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DISCRETE VALUE – DISTRIBUTION
OF L-FUNCTIONS OF ELLIPTIC CURVES

Virginija Garbaliauskienė and Antanas Laurinčikas

Communicated by Aleksandar Ivić

Abstract. A discrete universality theorem in the Voronin sense for L-functions
of elliptic curves is proved.

1. Introduction

Let N,Z,Q and C denote the sets of all positive integers, integers, rational
and complex numbers, respectively. Consider an elliptic curve E given by the
Weierstrass equation

y2 = x3 + ax + b, a, b ∈ Z.

Suppose that the discriminant ∆ = −16(4a3 + 27b2) of the curve E is non-zero;
then E is non-singular.

For each prime p, let ν(p) be the number of solutions of the congruence

y2 ≡ x3 + ax + b (modp).

Denote λ(p) = p− ν(p). H. Hasse proved that |λ(p)| 6 2
√

p. For the investigations
of value-distribution of the numbers λ(p) H. Hasse and H. Weil introduced the L-
function attached to the curve E. Let s = σ + it be a complex variable. Then the
L-function LE(s) of E is defined, for σ > 3/2, by

LE(s) =
∏

p|∆

(
1− λ(p)

ps

)−1 ∏

p-∆

(
1− λ(p)

ps
+

1
p2s−1

)−1

.

The Hasse conjecture on analytic continuation and the functional equation of LE(s)
became true after proving the Shimura–Taniyama–Weil conjecture [1]. Therefore,
the function LE(s) is analytically continuable to an entire function and satisfies the
following functional equation
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(√
q

2π

)s

Γ(s)LE(s) = η

(√
q

2π

)2−s

Γ(2− s)LE(2− s).

Here q is a positive integer composed from prime factors of ∆, η = ±1 is the root
number, and Γ(s) denotes the gamma-function.

In [6] the universality of the function LE(s) was obtained. Let meas{A} denote
the Lebesque measure of the set A ⊂ R. Then we have the following assertion [6].

Theorem 1.1. Let K be a compact subset of the strip D = {s ∈ C : 1 < σ < 3
2}

with connected complement, and let f(s) be a continuous non-vanishing function
on K which is analytic in the interior of K. Then, for every ε > 0,

lim inf
T→∞

1
T

meas
{

τ ∈ [0, T ] : sup
s∈K

|LE(s + iτ)− f(s)| < ε
}

> 0.

In [2] the assertion of Theorem 1.1 was extended to powers Lk
E(s), k ∈ N. If

LE(s) 6= 0 on D, then the function L−k
E (s), k ∈ N, is also universal in the above

sense.
Note that the universality of the Riemann zeta-function was discovered by

S.M. Voronin [10]. Later A. Reich, S.M. Gonek, B. Bagchi, K. Matsumoto, J.
Steuding, Y. Mishou, H. Bauer, A. Laurinčikas, R. Garunkštis and others obtained
the universality of other classical zeta-functions and of some classes of Dirichlet
series. The Linnik–Ibragimov conjecture asserts that all functions given by Dirichlet
series, analytically continuable to the left of the absolute convergence half-plane and
satisfying some growth conditions are universal.

Our aim here is to obtain the discrete universality for the function LE(s). Let,
for N ∈ N,

µN (...) =
1

N + 1
] {0 6 m 6 N : ...} ,

where in place of dots a condition satisfied by m is to be written. In discrete
theorems instead of the translations LE(s+ iτ), τ ∈ [0, T ], the translations LE(s+
imh), m = 0, 1, . . . , N , where h > 0 is a fixed number, are considered.

Theorem 1.2. Suppose that exp{2πk/h} is an irrational number for all k ∈
Z r {0}. Let K be a compact subset of the strip D with connected complement,
and let f(s) be a continuous non-vanishing function on K which is analytic in the
interior of K. Then, for every ε > 0,

lim inf
N→∞

µN

(
sup
s∈K

|LE(s + imh)− f(s)| < ε
)

> 0.

Theorem 1.2 shows that the set {mh,m = 0, 1, . . . } such that LE(s + imh)
approximates a given analytic function is sufficiently rich: it has a positive lower
density. Since by the Hermite–Lindemann theorem exp {a} is irrational with an
algebraic number a 6= 0, we can take, for example, h = 2π. On the other hand,
Theorems 1.1 and 1.2 are non-effective in the sense that it is impossible to indicate
τ or m with approximation properties.

