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MICROMORPHIC THEORY OF THIN SHELLS

JJarié, M.Plavsié and D.Ruzié¢

Abstract.

The balance equations for mass, microinertia tensors, momentum and
moment of momentum, energy and moment of energy of arbitrary grade are
derived for thin micromorphic shells using the master balance law. The balance
equations of thin micropolar shells are obtained as a special case.

1. Introduction.

The classical theory is not adequate to describe deformations of plates and
shells of granular structure. Even when the grains are not visible the granular
structure has some influence on propagation of waves of small wavelength. In such
cases local micromotions can become predominant.

The influence of internal structure of material on its macroscopic behaviour
was studied in several theories of continuum mechanics, some of which are the
theory of oriented continua, micromorphic theory, micropolar theory etc. From
the point of view of these theories, the shell problem was treated by many
authors. ERICKSEN and TRUESDELL [1] formulated the theory of oriented rods
and shells. GREEN, NAGHDI and WAINWRIGHT [2] gave the general theory of
Cosserat surfaces, and GREEN, LAWS and NAGHDI [ 3] devloped the theory of
rods, plates and shells from the three—dimensional theory.

From dinamical point of view a shell can be treated in two ways: 1) as a
surface and 2) as a region between two surfaces. In the first approach the balance
laws valid for a three—dimensional body can not be used and they must be
postulated for a two—dimensional theory. That kind of approach is well—known
as a ,,direct approach’” to the shell problem. In the second approach the nature of
forces and couples acting on the shells must be deduced from the general
three—dimensional theory. It causes many difficulties and the first approach seems
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0 De more convenient. (For more details see TRUESDELL and TOUPIN (4],
TRUESDELL and NOLL [5] and NAGHDI [6]).

This paper is based on the micromorphic theory of continua developed by
ERINGEN and SUHUBI in [7], [8], [9], [10], [11]. For the granular material
ERINGEN [12] developed the balance laws from the master balance law. In our
paper we start from the direct approach and we use the .,mean’’ values of different
quantities as defined in [11].

The paper is devided into five parts. In the first part foundations of shell
kinematics are given. After that, partial differential equations for field moments of
arbitrary order are obtained using the test function in the global balance law. In
the third part the laws of balance of mass, microinertia, momentum, moment of
momentum and energy are derived. At the end, the micromorphic theory of first
order is given, from which, under some special conditions, the micropolar theory
of thin shells is obtained.

2. Kinematics.

We define a thin shell as a two—dimensional continuum which, in the initial
configuration, has the form of the surface

XK= XK(UY , (K=1,2,3;a=1,2) (2.1)

where XK are material coordinates, and U% are coordinates on the surface (the
Gaussian parameters). The fundamental base vectors on the surface are

axXK

Sy (2.2)

Ga=Qi Xl (X5

where Gy are the base vectors of the material coordinates in three—dimensional
Euclidian space.

As the material points of the shell are fenomenologically equivalent to a
deformable body subjected to a homogenious deformation, a motion of the shell is
determined by the equations

xk = xk(ua’ t)' Xkl( = XkK(ua' t)’ (2,3)
where. xk are spatial coordinates in three—dimensional space, and xkg are

microdeformation gradients. Base vectors of the surface (2.3); in deformed
configuration are

) ox|
20 =8 Xlg, (xlg= auxa ) (2.4)
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where g; are base vectors of the spatial coordinates in three—dimensional space,
and u® are Gaussian parameters on the surface in deformed configuration.

Among all permissible coordinate systems on the surface (2.3);, we shall
choose two: 1) system of convective coordinates UA which represents the system
of material curves on the survace and which is deformed together with the surface,
and 2) system of normal coordinates u®, which is ,fixed” with respect to the
family of surfaces (2.3);. Those two systems of coordinates are introduced
analogically to material and spatial coordinates in three—dimensional continuum
theory. Hence, the shell motion is determined by continuous transformation

u@=ud(UA, 1) , (o, A=12) (2.5)

in two—dimensional space. Its inverse

UA = UA (u9, t) ' (2.6)

gives the convective coordinates of the material shell point which is at time tin the
position u®. Basic tensors for introduced coordinate systems are related to each
other by the relation

oUA
ou&

805 = Aag URUS,  (UA ) (2.7)

where A, g(UT, t) is metric tensor expressed in convective coordinates, and
agg(u?, t) is metric tensor expressed in normal coordinates [13].

