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ON CONSERVATION LAWS IN ELASTOSTATICS
J. Jari¢ & M. Vukobrat

1. Introduction

In paper [1] some classes of conservation laws in linearized and finite elasto-
statics are derived using Noether’s theorem. The same paper shows that the respective
coordinate and vector transformations are unique in case of linearized elastostatic
states. The proof of the uniqueness is derived under the assumption that Lame
constant A=0, which is a special case that narrows the generality of above mentioned
transformations even more, and leads to the suspicion that there are some other
transformations to which some new conservation laws correspond.

In this paper is shown that the derived coordinate and vector transformations
in [1] are unique under more general assumptions which aie physically justified.
The proof itself is a very simple and clear one and is different from that derived in [1].

2. Conservation laws for infitesimal deformations of elastic bodies

For sake of a better understanding of this paper we give the essential features
of the paper [1]. Moreover, we shall strictly use the symbols and terms of the same
paper. Theorems used in this paper will be cited and noted in the same way as
in [1] for sake of a better orientation of the reader. The theorems are given without
proofs and the reader is referred to the original paper [1]. The symbols € and V
denote respectively a threedimensional euclidean space and its associated vector
space.

Letters in boldface denote tensors of positive order and matrices. Tensor
components and matrix elements are defined in relation to the fixed system of
cartesian coordinates. In what follows we shall deal with functions that depend on
the cartesian coordinates, the components of a vector and the components of a
second-order tensor.

Partial derivatives of some function H (x, w, t, n), HE C2 for all (x, w, t, )&
—ex VxtxL, where x is position vector of point at e, w vector in ¥ and t tensor
of second-order in space t of second order tensors, and v a scalar parameter in L,
will be denoted as:

F. =0T 7))=30—F(X, V. 5 m)

Xi

(1) Evn(X, V5 -q)=2—F(x, v &)
ov;

d
Fooy (%, v, n)=5 -F(x, v, t; 1)
i

0
Fx,v,t; )=—F(x, v, t; m)
0
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Let functional ® be defined on €2, which is any regular subregion of open
region D in g, with

2 O {w}=fH(x, w(x), Vw(x))dv
Q
for every vector field we C2 (D), where yw=grad w. So defined functional will

be named admissible functional for D generated by H. Let us introduce one-parameter
family of functional @, defined with

3) D, {wh= [ HE, $E ), Vew(E n)die,
where "

4) g=1(x, n) for every (x, )&DxL, L=(=1,,n)
is regular family of coordinate mapping on D, and

) Y E p=h(w{EE )7

so that he C*(V x L) L=(—",, m) h(v, 0)=v for all v&V.

According to the preceding notation it can be concluded at once that vy ¢ (£, n)=
=gradg ¢

It is easy to show that

(6) D, {w},_,= D {w} for all we C* (D),

i. e. ® is member of family @, in the case when n=0.
We shall say that @ is invariant at w with respect to f and h whenever

(7 O, {w}=0{w} (—7m<n<ny) for every regular Q&D

and that @ is infitesimally invariant at w with respect to the given pair of mapping
families, provided that

(8) D, {w}= ()i D, {wly-o=0 for every regular Q&D.
/|

On basis of so introduced notions it is possible to state a restricted version
of Noether’s theorem.

Theorem 2.1.[1]. Let D be adomain in € and let @ be an admissible functional
for D generated by H. Let f be a regular family of coordinate mappings on D and h
a regular family of vector transformations. Suppose W is a vector field satisfying the
Euler equation

9) . H,y, (X)—%H, i, X)=0 for all XED,
X

where

(10) x=(xs W(X), VW(X))

Then ® is infinitesimally invariant at w with respect to f and h if and only if w satisfies

(11) a_aj [H (X) a;(x) + W (x) H, i, ;(X)]=0 for all x&=D
x
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where
a; (x)=f; (x; 0) for all XxE D,

(12) b, (x)=h, (v; 0) for all v&V,
my (X) = b; (W (X)) —a; (X) W, ;(x) for all x&D.

Moreover, (11) is equivalent to the conservation law in integral form

(13) [ TH (X) a; (%) +w (%) H i, (X)] - 1, (x) da = 0
S

for every surface S that is the boundary of a regular subregion of D, provided m is
the outward unit normal vector of S.