In the sequel we suppose that exp{2πk/h}, k ∈ Zr{0}, is an irrational number.
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2. A limit theorem

For the proof of Theorem 1.2 we need a discrete limit theorem in the sense of the
weak convergence of probability measures in the space of analytic fundations for the
function LE(s). Theorems of such a kind were obtained in [3] for the Matsumoto
zeta-function which was introduced in [7]. The Matsumoto zeta-function ϕ(s) is
defined by

ϕ(s) =
∞∏

m=1

A−1
m

(
p−s

m

)
,

where

Am(x) =
g(m)∏

j=1

(
1− a(j)

m xf(j,m)
)

is a polynomial of degree f(1,m)+ · · ·+ f(g(m),m), g(m) ∈ N, a
(j)
m ∈ C, f(j, m) ∈

N, j = 1, . . . , g(m), and pm denotes the mth prime number. If

(2.1) g(m) 6 c1p
α
m, |a(j)

m | 6 c2p
β
m

with some positive constants c1, c2 and non-negative α and β, then the infinite prod-
uct for ϕ(s) converges absolutely in the half-plane σ > α + β + 1, and defines there
an analytic function with no zeros. Suppose that the function ϕ(s) is analytically
continuable to the region D1 = {s ∈ C : σ > ρ} where α + β + 1

2 6 ρ < α + β + 1,
and, for σ > ρ,

(2.2) ϕ(σ + it) = B|t|c3 , c3 > 0,

and

(2.3)

T∫

0

|ϕ(σ + it)|2dt = BT, T →∞.

Here and in the sequel B denotes a quantity bounded by a constant.
Let G be a region on the complex plane, and let H(G) stand for the space

of analytic on G functions equipped with the topology of uniform convergence on
compacta. To state a limit theorem in the space H(D1) for the function ϕ(s)
we need the following topological structure. Let, for all m ∈ N, γpm = γ =
{s ∈ C : |s| = 1}, and

Ω =
∞∏

m=1

γpm .

With product topology and pointwise multiplication Ω is a compact topological
Abelian group. Denoting by B(S) the class of Borel sets of the space S, then we
have that the probability Haar measure mH on (Ω,B(Ω)) exists, and this leads
to a probability space (Ω,B(Ω), mH). Let ω(pm) be the projection of ω ∈ Ω to
the coordinate space γpm , and on the probability space (Ω,B(Ω),mH) define an
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H(D1)-valued random element ϕ(s, ω) by

ϕ(s, ω) =
∞∏

m=1

g(m)∏

j=1

(
1− ωf(j,m)(pm)a(j)

m

p
sf(j,m)
m

)−1

.

Let Pξ stand for the distribution of a random element ξ.

Lemma 2.1. Suppose that conditions (2.1)–(2.3) are satisfied. Then the prob-
ability measure

µN (ϕ(s + imh) ∈ A), A ∈ B(H(D1)),
converges weakly to Pϕ as N →∞.

Proof. The lemma is a particular case of the theorem from [3], where a limit
theorem in the space of meromorphic functions for the function ϕ(s) was proved. ¤

Let V > 0 and DV = {s ∈ C : 1 < σ < 3/2, |t| < V }. Later we will use a more
convenient notation Ω =

∏
p γp, and ω(p). On the probability space (Ω,B(Ω),mH)

define an H(DV )-valued random element LE(s, ω) by

LE(s, ω) =
∏

p|∆

(
1− λ(p)ω(p)

ps

)−1 ∏

p-∆

(
1− λ(p)ω(p)

ps
+

ω2(p)
p2s−1

)−1

.

Lemma 2.2. The probability measure

µN (LE(s + imh) ∈ A), A ∈ B(H(DV )),

converges weakly to the measure PLE as N →∞.

Proof. Clearly, for σ > 3/2,

LE(s) =
∏

p|∆

(
1− λ(p)

ps

)−1 ∏

p-∆

(
1− α(p)

ps

)−1 (
1− β(p)

ps

)−1

where λ(p) = α(p) + β(p), and |α(p)| 6 √
p, |β(p)| 6 √

p. Therefore, (2.1) is valid
with α = 0 and β = 1/2. Moreover, LE(s) is an entire function and satisfies (2.2).
From the validity of the Shimura–Taniyama–Weil conjecture and [8] we have that
(2.3) is satisfied, too. Consequently, in view of Lemma 2.1 the probability measure

µN (LE(s + imh) ∈ A), A ∈ B(H(D̂)),

D̂ = {s ∈ C : σ > 1}, converges weakly to the distribution of the random element
LE(s, ω), s ∈ D̂. Since the function F : H(D̂) → H1(DV ) given by the formula
F (f) = f

∣∣
s∈DV

, f ∈ H(D̂), is continuous, hence the lemma follows. ¤

3. The support of the measure PLE

Let P be a probability measure on (S,B(S)), where S is a separable metric
space. We recall that the support of P is a minimal closed set SP ⊂ S such that
for every neighbourhood G of each x ∈ SP we have P (G) > 0. Let

SV = {g ∈ H(DV ) : g(s) 6= 0 or g(s) ≡ 0} .
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Lemma 3.1. The support of the measure PLE
is the set SV .

