCKOCTH IEpPNeHJUKYJAPHOH K HanpaBJIeHHsIM [HCIOKALMOHHBIX JIMHHIA.
JInHaMHuKa JUCKPETHBIX JMCIOKAIMH CXKATO NOKAa3aHa M K Hell IPUMEHEH MeTox
CTaTHCTHYEeCKOH ruaponuHamuku. ITosnyyeHHas cucTeMa ypaBHEHMil TOJsT KOM-
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TUIEKTHAsi, TaK 4YTO npodieMa onpelesieHUs] MIOTHOCTH JMCIIOKAlUd, CKOPOCTH
NUCIIOKALMH, MO YyNpyrol AMCTOPCHM M CKOPOCTH NEPEMELUEHUS MOXKET ObIThb
pellieHa, €C/M JlaHbl HaYaJIbHbIE YCJIOBMSI.

CTATUCTUUYKA AHAJIM3A JIMHEAPHOI' YBPCTOI' TEJIA
CA HEINPEKUJIHHUM PACIIOPEAOM 3ABOJHUX AUCIOKALHUIJA

M. Muhynosuh
Pe3ume

ITocmaTpano uBpcTo Teao je OeckOHAYHO, XOMOTeHO M HMa JIMHEAPHY
KOHCTHTYTHMBHY jeJHauuMHy 3a HamoH. [IpeamocraBmba ce [a OBO TeJIO CaJpXKH
KOHAayaH BPJIO BeJIMKH Opoj mpaBux OeckoHayHO nyrux MehycodHo mapaenHux
3aBOJHHX [UCJIOKaNHja. 3aTUM je METOJ CTaTHUCTHYKE XMAPOJMHAMHKE IPHUMEHEH
HAa [MHAMHKY [HCKPETHHX AuciIokauuja. JloDUjeHH CHUCTeM jeJHA4YMHA NOJba j€
KOMIUIETAH TAako na npodJjieM ojapehuBama TyCTHHE [OUCIOKaluja, Op3uHe JHMC-
JIOKaluja, mojba eJIACTHYHE JUCTOpP3Hje M MoJba OpP3MHE MOXE Ja Ce pelld axko
¢y gaTH moueTHH ycioed. [atu mnoctymak je Moryhe NpUMEHHUTH H Ha KOM-
NJIAKOBAHHUj€ pacrnopeje AHCIOKAIMOHUX JIMHHJA M OMYH.





