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A MICROCONTINUUM MECHANICS APPROACH TO
THE CHARACTERIZATION OF TWO-COMPOSITE LINEAR ELASTIC
MATERIAL

P. Marinov

1. Introduction

Various methods have been used in the characterization of two-composite
elastic material. The characteristic approach to such problems in the past has been
to model the composite material by a single continuum, occasionally anisotropic,
whose constitutive constants are chosen in such a way that the behaviour of the
single continuum provides an approximation to the behaviour of the composite
[5], [6], [7]. Although this approach has been found adequate for static and quasi-
-static problems, it loses completely any characterization of the macroscopic struc-
ture. The structural effects give rise to dispersion and dissipation in dynamical
processes in the composite material which the usual single continuum theories are
incapable of describing [15].

However, the mathematical models which describe the composite structural
effects are limited. The composite structural effects were investigated in [2], [3], [10].
Bedford and Stern [10] developed a thermomechanical theory for composite materials
in which the composite constituents are modeled by individual superimposed con-
tinua. Recently we presented [11], [12] a nonlinear theory in the case of two and three

constituents. We utilized a mean continuum and a polarization vector u;.

The present paper is an extention of our works [11], [12]. Field equations,
non-isotermal and isotermal constitutive equations for two-composite linear elastic
material are developed. It is shown that under conditions of arbitrary temporal
and spatial variation of the temperature field the stress tensor, the internal forces,
the couple stress tensor and the entropy are derivable from a potential function.

Finally it is shown that the present results generalize some theorems of the
classical micropolar theory.

2. Kinematics

We consider a collection of two materials which occupy the material volume V
bounded by the surface S. From the mathematical point of view such two-composite
material may be considered as two continua, coincident at an initial reference confi-
guration V¥, provided that they interact with each other by internal forces p;.

Let us consider at time #y a material point P in underformed body with uniform
temperature. After the deformation, at time 7, the material point P occupies po-
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sition p while the temperature is in general no longer uniform. Denoted by x, (j=
=1, 2,3) and x; (i=1, 2, 3) the coordinates of P and p in rectangular systems used
to describe the undeformed and deformed states respectively, fig. 1.

X

Fig. 1

The individual motion of each constituent is represented by
(1) =xPP =1, 2

Displacement vectors of each constituent in a small deformation field are

2) ul’ =x{ (x;, 1) (=1, 2)

Also the motion of two constituents may be described if we consider a mean

continuum with a motion x; and a polarization vector ;. The motion of the centre
of masses of constituents and the polarization vector are determined by

(3) xi=2c@x{(x;, 1) (=1, 2)
!

. 1 2 1 2
(4) = ui) —ul’ =x{" (x,, 1)— x? (x;, t)
where ¢ =0o0/p, p=2p00; o® and p are the partial and total mass densities.
!

The strain and the polarization measures are

1)) h = g (1) (2)
(5) Ui j=Xi j— U, uf,j=x;,,-—xi,j

dal’
where x{)="1.
0x;
Following [11], [12] we assume that mass transfer processes such as chemical
reactions or phase changes are excluded and only particles which coincide before

deformation are interacting. When the internal forces p; are central then we have

(6) Se0p’=0, Zelepup’=0  (=1,2)

where p{” is the partial specific internal force and e;x are permutation symbols.
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3. Field Equations

The Momentum Balance Equation. For each constituent the momentum
balance equation is given by

0 % f 0O ay - f (D ds, + f O(FP+p®av,  (U=1,2)

vV s ¥

where tf? is the partial stress tensor and F" is the partial specific body force.

Introducing eq. (3) into relation (7), summing up with respect to () and making
use of Green’s transformation theorem we get

(8) [ox:dv=[t, v+ [pFidv
V V vV

where tj,-=12t}?, F,--—-;c(” P (I=1, 2) are the total stress tensor (t;71;)

and the total body force.
Equation (8) is the global form of the momentum balance equation. As this

expression have to be valid for any arbitrary volume V' we have locally
) P‘;i-_“tf.j‘f“PFi

Whel’c v,-=32:,-=t'¢,-.
The Balance of Moment of Momentum Equation. We may write the balance
of moment of momentum for each of the constituent as

0
v s
+fpu) &in xgi) (F}"+ p;i)) dV (=1, 2)
v

From eqs. (3),(4) and taking account fig. 1 we obtain following system of
equations
(11) x{V =x;4 P uy, xP = x,— Wy

Substituting relations (11) into eq. (10), summing up with respect to (/) and
making use of Green’s transformation theorem we get

(12) fp M em,]uiZdV =

4

=fequi.ktkjdV+ [\Mmk.de_" fpcgmdy
V |4 V
The local form of the balance of moment of momentum becomes

