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APPLICATION OF THE CORRESPONDENCE PRINCIPLE TO THE
DETERMINATION OF STRESSES AND DISPLACEMENTS IN
COMPOSITE STRUCTURES?

Vera Lazié and Jakov Lazié

We introduce the integral operator r, associated with the function r (z, 1),
by the definition

t
(1) h=h(t,'r)=fr(t,ﬁ)g(ﬁ,*r)d0=:g.
The indentity operator T is associated with the Dirac function 1=38 (t—1)
t
) h=f8(0~—t)g(6,¢)d0='fg=g.

The one-dimensional stress-strain relation for concrete, as an ageing linear viscoel-
astic, is given by Boltzmann’s principle of superposition. Integrating by parts
yields an inhomogeneous integral equation which by a simple transformation reduces
to a Volterra integral equation of the second kind. In terms of operators it can be
written

A3) a) o,=E,K(cs—c5)
]f‘\

or b) e—e.=—Ro,.

) 5= Ko

E, is the modulus of elasticity of the concrete at the time of action of the first exi-
tation t°; g is a known function expressing the shrinkage of the concrete;

—~

(4) K=k1-, R:%hc’ﬁ.

Ek (t) is the modulus of elasticity of the concrete at time ¢; ¥ (¢, ) and @ (¢, 1)

are the kernel and resolvent kernel of the integral equation (3a). K and R are inverse
operators, i.e.

(5) KR=RK=1.

We consider a coplanar bar of variable cross section, consisting of concrete, which
behaves according to (3), and several kinds of steel, which obey Hooke’s law

(6) a,=E,¢, [

1) This also includes prestressed structures.
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The cross sections have an axis of symmetry (y) and the loading acts in the plane
of symmetry of the bar. The ratio between the height of the cross section and the
radius of curvature of the bar axis is small, so that Navier’s assumption

(7) E=N+n).
is valid, where ¢ is the normal strain at a arbitrary point of the bar, # the normal
strain of the bar axis, and » the change in the curvature of the bar axis.

From (3a), (6), (7) and the condition of equilibrium of the external and in-
ternal forces acting in an arbitrary cross section we get the system of inhomogeneous
integral equations

@) N+ Ng=EAK,, 0+ ESK,, %
M+ Mg~ ESK,, 0+ EJK,, ».

E is some relative modulus of elasticity. The geometrical parameters of the cross

E .
section are reduced by the factors —g— (a=1,2, ...} and %. A 1s the reduced

area, J the reduced moment of inertia of the cross section about the principal cen-

troidal axis z in t°, S=)/4J, N is the axial force and M the bending moment
about z — in the general case these are functions of time; N, and M; with respect
to z, are known functions of time — they are the axial force and bending moment
due to shrinkage of the concrete.

The operators Kn are of the form
(9) .’?hlzkth - Bhl @, h, l= 1, 2

The functions kp; are expressed in terms of k (¢) and the quantities 3,;, known
reduced geometrical characteristics of the cross section which depend on the co-
ordinate s along the axis of the bar.

The principal values of the operator matrix || Kni || consists of the operators

where &k, depends on k (¢) and {5, the principal value of the matrix ||Ba;||.

The inverse operators are

(11) K,R,=R,K,=1, h=1, 2.

h

From (11) it follows that the function ®, (h=1, 2) is the solution of the inhomo-
geneous integral equation

1 —~
(13) kh(Dh—lF;'IBh\F(I)b! h=l, 2

h
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The solution of system (8) has the form

1 ~ 1 =
n=E;1R“(N+NS)+E_SRm(M+MS)
e 1 1
%=—R., (N+Ng) +— R,; (M + My).
zS 2 ( s) £J 22 ( s)

The operators R, (12) are the principal values of the operator matrix |]ﬁ,,,||.
In the light of the relations

ﬁ11 = —_lﬁ [(Bn - ﬁz) ﬁl +(61 - Bn) ﬁz]’

Bl"‘Bz
= 1 - =
15) Rzz SR [(ﬂ] . Bn) Rx + (Bll - z) Rz]»
( [31 "@2 B
D Blz D D
R,=—"2__(R,—R), 1>8,>8,>0,
BI_BZ B B

solution (14) is determined by the two independent quadratures (13). We introduce
the corresponding bar of a homogeneous elastic material (E.) in whose cross sections
we introduce the coordinate system y, z: y is the axis of symmetry and z is parallel
to the second principal centroidal axis of the section. '

For an arbitrary cross section we have
N¢7=’ECI4(.'TJ—l'_‘E'C'S,(.‘x
M,=E.S.n+E.J %

A, is its area and S, and J; its first moment of the area and moment of inertia about
the z axis. The bending moment M, is taken about the same axis.

The solution of this system is

(16)

1
Y d—lNc—EScd'lMc

(17) ¢ : ¢ ,
o= e d LN A VM
E, E.
where
(18) A T~ 5,

By means of the formal substitution
AsdBq 8K,  IIEy,
N,—~N+Ng, M. ~>M+Mg, E—E,

eqs. (16) become eqs. (8), referring to the cross section of the composite bar. The
substitution

(19)

~ 1 ~ —~
(20) A E J

N,—~N+ Ng, MM+ Mg
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and
(21) E,—~E

iq (17) yields the quantities n and x (14) for the composite bar. The generalized
displacement ¥ of the corresponding bar is given by the principle of virtual forces?