We define the material point velocity on the shell surface as a material
derivative

u® (UA )
_'T_ )UB = const.

va = ( (2.8)
and the acceleration as a material derivative of the velocity with respect to the
time

Sv& v

aQ = TR V& o vE (2.9)

From the expressions

1
1 —_ —
a= agg = _29043 eYb gy g5 ; 0N eBu ay, = a%B; 0B = 5 2 08
it is easy to obtain
a2 _ g 2.1
a —a aaﬁ.' ( L] 0,
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By the definition, the convective derivative of the tensor agf is

dc agg dagg
dt " ot tVesVsa - (2.11)

The first invariant of the tensor

d 1. 1
Saﬁ:% d—: aaﬁ=§ aaﬁ‘i'”z‘ (VQ,B +V,G,&)’ (2.12)

determines the rate of surface element:

1 dc

23 Qe

It can easily be shown, starting from the relation
dS =+va du'du® = /A du'du?,

where A=J%a, A= iAxgl J= [u%, |
that
de (dS)  d(dS)

- _d W | Al
o g =g WWaldu dU = (v v/a 5= dva ) durdl

a
- (E +v?‘a ) qs,

which proves the relation (2.13).
Now it can be shown that

d . .o dIl’ . . :
ar J T9S= 1[G +Ta% 4] dS =[P+ Vg + I3 ] as,

where [" is a function of position and time on the surface S. That expression is the
transport theorem on a surface. We can write it in another form

d . ol’ a

T; rdS=éJ.[T+Fg +(f\/°‘)’a]d8=
II(%E+r%)ds+gmamadc, (2.14)
S

where mq is the unit surface vector which is normal to the bounding curve C on
the surface S. In order to obtain (2.14), the Green’s theorem on a surface was
used:

(o'} dC: N=101
gSB My SJB'O_,dS. (2.15)
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If on the surface S there is a curve discontinuity 7y defined by the equation

flue, t) =

it is easy to shown that
dltsﬂ,rdszsﬂh [Sg) ds+ [T (v~ we) Imgdc, (2.16)
S BYmqdC = [ 8% 5 + /8% mq C, (2.17)

where w& is the velocity of the discontinuity curve, and [BQ] is a discontinuity of
B, It represents the extention of the transport and Green's theorem given by
(2.14) and (2.15).

Later, we shall use a velocity vector and gyration tensor defined by

i &‘;@_ , (2.18)

P = R R (2.19)
where

Xk x5=85% X x5k =0k .

3. The global balance law

Analogically to three—dimensional theory of micromorphic continua [12],
we shall postulate the global balafice law for a shell in the form

[ <ot > madC+f < - ¢k‘rk+¢g+¢w>ds_6

s [ <py>ds=0, (3.1)
C-y S-y

where , Tk and g are some tensorial fields defined over the material surface S and
material curve C, excluding the points of the discontinuity curve y, ¢ (xx'k) is the
test function, continuous and differentiable in the region of shell macroelement,
x'k is a point of macroelement, < >, is mean value defined on

two—dimensional space and < A > is the mean value of quantity A.

Physical backgrounds for the introducrion of those mean values are
considered in details in [11].

From (3.1), using (2.16) and (2.17), we get local equations
o>y gt <—0,TK >+ <pg>+<pyY>—<py>-<py>s§=0, (32
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ﬂ<¢ra>—<¢w>(va—wa)[|ma=0, on v, (3.3)

which are the master balance law and condition of discontinuity.From (3.2) and
(3.3), expanding ¢ into power series

¢gw=¢g>ﬂ515}¢mew%)pl”,pp , (3.4)

where £ is the position vector of a macroelement point x’ with respect to its mass
center x, we obtain theories which contain different orders of moment fields.

