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THE BRACHISTOCHRONIC MOTION OF A
GYROSCOPE MOUNTED ON THE GIMBALS

Dj. S. Djuki¢

Introduction

Let us consider a dynamical system which is required to pass from a given
configuration A to another given configuration B. It is under the action of a given
conservative field of force and its total mechanical energy is assigned. It is
required to find a workless constraint which will carry it from 4 to B in a
minimal-stationary time. The corresponding trajectory of the system is known
as a brachistochrone, and the motion is called brachistochronic. The workless
reactions of the constraint are in fact control forces. These forces protect the
optimality of the motion, that is, the minimality of the time taken in passing
from one configuration to the other.

John Bernoulli (1696) was the first who studied a problem of this kind.
He considered the brachistochronic motion of a particle under the influence of
gravity. His results have been generalized, for a mechanical system of n degrees
of freedom, by Pennachietti [1], McConnell [2] and Pukic [3]. The brachistoch-
ronic motion of the Lagrange’s gyroscope was analyzed in the references [2] and [3].

The rigid body dynamics is a well elaborated part of the dynamics (see
for an extensive review [5]). The brachistochronic motion of the rigid bodies has
received a small attention although the problems of this kind have been of the
practical interest in recent years.

Motion of a gyroscope mounted on the gimbals is an interesting and, at
the same time practical problem (see for example [6] — [8]). Here, the brachis-
tochronic motion of the gyroscope is analyzed.

In this paper the summation convention will be observed and small italic
indices imply a range of values from 1 to n.

Let us consider a holonomic, scleronomic conservative mechanical system
with n-degrees of freedom, where the ¢’ are regarded as the generalized coor-
dinates, whose kinetic energy is

1 L
(1) T=—8,@)d' ¢ (g,=g; - =ddn),

where 7 is time and g; are function of the g’ s only. This system is acted upon
by a conservative field of force of potential energy Il (¢") and by the generalized
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control forces-control variables u,. We shall assume that throughout any motion
under consideration the energy equation

(2) T+ =h,

where /i is a constant, always holds. This means that the control forces u, are

workless, i.e., we must have y, ¢'=0. According to [2] and [3], brachistohronic
motion of the mechanical systun under consideration is described by the dif-
ferential equations

3) 4 oT, oT,_,
dt 0q" 04"

; oI -
(4) tlffZ-gli : (HL st q,
0q' h—1l o0 0q"

where
T
(5 T, =- 5
) Yop—Tl
and where T,=1 during the motion.
Analysis

Let us consider a gyroscope mounted on the gimbals, where (for more
details see [6] —[8]): x,, y,, z, are rectangular axes fixed in space; { is rota-
tion angle of the external rmg, 0 is rotation angle of the hoop, which is situa-
ted in the ring; x, y, z are rectangular axes fixed relatively to the hoop; ¢ is
rotation angle of the gyroscope with respect to the hoop; I is moment of iner-
tia of the ring with respect to the z, axis: A4°, B°, C° are moments of inertia
of the hoop with respect to the x, y, z axes; A, A, C are moments of inertia
of the gyroscope with respect to the x, y, z axes; g is acceleration of gravity;
m is the mass of the gyroscope, & is the distance of the gyroscope’s centre of
gravity from the fixed point.

In this case the function (5) is of the following form
T, = {2 (I + (A + B°) sin?0 + C° cos20] + (4 + 4°) 6% + ¢ (¢ +{ cosB)?}
(6) x [2(h—mgEcos®)]™!; T,=1.

The equations (3) of the brachistochronic motion have two first integrals (¢
and ¢ are the cyclic coordinates)

(7) ¢ (@ +beosh) _
h—mgkE cosf
) Y[+ (4 + B°) sin?0 + C° cos?0] + ¢ (¢ -+ JcosB) cos b %

h—mg&cosl
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where r, and k are constants. Combining (5) — (8) we have

1(u) (1 —u?) (o —au)

. {(e—eu?)[2 - re b (o —au)] — (k —ry)* (o — au)},

c— eu’ e —eu’
. (ke — . . ;
(10) L{J:( __rn)(oc_’ f’“); o=r,b (x—au) —uy,
c—eu?
where:
u=cosb; a=-——h -3 a:-—'llg—g—>0;
A+ A° A+ A°
I+ A+ B° A Bl? 45 4°
(1 B L AP0, g ST
e A+ A A+ A° &

The equation (9) shows that u is an elliptic function of 7. If this equa-
tion is solved, so that u is a known function of f, than ¢ and { can be obtai-
ned from (10) by quadratures.

Further. let us consider a special case when the moments of inertia are
satisfying the following condition

(12) A+B°—-C°=0.
In this case (9) and (10) reduce into

%:\/ggq]/(uul)(uz—l)(u—“z);

dy ry—k [aB u—u,
(13) du e 2 Vw2—-1)(u—uy)’
d_cgfk—ro\/a‘B \/ u—u,
du = — =) W—1)(u—u,)’
where
2(I+A+B°
=i B= dtd+d) >0;
mgz[(k_ro)2+%°(1+A+B°)]
(14)

ro(I+ A+ B°)
C(k—ry) '

In a special case, when the constant u, is equal to one, equations (13)
have the following solution

u,=u,—fp; v=

—k laB _
p=To %B-In[2R(u)+2uJ~B]+C1;

(15) cp—k;—rq\/?[R(u)—(V+g—)ln[ZR(u)+2u+B]}+C2;

2;1’_(:3 I ]n4B+(2+B)(u—l)+2R(u)l/f§’

B m|/2]3 u—1
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where

(16) R(u)=Vu*+Bu—(1-B)

and C,, C,, C, are integration constants. Equations (15) are equations of the
brachistochronic motion of the gyroscope mounted on the gimbals. The integ-
ration constants C,, C,, C,, ry, kK and the minimal time t, necessary to transfer
the gyroscope from a state 0(0)=0,, ¢(0)=¢,; ¢(0)=1{, into a desired state
0(1)=0:, 9(v)=¢.; Y(t)={,, may be found if (15) is substituted into these
equations. It is not an easy task to solve so obtained complicated algebraic
problem.
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BPAXMCTOXPOHOE OBWXEHUE THPOCKOIIA
B KAPJIAHOBOM I1O/IBECE

k. IDKykuu
PeszwmMme

AHaM3UpOBaHHO OpaxMCTOXpOHOE JIBHXeHHe TIHupockona B Kapmanosom
noJiBece NPH BIWSHUM CUJIBI TSAXKECTH. B OJIHOM crenwaabHOM cCiy4ae NPHHATO
pelleHrne TpodJIeMH.

(Received March 26. 1976) Faculty of Technical Sciences,

University of Novi Sad,
21000 Novi Sad, Yugoslavia.