Proof. The proof of the lemma is similar to that of Lemma 8 in [6], therefore
we will give only a sketch of the proof. Let, for ap ∈ γ and s ∈ DV ,

gp(s, ap) =





− log
(

1− λ(p)ap

ps
+

a2
p

p2s−1

)
, if p - ∆,

− log
(

1− λ(p)ap

ps

)
, if p | ∆.

Then it is proved that the set of all convergent series
∑

p gp(s, ap) is dense in
H(DV ). For this some properties of functions of exponential type are applied, see,
for example, [5].

The sequence {ω(p)} is a sequence of independent random variables defined on
the probability space (Ω,B(Ω),mH). The support of each ω(p) is the unit circle
γ. Therefore, {gp(s, ω(p))} is a sequence of independent H(DV )-valued random
elements, and the support of the random element gp(s, ω(p)) is the set

{g ∈ H(DV ) : g(s) = gp(s, a) with |a| = 1} .

Hence, in view of Theorem 1.7.10 of [5] the support of the random element

log LE(s, ω) =
∑

p

gp(s, ω(p))

is the closure of the set of all convergent series
∑

p gp(s, ap) with ap ∈ γ. However,
as we have seen above, the later set is dense in H(DV ). Let h : H(DV ) → H(DV )
be given by the formula h(g) = exp{g}, g ∈ H(DV ). Then clearly, h is a continuous
function sending log LE(s, ω) to LE(s, ω), and H(DV ) to SV r {0}. This shows
that the support SLE of the random element LE(s, ω) contains the set SV r {0}.
However, the support is a closed set, therefore in view of the Hurwitz theorem [9]
we obtain that SV r {0} = SV . Hence SV ⊆ SLE . On the other hand, LE(s, ω)
is an almost surely convergent product of non-vanishing factors, and the Hurwitz
theorem again shows that LE(s, ω) ∈ SV . Thus, SLE

⊆ SV , and the lemma is
proved. ¤

4. Proof of Theorem 1.2

Let K be a compact subset of the strip D with connected complement, and
suppose that V > 0 is such that K ⊂ DV . First let the function f(s) have a non-
vanishing analytic continuation to the region DV . Denote by G the set of functions
g ∈ H(DV ) satisfying

sup
s∈K

|g(s)− f(s)| < ε.

The set G is open, and Lemma 3.1 implies that G ⊂ SV . Now properties of the
weak convergence of probability measures and of support together with Lemma 2.2
yield

(4.1) lim inf
N→∞

µN (LE(s + imh) ∈ G) > PLE (G) > 0.
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Now let f(s) satisfy the hypotheses of Theorem 1.2. Then by the Mergelyan
theorem, see, for example, [11], there exists a polynomial p(s) which has no zeros
on K and such that

(4.2) sup
s∈K

|f(s)− p(s)| < ε/4.

Similarly, there exists a polynomial q(s) such that

sup
s∈K

|p(s)− exp{q(s)}| < ε/4.

This and (4.2) show that

(4.3) sup
s∈K

|f(s)− exp{q(s)}| < ε/2,

and exp{q(s)} 6= 0. Therefore, by (4.1)

lim inf
N→∞

µN

(
sup
s∈K

|LE(s + imh)− exp{q(s)}| < ε
)

> 0.

Hence in virtue of (4.3) the theorem follows.

5. Concluding remarks

Theorem 1.2 discusses the case when exp{2πk/h} is an irrational number for
all integers k 6= 0. Also, a more complicated case when exp{2πk/h} is rational for
some k is possible. In this case a limit theorem in the sense of the weak convergence
of probability measures on the complex plane for the Matsumoto zeta-function was
obtained in [4]. A similar limit theorem can be proved also in the space of analytic
functions. However, the limit measure in such a theorem is different from PLE

,
therefore for such h we need some additional considerations.

Reasoning similarly to [2], we can obtain that the assertion of Theorem 1.2
remains true for the function Lk

E(s), k ∈ N. If LE(s) 6= 0 for σ > 1, then the
function L−k

E (s), k ∈ N, also is universal in the sense of Theorem 1.2.
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