Using the exspressions (see [12])

<grk >, da, =lim [ gk dal (3.5)
Sk 7 0Sk.x

<¢y >dv =lim I e ydv', (3.6)
¥ ™o VL.y

it can be shown from (3.4) that

(n)...npl
T p
Np

<Pra>; =¢r®+ 3 Puny ..
p=1

r

<¢,k“ Tk >=p§_j ¢,n1...np?(nl'"np)

1

<09>=6g+ T 6, gt 37)
SQUS=gY+I ¢, ynpnp
p=1 ' &

~
k eeslipy) A vl
V( l‘bnl P +pz=:1 ¢.n1 ~-Np Hb ! P

<oY>=¢ vy +p>=31 Pny.np

where

= Ll y=<y>, g=<g>,

A R G AT Y
‘.rk(ﬂl...ﬂp) =$<Tk‘fnl ___Enp>' (3.8)

g"t -Np = 61_' <gEnt .E"p b
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n n 1
w 1 sss p=a<w$nl ".gnp>'

J;k(nl...np) =&!<¢,ék EP1 L E"p >, (3.8)

If we introduce (3.7) into (3.5) and (3.6) we obtain

3 , o |
g0 t9-0=0, o=y+yS§ on S,

(3.9)
[ 7%=y (v®— W] mg=0 on v,
nl...npOt “p)
&;)T +T(n1...np_1_a§? —?(nll"np)+gnl'--np —dnl---npz O'
u
GN1Mp = [N1np 4 YRR S — Y1t (p 1), (3.10)

ﬂf(nl...np)a_wnl...np (Va_wa) ]]ma= O, on "y.

The equations (3.9) and (3.10) represent the general form of the local
balance laws of micromorphic thin shell theory.

From

- k P

£ ,fk(,i,"t)g r OF  Ep=gn BF, (3.11)
where v, is the gyration tensor, it is possible to express J;”l- -*"p in the form

L’/nl waNgy kns+1 ....np (3.12)

Ng
k

4. The balance laws.

a) Mass density and microinertia tensors. Taking
w'.:p’ ’ T'k=0 r g'=0.f

where p’ is mass density in a microelement, it can be seen, using (3.8) that

g=<g>=

1
l’bnl...np=pil'11...r1.':,..__ ._p_l <p£n10"'§np>' (41)

Ta=0, N1 ...npa=0' -,Fknl...np=0’ gnl...np=0'

145



where p and in1.-np are mass density and microinertia tensors. Substituting (4.1)

into (3.9) and (3.10), we can obtain
o=p+pSY

[o (v& — w) Jmg =0,

i = M s
o"l "p =, or i

3
he)
l

] MU

1.k

[ pi"t =P (v —wH [ m,=0, p=o.
b) Momentum and moment of momentum. In this case

y=py, th=t*, g=pf,

~

Vns i”l"'nﬂ-l kns+l

(4.2)

(4.3)

where y' = v+ £, :c_“k and f’ are velocity vector, stress vector and body force defined

in @ macroelement point. From (3.8) and (3.11) it follows that
w=<px>=p’\i+p|k3k ¥
lfinl «Np = Pin' Np oy + ,Oikn""np v
Ta=<Ta>2 :‘Ea:tka gk '

~

?knl «:Np =—fkh1 csNp
~

g=+pf,
" "p = pf 1P
It is easy to show, from (3.9),, (3.10),, (3.12) and (4.4) that
= i+ PG, 0 )
GNP = piP1 B § 4 PN P (5 + V2 ).
Substituting (4.4) and (4.5) into (3.9) and (3.10) we obtain
R

o e o —v) —pi ('}k"'Vtkgr):O'

ou

[t% oty +ik 2y ) 0¥~ w) D mg =0,
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i tnl Np-1 Q& ox P T N1Np 4
. . m . i 4 r —
+p "R — MR ) — it PR =0, (4.7)

uinl'"npa _p (il"ll...np!’ bt ikl"ll ."np}ik)(va . Wa,um& — 0 , p>1 N

which are necessary and sufficient conditions for balance of momentum and of
moment of momentum, respectively.

c) Energy. In this case

wr=p1(er+ V"V’,, leztlk_vr+q1k+sfk'
~ ~ ~ ~

N =

gr=p;f'.!‘;+p:hl ,

where €, t'k, g'k, S’k and h’ are internal energy density, stress vector, heat flux
vector, surface and body heat supply. According to (3.8) and (3.11) it follows