This theorem is fundamental for deriving of conservation laws for infinitesimal
deformations and finite deformations of elastic bodies. We shall further pay at-
tention only to infinitesimal deformations of elastic bodies giving only the quantities
which are essential. In this case

(14) Yy =Ud.p» Oy

will denote the infinitesimal deformation tensor and stress tensor respectively,
where u is displacement vector. Balance equations are given with relations

(15) G"j:j=0’ G!}:Gﬂ' on D.

The system of partial differential equations (15) is complete when the stress tensor
is replaced by constitutive relations

(16) Gij=F9Y:’j (Y) on D’ F’Tij (O)=0,

where I'() is the elastic potentional. On the basis of elastic potentional we define
the density of energy deformation W (x) with

(17) I'(y(x)=W(x)

In case that the constitutive relations (16) are linear we get the classical linear elas-
ticity theory in which

(18) 6i;=Cijrr Yut on D, Cyy=Cjp+ Cuy

7 J
1
(19) I'(y)= —2‘ C{;kl Yii Yri

Tensor Cijkl is called elasticity tensor. In case the material is isotropic, the tensor
Cijkl becomes an isotropic tensor of the fourth order, so that it can be written in
the form

Applying the Theorem 2.1 to function

(21) H(x, U, VU)=T'(y)

we can prove the

2 Mehanika
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Theorem 3.1 [I]: Let D be a domain in € and let [u,vy, 8] be an elastic
state with infinitesimal deformations on D, corresponding to the elastic potential it
Then, for every surface S, with the outward unit normal vector m, that is the boundary
of a regular subregion of D,

(22) f(an ~S,U,,)da=0
S

where s is the traction vector on S, i.e., S;=a,;n; on S.
In case the body is isotropic it follows that

(23) fa,-jk(kanj)-l—SjUk—SpUp'jXk)dazo

hY

Finally, if the deformation state of an isotropic body is linear

1
(24) f(Wxinj_SjUj‘jxi_?SjUi)da=0

s
is valid.

We shall not give here the proofs of these theorems, but paper [1] showed that
the three conservation laws of Theorem 3.1 [1] can be derived systematically by
means of Noether’s theorem (Theorem 2.1) on invariant variation principles. The
same paper shows that each of integrals exists with respect to the special pair of
mapping family. It is logical then to ask whether there exist other mappings too,
and if so there would exist some other conservation laws independent of these
derived in Theorem 3.1 [1].

In other words it is the question of the uniqueness of the integrals given in
Theotem 3.1, or the question of existence of only three pairs of mapping to which
the above mentioned integrals correspond. The proof of the completenes of theo-
rem (3.1) is given in paper [1] and for linear elastic states is given by

Theorem 3.2 [1]. Let f be a regular family of coordinate mappings on €
any let h be a regular family of vector transformations. Let D be a domain in € and
assume C is an invertible fourth-order tensor satisfying the symmetry relations

(18), Cijkl = Cﬂkl = Ckh'j'
Suppose
(21) Hx, U, VU)=T(y) for each (x, U, VU)E&e, V, o,
where
(19) | I'(y)= é— Cika Yij Yri for each UV

and let ® be the admissible functional for D generated by H. Suppose, further, ® is
infinitesimally invariant at u with respect to f and h for every linear elastic state
on D corresponding to the elasticity tensor C. Then f and h must satisfy relations

f'(x; 0)=a(x)=a+®x+kx for each x<¢

h' (u; O)Eb(u)=[3+d>u——§-u for each u&V
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where k is scalar constant, « and B are vectorial constants, while O is a skew-sym-
metric second-order tensor. Moreover, ®=0 if C is not necessarily isotropic.

Proof of Theorem 3.2 is derived with great restrictions and from the physical
point of view unjustified. The displacement field is supposed to be of the form

(25) Ui (X) = pix X

where p is an arbitrary constant 3 x 3 matrix. In this case the infinitesimal deforma-
tion tensor is an arbitrary matrix of constant elements given by

(26) Yi; (X)=p @)

For every inveitible isotropic fourth order tensor C;, given by (20) it is supposed
that

27 =10,

Since A and pin (20) are Lame’s constants and since they have physical meaning
it follows that for elastic materials their values are always positive, i.e, A and p>0
(2] p. 69,70). According to this, restiictions introduced in paper [1], with the
assumptions (25) and (27), make the completeness of theorem (3.1) questionable.
We shall further prove the completeness of theorem (3.1) under most general as-
sumptions in the way which is essentially different from the one given in [1]. Better
to say, we prove theorem (3.2) with assumptions which are only physically justified.