(22) E={(s)= f [1,\\f(u, s) 1 (u) + A/d\' (u, s) % (u)] du.

N is the axial force and M the bending moment due to a unit generalized force
acting at point s; v and x are due to the given loading and are determined by (17).

The formal substitutions (20) and (21) in (17) and (22) yield the generalized
displacement { for the composite structure?.

The stress in the corresponding bar is
(23) o=E.e=E (q+xy),

where v and x are given by (17).
From (6), by the formal substitution (20) and

(24) E—~E,, a=1,2, ...

in (23), we get the stress o, in the steel parts of the bar (a=1, 2, .. .). The stress in
the concrete is obtained from (3a) as

(25) cb+EbEsS=EbR(n+xy).
It may be seen from (14) that the right hand side involves the operators
(26) B,=KR,, hl=1, 2.

The principal values of the operator matrix || Bn; || are the operators By, which satisfy

Ean) —~ _— . —~ k ~ ~_
(27) BhBh+(I_Bh)Rh:l7 1.€. ‘Bﬁzl‘__lu(l_sh)@h’ h=1, iy
h
Between the operators Bni and B, there is a relation analogous to (15), so that to
determine o it is not necessary to carry out another quadrature. From (23), (20),
(25) and (26) it follows that 6,4 E,K €5 can be obtained from the stress in the cor-
responding bar by the formal substitution

ch—l—>i§“, Scd—1—>—"l—§lz, Acd‘1_>—1—§22,
(28) A S J
N.—~N+ Ng, M. —~>M+ Mg, E —E,.

The expressions for the generalized displacement (22) and stress (23) of the cor-
responding bar yield the corresponding expressions for the composite bar after
the substitutions (20) and (21), (20) and (24), and (28), expressing thereby the prin-
ciple of correspondence.

2) The shear deformation is neglected.

3 The principle of virtual forces is also applicable to the composite structures because
the virtual forces only have to satisfy the equilibrium conditions, so that for the composite
A A

structures N and N are time independent.
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Conclusion

For a composite coplanar bar of which the concrete is assumed to behave
according to the general relationship for a homogeneous linear viscoelastic material
subject to ageing, whose cross sections have arbitrary geometry, arbitrarily loaded
in the plane of symmetry, with both N0, M50 and £5540, expressions have been
derived for the stresses and the generalized displacement, thereby permitting in
principle the derivation of a solution for statically indeterminate composite structures.

In the literature available to us only expressions for the stresses have been
derived, and only for special cases of the cross section geometry and loading for
statically determinate structures. These are in fact those special cases when integral
equations (8) reduce to one or break down into two independent inhomogenous
integral equations.

By considering the principal values of the operator matrix || K’-,,, |, it is shown
that the inversion of system (8) always reduces to the solution of the two independent
integral equations (13). Thanks to this it is possible to derive expressions for the
stresses and displacements for an arbitrary composite structure under arbitrary
loading. Thereby we have also demonstrated the shortest route for solving the
problem of composite structures, because the two independent quadratures (13)
are sufficient to determine the stresses in the given cross section, and also for finding
the generalized displacements of the bar.

Applying the principle of correspondence the expressions for the stresses and
displacements are obtained directly from the known expressions from Strenght
of Materials derived for the corresponding elastic bar.
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NPUJIOXXEHUE MPUHUUIIA KOPPECIIOHAEHIVN K HAXOXJEHHIO
HAINIPAXKEHUU WM INEPEMEILEHHUUW B COIIPAXXEHHBIX
COOPYXEHUAX

B. Jdazuu, A. Jla3zuy

Peswowme

[IpuMeHeHHEM JTMHEHHBIX MHTErpaJIbHBIX ONEPAaTOPOB MOXHO ONpENEIHTh
BBIpAXKEHHS [JIS HamnpsOKEHUH M NEepeMELUEHUH B COIPSKEHHBIX COOPYKEHHSX,
xorga OeTOH paccMaTphbiBaeTcs KakK OJHOPOIHBIM BA3KOYNPYIHH MaTepHs, ¢
y4ETOM CTapOCTH.

Hna modoro cevyeHHss 0Opa3yeTcss CHCTEMa [BYX HEOOHOPOAHBIX HWHTE-
rpajbHBIX ypaBHEHMi, KOTOPBIC NMPEACTABIAIOT CODOM CBA3b MEXIy HOPMaJIbHOM
CHJIOH W MIrudarollMM MOMCHTOM M BEJIMYHMH XapakTEepH3yIOLUX ero aedopma-
LHIO.