(13) pc(l)ctz)emﬂl_‘;;j= mijxf.ktkj-l'ﬂmk.m"'Po?m



46 P. Marinov

where
(1 2)
(14) ‘/}t’"k Emij Ui (C(Z) bk = c tk} ) = €y ” i8kj
o “(r() 2
(15) Zm=cNe e u, (F' — F)=e,,u,P,

are the total mechnical tensor and the total mechnical force which result from the

internal polarization u;. The tensor gi; may be considered as couple stress tensor

(gj‘f—gjt)
The Energy Balance Equation. For each constituent the balance of energy
is valid

o (sm L "’)dV
ot 2
(16)

zf[P(n el 4 o (F(’J +p,")x”’]dV+ [(t},”xf”— q,’)) ds.,, (=1, 5

where € is the partial specific internal energy; e® is the thermal energy inter-

action due to the presence of the other constituent; ¢ }” is the partial heat flux vector.
Heat sources absence.

It must be observed that the partial specific internal energy is an unknown
function.

Now let us give the conservation equation for the total energy. We assume
that the time rate of change of the total energy is equal to the sum of the rate of
work done upon the body by the external and the surface forces, the heat flux through
the surface, i.e.

(17) prdV z o F?)’&'de““Z f(ta) O _ g0 gs,
1=

Summing up eq. (16) with respect to (b and introducing eq. (16) into eq. (17)
we have locally

(18) oE= i o (e + 50 2 — % e (e® + p 5 M)
=1 =1

Using eq.(11), equation (18) may be written as

(19) E=K+e
where
(20) | K 5,4 o e i
2 . B
(21) e=> ¢ (ew— «") +c(z)p'g2)u

=1

are the time rate of change of the total specific kinetic energy and the time rate
of change of the total specific internal energy.
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It must be observed by eq. (19) that the time rate of change of the total spe-
cific internal energy ¢ is a function of the time rate of change of the total specific

energy E and of the member ¢ ¢® u,u;.
To obtain £ we have introduced relations (11) into eq. (18), i.e

0 & i
(22) ‘; [‘PEdV=f(tﬁi"‘+gﬂu‘:—q,-)de +fp(F,x,-I—P,u)dV-
4 S

Making use of Green’s transformation in eq. (22), the local form of E we get
(23) P-E:Iji.ji’i‘F tjfxi.j+gjf.}i‘i+gjl ;i.j_qj,j-{_ P (Fiii"‘Pi;‘i)

To obtain the member ¢V ¢? 17,1;, we have added and subtracted the local
form of the eq. (7), i.e

(24) pcth ;‘, =g ;tePite ¢ ph.
Then we have multiplied eq. (24) with the vector Z,—, i.e

(25) o ¢ c® wu;= g, ui+p Piui+pc®pldu.

Introducing egs. (20), (23) and (25) into eq. (19), the local form of the balance
of energy yields

(26) Pé=tjixi.j+pi5i+gji;isj_qu

where p,-=pc(”p§1) is the specific internal force.
In a small deformation field

v;‘j=x,"j= u,-,j.

Then the energy balance equation becomes

(27) Péz tl:jl'lj.l'+pl';i+ gij—l;j,i_qj,j‘

If we assume that the polarization vector u; absence, then the eq. (27) trans-
forms into the classical energy equation.

The Entropy Production Inequality. Following [10] we assume that the present
theory is applicable to bonded composite materials in which the constituents do
not diffuse but interact only, at the interfaces. Then the Clausius-Duhem inequality

for each constituent may by written

(28) ; f o 4 dV + f g\"160 ds, — f oD /60 e dY >0
t

Vv
where 70 is the partial specific entropy and 0" is the local absolute temperature.
Consider the case of polar thermal equilibrium, i.e

(29) M — 2 =9
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After summing up eq. (28) with respect to (/) we obtain

o [ 1 '
(30) e / pndV+f(—--- q,») dV—jl(p‘”e“’%—p”’e‘”}dV}O
ait 0/, 0
Vv

V 4

where n=c 9 4 9@ js the total specific entropy production.

In order that the Clausius-Duhem inequality be correct for the mean conti-
nuum it is necessary that

3D p ) 4 5 ¢(2) =

because the thermal energy interactions are not external supplies [8].

The local form of the entropy production inequality for the mean continuum
becomes

(32) P';I—QJ/eze,f‘*'ieQi.i?O

where ¢,=> 4, (=1, 2)

4. Non-Isotermal Constitutive Equations

In this section, linear theory appropriat efor thermal and mechanical processes
in fiber reinforced elastic composite is developed under the assumption that con-
stituent displacement gradients uf[); relative displacements and velocity gradients

! . -
vf')j are small, but the temperature perturbations are sensitive.

The theory we seek is to be applicable to perfectly bonded, simple thermoelastic
materials which interact at the interfaces.