Let H in Theorem 2.1 be a function defined with (18), (19), (20) on D, with
corresponding elasticity tensor (20). The vector field u satisfies the Euler equations (9)
on D with respect to (10), (14), (15) and (19). Further, since, by hypothesis, the
admissible functional for D generated by H is infinitesimally invariant at u with
respect to f and h, (11) must hold, provided w in (12) is replaced by wu.

The equations (11) then read

0 oT
28) 2 [F (r () 4, () + i, ) 2L ]
axj duk,j
or, in more developed form,
2
(29) Q_I;aj+Faj_j+mk'] ol +my o*T —if
ox’ ouy, ; Ouy ; 0x
If we consider that
oI’
E = Cqul Y, 5 Ypg
oI 3 5 2T e
Quy, g t)m.;t)xfm s Lt

because of (19), then (29) gives

1
(30) My Coaky Yig, ¢+ Coaks Yoq (? Yit @1, 1+ b, g, 5 — @y, Uy, :) =0

In (30) it is easy to show that
(31) CPq‘fl Y. a= Opg, q=0

2e



20 J. Jari¢ & M. Vukobrat

so that (30) takes the form
1
(32) Cr]kl Ykt [2 Tr'j Ay n s bi, un un.j - an,j Ui n :l =0

If in (32) Cyy is replaced by (20) and we assume that (32) must be valid for
arbitrary values A>0 and p.>>0, which physically means that the relations (32) are
valid for all elastic materials, then (32) is divided into two sets of equations

B -
(33) Yk ?ijan.n+bj. un un.j_an,juj,n =0
L 2
B 1 b
(34) Yl:] ? Y!} an, n . & b:‘. un un.j —a,, i Ui n | = 0.

Further, we assume that the displacement fields are arbitrary in the elasticity
domain. We require that the relations (33) and (34) are valid with respect to all
displacement fields in this domain. This assumption is essential in our paper and
it is far more general than the assumption introduced for the displacement fields
in [1] and expressed with (25).

With this assumption, differentiating (33) and (34) with respect to displacement
gradients u;, we get the following systems of equations

(35) qu [Smu an. n— an, m s bn. um] + 8mu [bq, up] = 0
(36) L Syn O, Uy —ay p S mplim, m) F [Bug Op, Uy — @y, 4 8 ppl(p, =0

From (35) the symmetric and the skew-symmetric parts give

37 Opg [Bmu Gn, n—Cn, ;ut O, uml + Omu [Bg, up— Gp, J)(p, 9 =0
(38) . [aq, B = bq. up] to.r) = 0.

With regards to the value of Kronecker 3-symbols, (38) reads
(39) atp,a1=b1pua1 =P, 4

where

(40) ¢, = -0, ,=const

This conclusion follows from (39) and the arbitrarity of the displacement
field, so that a, are functions of x and b, are functions of u, where x and u are two
arbitrary systems of values.

If in (37) we perform contraction with respect to p and g and then to m and n,
we get

(41) @, wt 20, 5= 0-

Further, if in (37) we perform contraction with respect to m and n and use (41), we get
1

(42) ap, q);b(p.uq)=? 8,m,r a, n

Using (39) and (36) it is easy to show that (36) can be written in the form
(43) (Spm an + Bpn qu) Ay, n +2 8m:,r b(p. um) 2 Spm a,, q =
an [b(q. um) a(q. m)] + Cam [b(n, up) — An, p)] =0
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This expression is very much simplified by means of (42) and becomes
(44) apm an A, n 2 2 2 an b(p. um) 2 Spm a,, Q= 0

Contracting the indeces n and g in (44) we get

(45) bip, um= — % d,m @, = CONstant,

since b, (and so is by, ) are functions of u,, only and @, (and sois a,,) are functions
of x only.

If we replace this in (44) we get

(46) A, gy = —:15— o)

ng “n, n

Introducing the notation

47) % a,, , =k = constant

then (45) and (46) can be written as

, k
(48) Ap, 9 = k s.vq’ b(p, ug) = ? Opg>

According to (39) and well known statement that every second-order system can
be uniquly represented as a sum of its symmetric and skewsymmetric parts,
we get

(49) a, ,=k8,,+0,

k
bp. ug = ‘_? Spq + (D.vq

which was to be proved.
In the case when the tensor C, is anisotropic it is easy to show that @;=0.

