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A VARIATIONAL APPROACH TO THE PROBLEM OF FREE DAMPED
LONGITUDINAL OSCILLATIONS OF A PRISMATIC BEAM WITH A
NONLINEAR ELASTIC CHARACTERISTIC

Pula Mester

Introduction

The purpose of this paper is to describe the free longitudinal oscillations of
a prismatic beam with nonlinear elastic characteristic and viscous damping where
small nonlinearity is considered. The problem is solved by two methods; first by
application of a classical Hamilton’s principle, and later by applying Vujanowcs
variational principle with noncommutative variations.

Basic Suppositions

Longitudinal displacement in the direction of the x-axis is represented by
u=u (x, t). The cross sections of the beam during oscillation remain plane, and the
particles inside these cross sections move only longitudinally. The material of the
rod is homogenous, isotropic and behaves by the nonlinear elastic law [4]:

c=E(l—a,E?el)e,

ou
e,=—
dx ¥

where: ¢ is normal stress, e, —strain in the direction of x, E — elastic modulus,
a, — small parameter. The rod is fixed on both ends, damping is achieved by forces
of viscous friction which are proportional to the first degree of velocity.

Differential Equation of Oscillation

The differential equation of this problem, based on previous statements reads
as follows:
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Obviously, this is a second order nonlinear partial differential equation, p is material
density, u — viscous damping coefficient.
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A. Solution by application of a classical Hamilton’s principle

The Lagrangian function L is defined in the form of:

G 7 L (- R )

Let the corresponding action integral be:

5
3) I=[Lar

L5
By all laws of variational calculus, from the conditions of stationarity of action
integral the differential equation of oscillation (1) is obtained as well as the cor-
responding boundary conditions of the problem. Consequently, it is proved that
the problem under consideration can be formulated variationally and that the La-
grangian function is set correctly in the form of (2).

In order to obtain an approximate solution of the problem, Kantorovich’s
method of partial integration is applied. Introducing a dimensionless variable:

E=% 7t, where 1 is the length of the beam, the action integral (3) will be transformed

into the form:
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where the constants are:

azzEﬂ:z 7\=_3Eza_,‘7'c2
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For a rod fixed on both ends, it will be assumed that the approximate solution
of the equation (1) can be written as:

(5) u(E, )=pE)-q(t)=sinnfq(t)

The known function p (§)=sin »E satisfies the boundary conditions of the problem,
because

p(@=0
p(®)=0
are the geometrical boundary conditions.

Replacing (5) into (4) after the completed integration of £ from 0 to =, a reduced
action integral will be obtained:

Iy Lp)
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The condition of stationarity of a reduced action integral is 8/=0, which is equivalent
to the Euler-Lagrangian equations:

oL 0 oL
(7) e 7 G
ot

If necessary partial derivations are formed and if the obtained results are replaced
into (7), one has:

& 1
(8) q+uq+w%q(1+71n2q2)=0

where: mf = o?n?,
Applying this procedure, the solution of nonlinear partial differential equations is
reduced to the solution of an ordinary nonlinear differential equation. An approxi-

mate solution of (8), by the Krilov-Bogoliubov method [5] can be written in the
form:

&) Q’(t)=Ae—%‘cos[m1[t+§3§A2:"2(1_e—u:)]}

Substituting the term (9) into (5) the law of oscillation of the considered beam is
obtained in the form:

(10) u(l, t)=4, sinnae_%rcos[ml [z-g-i AZ;‘"Z (1 —e—u‘)]}

32

B. Solution of the problem by application of the variational principle with
noncommutative variations

This variational principle was formulated by B. Vujanovi¢ for nonconservative
systems [2] and [3]. The essential idea of that principle is that variations of genera-
lized velocities are not completely defined only with the variations of generalized
coordinates, but with generalized dissipative forces, too.

According to this principle, for a conservative part of the problem the Lagran-
gian function will be formed:

o g [l e
0

and the variation rules as:
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From (13) it is obvious, that if u=0, this rule becomes a commutative variation of
classical variational calculus. Forming an action integral (3) after an accomplished
variation, using variational rules (12) and (13), the differential equation (1) and
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the boundary conditions of the problem will be obtained; which proves that the
terms (11) and (13) have been determined correctly.

In order to obtain an approximate solution of the problem using Kantoro-
vich’s methods, an assumed solution in the form of (5) will be replaced into an action
integral-(3) where the Lagrangian function is now determined in (I 1), an integration
after the variable £ from 0 to = will be accomplished.

A stationarity condition of a reduced action integral, together with the varia-
tional rule (13) results a differential equation (8).

Conclusions

After the whole problem has been discussed, it can be stated that the applica-
tion of Vujanovi¢’s principle in order to solve the problem, leads to the entirely
same results as the application of the classical Hamilton’s principle.

Moreover, it is well known, that the application of a classical Hamilton’s
principle to nonconservative problems does not contain certain generality (univer-
sality) and only a limited number of problems can be solved in this way. When
there is a case of damping in a complex form at oscillation problems, an exact Lag-
rangian function cannot be wiitten and then the variational principle with noncom-
mutative variations can be advantageously applied because of its simplification.
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DIE LOSUNG DER FREIEN GEDAMPFTEN LANGSSCHWINGUNGEN
VON PRISMATISCHEN STABEN BEI NICHTLINEAREM
ELASTIZITATSGESETZ MIT VARIATIONS-METHODE

Mester Dula
Zusammenfassung

Diese Arbeit betrachtet die Ausfindung der Schwingungsgesetze bei freien
gedimpften Lingsschwingungen von prismatischen Stiben bei nichtlinearem Ela-
stizititsgesetz mit Variations-Methode.
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BAPWJALUMOHU IMPUCTVII IMMPOBJIEMY CJOBOJHO MNPUTI'VIIEHHUX
JJOHTUTYAUHAITHUX OCUUITALUIA TMTPUSMATHUYHE I'PEJE
CA HEJIMHEAPHOM EJTACTUYHOM KAPAKTEPUCTHMKOM

byra Mewiuep

PeszumMme

Hocmana C¢ IpOoHAJaAXCHE 3aKOoHa OCHHJIOBaAHkA IPH3MATHYHOI LITara
IIpH CHOSO,[[HHM NMPpUTrYWICHUM Y3OYXKXHUM ocunnauujama ca HCJMHECApHOM €Jiad-
CTHYHOM KapaKTEpHUCTHKOM

G=E(1 —asEzei)ex.

[Ipn ToMe ce y3uMa JAa je HEJMHEAPHOCT cjada M Ja ce TPHUryllele ocTBapyje
cHJlaMa BHCKO3HOT Tpelma Koje Cy MpOMOpPLUUOHANIHE TIPBOM CTENEeHy Op3HHe.
3ajaTtak je pelmieH Ha JBa HauuHa, KopuinhememM XaMuUITOHOBOT M ByjaHosH-
hesor BapHMjauMOHOr NPUHLHIA ca HEKOMYTATHBHHUM Bapujauujama. Ilpumenom
00e MeToje MOoOHMjeHH Cy HCTH pe3y/iTaTH. YXa3aHo je Ha jeJHOCTaBHOCT, edu-
KaCHOCT M WIMPOKY MOTyhHOCT mpuMeHe BapHjallHOHOr MPHHIMIA Ca HEKOMY-
TAaTUBHUM DapHjandjama.
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