1
—_— s . -T .. . -rs
IJJ—.0€+2 4 -‘i+p!-'zr]+2£.r Es!

v ]rnl..np +

1, !
\pnl"'np=P (Enl...np+avz 'n1...np+!‘ v, 5 Kr 'Ks

irsnl...np) '
(84 O
=1 .Vlv'lkalalsa’

~ ~ ~k

Tnl..npa=tnl..npa W +trn1..np(¥_v + np.npl +Sn]..np0! (4.8)
~ ~ o~ ~T q :
?nl"np=l-nl"np' v +Irn1..np.£r+an]..np+§n1..np

g=Pf -v +Pf"-p +Ph,
gnl..np =pfn1..np _!’ +pfrn1..np ‘Br +phn1-.np )

Using (3.9),, (3.10);, (3.12) and (4.8), we can obtain

o=p [€+'\L -‘.’. +.\-.". “Br ir+iry., i (£r+£s V?‘r) +irs£.s '(?:.-r+£k vk.r)] '
P
&nl..np =p {énl..np__ 5 Vnsk e"l""S-lk“S+1""p+v V inl..np + (4.9)
s=1 . ~ ~
; . . . . k
TR RLE RV RS VRS ) b iR p R ) )
From (4.9), (3.9) and (3.10), we get finally
ad v o Ixk g% IS
e ig 1™ g s K e & . 29,89 ph=
Pe+ aux A Bua (t "~ -1 aua’ L * Jua *jua e,

[%— y*—mH]my=0, (4.10)
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p
2Ny1.Nn S
~ (P 1""p = F "

av
i N .
i Enl Ns-y kngy p) +tn1 npa ~ 4 tr{nl..anQ.

$=1 ou ' ~
) % ‘v, (lr(nl Np-y |(1| %_L(rnl Mg | agu”:) }+£r . (j:(ml Np)
..t,r(nl"np))‘* a;:;..npa . aSnall.J.anp(X +qn1--”p-1a %xu';li’_—n,..np+
+gM1Np- & a;:: —§"="p 4 pp"t"p = q, (4.11)

[[ T(nl..np)a_— l,[)nl"np (Va__ WQ)H Mg = 0,
where |, Y"1 "p, 7 F01-np)® gre defined by (4.8).

5. First order micromorphic theory.

The first order micromorphic theory is defined by the energy balance
equation (4.10), balance of momentum (4.6) and balance of moment of
momentum (4.7) for p = 1, and by the mass conservation equation (4.2) and
microinertia equation (4.3) forp=1,2 [11 ].

6. Micropolar thin shell theory.

Micropolar materials are a special class of micromorphic materials. Material
points of micropolar continuum are phenomenologically equivivalent to a rigid
body. In that case

anz‘Vnk ’ (6.”
and, if we treat the center of macroelement mass as a material point of continuum,
ik=0. (6.2)

—kn, ;
Can be shown that the tensor t " is symmetric, and

=r =@ ax" _
12=0, —a p.=—agXy,
‘nm _
€imk @ =Po, .
Ok San sknzi':.)pgkn kn
atk _' K ax" _,.km ox" _ .km ox" _ Btkm
ou _E.,ﬂ Ju = (t ng-m),n ou =t ,n-gl""‘I oua' ~ Su " -

From (6.3), under the conditions (6.1) and (6.2), we get, from the equations
of first order micromorphic theory, the corresponding balance equations for the
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micropolar thin shells theory:

a) Conservation of mass
p+pSg =0,
(6.4)

Lo v* = w* mq = 0.

b) Conservation of microinertia

(6.5)
Loi*™ W —wH] my=0.

c) Balance of momentum
a

ot ;
o TP —v)=0,
. Ly (6.6)

(L% - oy (v® = wH] mgy = 0.

d) Balance of moment of momentum

(6.7)

Where y®and | are couple stresses and body couples:

~

_ knd
Jua -P= Epkn t

_ nm
Ik - eknmf

e) Balance of energy
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