For this puipose let us suppose that Cj;, is a material tensor which corresponds
to materials which have a cubic symmetry. Then it can be written as [3]

(50) Cl_';'kl = 7\8,1 8k1+ o8 (8"k + 81-! Sjl Ski) + OLS;T Sj@ Skﬂ S‘r—”}

where we did not use summation convention to the underlined indeces. The expres-
sion (32) in this case give systems (35) and (36) along with the coefficients A and p,
and with « a new set of equations

(5 l) Ymn [; YmnQn, n ¥+ bm, un Un, m = Qn, m Upy, n] =0.
Replacing the solutions of the systems (35) and (36), which are given by (39), in

(51) we get

(52) Ymm Vmn (Dmrt =0

Because of the arbitrarity and the existence of the displacement field fiom (52) it
follows that

(53) (DmrI:O
Thus we complete the proof of theorem 3.2.
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OB 3AKOHAX COXPAHEHUSA B DJIACTOCTATHUKE
H. Apuu u M. Byxobpam

Pezrome

B pabore K. Kunonca u 3. Crepubepra [l] HekoTOpBIe KIaccH 3aKOHOB
COXpaHEHHs B JIMHEHHON amacTocTaTHke mosyuenHu nomoubio Teopemsr Herepa.

B aToit paloTe mnokasaHo 4YTO IIpeodpa3OBaHHE KOOPAMHAT M BEKTOPOB
O/IHO3HAYHO B JINHEIHOMH 3macTocTaTHKe. Jl0Ka3aTeJbCTBO OBLIO MOJIYYEHO IIpH
MPEANoNoKEeHHH uTo TocTosiHas Jlame, A, pPOBHA HyJb. DTO NPENOJIOKEHHE HE
uMeeT (HU3NYECKOH OCHOBHBI.

3mech MBI TMOKAa3aJM YTO TMpeodpa3oBaHMSl KOOPAMHAT M BEKTOPOB B pa-
Sote [1] MOXHO MOJAY4YHTh TpH DoJiee OOIIMM NPEAIIOIOKEHUAM KOTOPbIe HMEIOT
dusHueckyro ocHOBY. JloKa3aTejlbCTBO ITOrO YTBEPXKICHHS OYEHB NPOCTOE 32
pasHUIy OT JoXa3zaTenbcTBa B padore [1].

O 3AKOHUMA KOH3EPBALIMJE ¥V EJJACTOCTATHLU
J. Japuh u M. Byxobpaii

V paay J. K. Kuosica u E. CrepuOepr n3Bozie C€ HEKE KITace 3aKOHA KOH-
jepBallija Y JIMHEAPHO] M KOHAYHO] ejacTocTaTuiy kopuctehu Hereposy Teopemy.
V HcTOM pajy je moxasaHo Ja cy oarosapajylie KOOpPAMHATHE H BEKTOPCKE
TpanchopMaLMje jEAMHCTBEHE Yy Ciydajy JHHEAPHHX €JacTOCTATHYKHX CTarba.
Jloka3 jeMMHCTBEHOCTH H3BEIEH j€ TOJ TpPETIOCTABKOM Ja je JlameoBa KOH-
cranta A=0, WITO, H Y TOM YCKOM CIELHjaJHOM CIy4ajy, jOUI BHIIE CyXaBa
OIIITOCT TOpPe HaBeJEHHX TpaHchopmalmja M I0BOAM IO CyMIbe na nocroje M
fpyre TpaHchopMalHje KOjEMa OJAroBapajy HOBH 3aKOHH KOH3epranuje. ¥ oBOM
pajy ce mokasyje ja Cy H3BeigHe KOOpPIMHATHE M BEKTOPCKE TpaHchopmalmje
y CIIOMEHYTOM pajly jeJIMHCTBEHE W TO TOJ OMIITHJUM TPETNOCTaBKaMa Koje Cy
¢usnuxu onpasgane. Cam joka3s je jeAHOCTaBHHMjH, TpErjenaH M MOXe Ja To-
CAyXKHM KaO METOJ 3a JIoOKa3uBame (HE) JeHHCTBEHOCTH Tpancdopmalmja y ciy-
yajy HEJMHEApHE €JIACTHYHOCTH.