This work is a pact of the research project which has been supported by she Office
for scientific reseach of Serbia.
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PaccmatpeiBas 3Ty cucteMy ypaBHeHHH W €é pelleHHs C OJHOH CTOPOHBI
W COOTBETCTBYIOLUME YPABHEHHS AJ COOTBETCTBYIOLIEIO OJHOPOAHOro YMnpyroro
COOPYXEHHUA C APYroi CTOPOHBI, BOCCTAHOBJISETCA KOPPECIOACHUUSA TAKHM 0Dpa-
30M, YTO reOMETPUYECKHE XApPaKTEPUCTHKH YNpyroro ccyeHus, (opmanbHO 3a-
MEHSIOTCSI MHTErPAJIbHBIMH ONEPATOPAMMH.

PyHKIHH KOTOPBIM aCCOLUMPAHBI 3TH ONEPaTOPbl O/JHO3HAYHO OINPEJIEIIEHBI
PCIUCHUAMH ABYX HE3aBHCHMBIX MHTErpajbHbIX YypaBHeHHH BousbTeppa BTOpOIo
kiacca. Bocrnosib30BaHMEM NpHHUMNA KOPPECHO/IEHLIHH, MOXHO HENOCPEICTBEHO
HAMUCAaTh BBIPAXCHHA JUJI HANPSIKEHUHA M nepeMelleHUH B COMNPAKCHOM COOpy-
XKEHHUH, M3 COOTBETCTBYIOIUMX BBIPAXEHHH WHcBeCTHBIX B CONMPOTHBJIEHHH MaTe-
PUAJIOB, OTHOCSILIUXCS HA COOTBETCTBEHOE YNPYroe COOPYKEHHE.

[IpHHIMIT KOppecrnoNeHUMH OTHOCAIIMICS Ha OJIHOPOJHBIH BAIKOYIPYI M
MaTepHsasl ¢ Y4YETOM CTAapocTH, OBLT BoccTaHosleH ManaeneM. B Hacrosmei
padoTe, pacmpocTpaHseTcss NMpUHLMI MaH/aena Ha cliyyall CTEepKHEBOro COOpYy-
KEHHUs, B KOTOPOM OJHOPO/JHBIH BSA3KOYNPYIMH MaTepusl ¢ YYETOM CTApOCTH
COMNPSKAETCA C OAHBIM HJIH HECKOJbKUMH YIPYTUMHU MaTepHUSJIaMU.

[MTPUMEHA TTPUHLOUIIA KOPECITOHAEHUMWJE HA OAPEBUBAKE
HAITIOHA U IIOMEPAKBA ¥V CIIOXKEHUM CTPYKTYPAMA

B. Jlasuh u J. Jla3zuh

Peszume

Masjen je ycnmocTaBMO TNPHHIIMII KOpecnojieHuHje, nomoly kora ce wu3
jeIHavYMHA JIMHEApHE €JACTHYHOCTH /00Mjajy jeAHAYMHE 3a JIHHeapHe BHCKOEac-
THYHE MaTepHaje ca cTapakeM. ¥ paly je JaTo MNpolIHpeme MaHaenoBor
NpUHIMNA Ha CJy4Yaj JIMHUJCKOT HOCAa4a y KOME Ce€ XOMOTeH JIMHeapaH BHCKO-
e/lacTHYaH MaTepHall Ca CTApameM CIpeXe Ca je/JHHM WU BHIIE eJaCTHYHHX
MaTepuaa.

Ilpumena JMHeapHHX HMHTErpajHHUX omnepatopa omoryhasa ga ce H3Beay
H3pa3d 3a HAMOHE M NOMepama KOJI CHPerHyTHX JHHHjCKHX HOCAaya, NMpH 4Yemy
je 3a OeTOH yBeleH JIMHEapaH BHUCKOEJACTHYaH MaTepHanl ca cTapemeM. 3a
YOYEeHH! IIONMPEYHH IPOCEK MOCTaB/ba CE€ CHCTEM OJI [BE HEXOMOIE€HE HMHTerpalHe
jenHavymHe Kao Be3a u3Mely mnpeceyHuX cuna M gepopmMalujcKMX BesgMuuHa. U3
OBOT CHCTEMa jeJHAYMHA WM IHErOBOI pellieHka, YCHOCTaB/ba CE KOPECHO/EHIIHja
ca ojarosapajyhuMm jeaHaunHama 3a Hocad KOJU jeé OJ XOMOTEHOr eJIacTHYHOT
MaTepHana Tako, LITO Ceé TeOMEeTpHjcke KapakTepHCTHKE KOPECHOJEHTHOr IIpe-
ceka ¢GopMarHO 3amemyjy onepatopuma. PyHKUIHje KOjUMa Cy ACONMPAHH OBH
OnepaTopH Cy je/HO3HaYHA pellemha [Be HE3aBMCHE MHTErpajHe jeqHaduHe Bou-
Tepa II Bpcre.

KopumheweM NpHHIKNA KOPECHOJEHLHje, 100Mjajy ce M3pa3d 3a HalloHe
W NoMepama 3a CIPEerHyTH HOcay, HEMOCPENHO M3 HM3pasa mo3HaTHX y Ornop-
HOCTH MaTepujajia, KOjU Baxke 3a HOca4 OJl XOMOTE€HOT €JIaCTHYHOr MaTepuasa.
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