Therefore, we assume that the constitutive equations for the total stress tensor
ti;, specific internal forces p;, the couple stress tensor gi;» the total specific entropy 1,
specific free energy ¢ and heat transfer vector g; are identical to those for a simple
thermoeleastic continuum with the presence of geometrically independent polari-

zation vector u;. The independent variables in constitutive equations for such a ma-
terial include the displacement gradient of mean continuum u;, ;=uy, the polariza-

tion vector u;, the polarization gradient ;j i=7j the temperature 0 and the tempe-
rature gradient 6 ;. Consequently, we adopt the following constitutive functions

(33) tl"j=t1_'j(uij’ u;, Ty & 0,:), pi=pi(- - ),
8;=8;(---), e=e(---), m=n(---)and g;=q;(-- ")
For the Helmholtz free energy ¢ per unit mass defined by

(34) p=c—70

we have

(35) ¢=¢(UU’ ;h -Ylj. B; B.i)
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Substituting eq. (27) and eq. (34) into eq. (32) and bearing in mind the eq.
(35), we conclude

00 - o\ = oY -
ly—p— Uy +pi—p —=|u +(&s—0—— 1Yy
( j P()u,-j) j (P p()u,-) (gj paYU)YJ

P(n ae) FTTRLE

(36)

This inequality is linear in w,, u, y;, 0, 0, 6, since according to eq. (33)
tij> Pi» &> € M and ¢; are independent of these quantities. Moreover these
variables can be varied independently. For all independent variations of

Ui, u;, Y:,, 0, 6, i» 0 ; the inequality (36) cannot be maintained unless

0 0 0
f:;=pl, p:=p—£, g.-,-=p—qi
Ouy ou; ovj
(37
_o% Oy

= ——=0 and q;ﬁ_iko.

00" 00,
Equations (9), (13), (27) together with the constitutive eq. (37) form an incom-
plete set of 32 equations for 33 unknown functions
Ui, ;r'a tijv Pis 8ij» Lps N> 0 and qi
To obtain a restriction on the form of Helmholtz free energy function we have
multiplied eq. (13) with vector u; and eq. (24) with vector u; too, i.e

(38) p Ve u;u;= Xi j Uit Wi, 1 8+ u; 8+ ui Py
(39 o ¢ yu; = Lt i+ P+ piu;
From eqgs. (38), (39) it follows
(40) pitti= Lij U+ 8ijYij
The eq. (40) may be written as
(41) Pitti = 1) U + & Y
or
ob— 04 0
(42) _f]l Uy =— d:;,- + _qJ Yij)
a U; 0 d’j () Y(U)

where dj; is the infinitesimal strain tensor and vy(; is the symmetric part of the tensor v,.
The eq. (42) is in addition to the constitutive equations (37).

5. Isotermal Constitutive Equations

In the case of isotermal conditions, equations (35) and (37) become

(43) ¢:¢(ul}’ ;i’ Yij» eo)

oy 0y 0y
44 t,'= T i— P = W= p—
(44) i pau,., p Pc)u,- 8ij P‘)YU

4 Mexanika 3
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We postulate now that the free energy ¢ is a smooth function of the equi-
librium state at which u;=u;=y;=0. Then ¢ may be expended in a Taylor’s series
in the neighborhood of equilibrium state in u;, u; and y;. The terms higher than
the second order may be ignored and linear terms on w;, u; and y; are absent on
the basis that the material is unstressed in the equilibrium state. Thus

1 1
$= ) g Wiy Upg + Digaey Ui Yo+ Pl Cijtet Yij Ykt
(45)

_ I T
+ @y iy v+ by u+ 5 bj u; u;

where the coefficients ayy, bji. cju» @i, by and by are elastic constants.
The tensor u; is a true tensor; the tensors y; and wu; are pseudotensors.

Further simplification of eq. (45) may be obtained if we consider centrosym-
metric two-composite linear elastic material (in such continuum all the material
properties must be invariant with a central inversion and arbitrary rotation of
coordinates). In this case the coefficients by, b;x and a;, must be equal to zero
(y>0 and we consider with the true tensors and pseudotensors).

Hence for a centrosymmetric isotropic two-composite elastic material we get

(46) li; = Aqk; diss Pi= By, _l;m ; g = ijk: Yki

where the coefficients 4, By, and Cyy, are elastic constants and 7;,=1;;, g;= g;i.

6. Relation to the Micropolar Theory

If we introduce into eq. (13) the notations which are used in the micropolar
theory then eq. (13) may be rewritten in a form of the equation of balance of moment
of momentum (micropolar theory)

. 9 ;. o
(® 'a_}(JOQi)=emijxi,ktkj+ﬂmk,m+90?m

where
Jo=pcM Puu;, Q= eynn

Jjo is the microinertia and Q, is the time rate of change of the microinertia of the
director n;.
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If we assume |é,—| =0 and express eq.( 26) in terms of j, and Q, then eq. (26)
becomes

(ll) ps=tj,-.‘!'c,-'j— emijx,-’ktkam'*‘ﬂkam.k_qj.j

which is an other form of the micropolar energy equation.

References

[11 Cenos, J. WU., YVenexu mamem. nayk, m. 20, eun. 5, Mocksa, 1965
[21 UBnes, O. . Doxnans, AH CCCP 176, 1037, 1967

[31 Boikosues, I U, Hro Txaus ®our, Chopuux mex. cnia. cp. 80 a. ax.
H. H. Mycxeauusguau, u3d. nayka ¢uzmam-aumep., Mocksa, 1972

4 Kynun. WU. A., H30. nayka gusurxo-mam. aum., Mocksa, 1975

[5] BonoTun, B. B. Mexauuxa nosumepos, 2, u3n. 3uHatHe, Pura, 1965

[6] Hashin, Z,, Shtrikman, S. J.,, Mech. Phys. Solids, 2, 127, 1963

[71 Hill, R. J., Mech. Phys. Solids, 2, 357, 1963

[8] Truesdell, C,, Toupin, R., Encyclopedia of Physics IIl/I., Springer, 1965
[l Green, A. E.. Nachdi, P., Quart. J. Mech. Appl. Math., vol. XXII. pt. 4, 1969
[10] Bedford. A, Stern. M.. Acta Mech. 14, Springer-Verlag, 1972

[11] Brancov, G., Petrov, N.. Ivanov, Z, Marinov, P.. Second Nat.
Congr. Theor Appl. Mech. Varna, October 1973. Publ. House of the Bulg. Acad. Sci.© Sofia, 1975

[12] Marinov, P., Bulletin Société Royale des Sciences de Liége, 43¢ année, Ne 1—2,
pp 106. 1974

[13] Eringen. A. C., Mech. Micromorphic Continua, IUTAM Symposium. Freudens-
tadt Stuttgart. Germany 1967, Springer-Verlag, Berlin, 1968

[14] Eringen, A. C.,, Micropolar Elastic Solids with Stretch, Ari Kitabevi Matbaasi,
Istanbul, 1971

[15] Hermann, G., Achenbach, J. D., Applications of Theories of Generalized
Cosserat Continua, IUTAM Symposium, Freudenstadt-Stuttgart, Germany 1967, Springer-Ver-
lad, Berlin. 1968

XAPAKTEPU3ALIUA OBYXKOMIIOHEHTHOI'O JIMHEMHOI O
3JJACTUYHOI'O MATEPUAJIA B MEXAHUKE
MUKPOKOHTHUHYVYMA

IT. Mapunose

PeswomMe

B pabore paccmaTpuBaeTcs TEpPMOYNPYroe IOBEICHHE IBYXKOMIOHEHTHOIO
MarepHussia B moJie MHQUHATE3UMaIbHON JedopManuu. J{ByXKOMIOHEHTHBIH Ma-
TEpUsAJ NpPEACTaB/eH BBEJEHHEM CpeJHel CIUTOIIHOM cpeibl U BEKTOpa MOJISPH-
3anuu. BeiBe/eHHBI KHHEMATHYECKUE CBSI3H, TOJIEBble YPAaBHEHHUS M HE-H30TEPMH-
YecKHe M M30TePMHYECKHE oOmpeJensiomune ypaBHeHHs. Popma NOTEHUHSILHOM
byHKUMH OnpesieleHHA C y4eTOM MaTepHsIbHBIX cuMMeTpuil. TlonyyeHHsle pe-
CYyJIbTATH MPEACTABJIAIOT BOODILEHHE KJIACCHYECKOH MHKPOIOJSPHOH TEOPHH.

4%
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KAPAKTEPU3ALIMJA JABOKOMITOHEHTHOI' IMHEAPHOI'
EJIACTUYHOI' MATEPUJAJIA ¥V MEXAHULIN
MUKPOKOHTUHYYMA

Il. Mapunos
Peszume

Pa3maTpa ce TepMOEIACTHYHO TMOHAIIake JBOKOMIIOHEHTHOI MaTepHjaja
y nomy uHHPuHUTE3uManHe aedopmanuje. [IBOKOMIIOHEHTHHM MaTepHaa TMpe-
cTaBibeH je ysohemeM cpeare nedopmadu/iHe CpeIMHE M BEKTOpA IOJIapU3aliMje.
U3sseneHe cy kuHeMaTHuke Bese M jennauune. ITorenuujanHa jyHkuuja onapehena
je mpd ypayyHaBamby MaTepHasiHe cuMeTpuje. [JodujeHM pe3yJITaTH NpeacTaBiba-
jy yomumiTema KJIaCHYHE MHUKPONOJApHE TeOopHje.
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