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Pesrome. B crarbe-0630pe paccka3zaHO 0 HEKOTOPBIX BOIPOCAX U PE3YJIbTa-
Tax TEOPHU KBA3UKOH(MOPMHBIX 0TOOPaskeHuil (B OCHOBHOM IPOCTPAHCTBEH-
HOH TEOpPHH U B OCHOBHOM B F€OMETPUIECKOM acreKkTe). IIpociexeHo pa3Bu-
THe uaeill OT IePBOMCTOYHUKOB JIO UX COBPEMEHHOM peasn3alluu U yKa3aH
PS5 HOBBIX 3334, €CTECTBEHHO BBIPOCIINX U3 HAMJEHHBIX PEIIeHnil CTaphIX.
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B craThe pacckazaHo 0 HEKOTOPBIX 33Ja9aX U PE3yaIbTATaX OJU3KON MHE JacTh
Maremaruku. KaxKmapli, KTO yIOMSHYT B IIOCBSIIEHHH, BHEC B Ty O0JACTH CBOIA,
BO3MOYKHO, PA3HBIN MO MACIITA0AM, HO 3ATOMUHAIOIINNACS STAMHBIA BKJIQI, CTUMY-
JIMPOBABINIUH ITAJIbHENTIINE, B TOM YHUC/IE U MOW, UCCaeqoBanus. M3j0xkenue Oymer
TO-BO3MOYKHOCTH B XPOHOJIOTMYECKON TOCIEI0BATEIHHOCTH. DTO MO3BOIUT ITPOCITE-
JIUTh, KAK PEIeHNUe OJHUX POOIJIEM IIOPaKAaeT MHOIO HOBBIX (3aHATUS HAYKON —
JIeJIO TIPOIYKTUBHOE).

1. KBa3ukoHpopMHOe oTOOpasKeHUE

O6pasom 1mapa mpu HEBBIPOXKIECHHOM JUHEHHOM oTobpaxkenmu L : R* — R”
SIBJISIETCS 3JIJIUTICOUT, KOTOPBINA CaM SIBJISETCS IMIapOM B TOYHOCTH TOTHA, Korma L
— xoudopmHoe (coxpaHsdiomiee yribl) orodpazkeHue. 3HAYUT, OTHOLIEHUE kj, :=
An /A1 HAMGOIIBIIEH TOJIyOCH SJLIUIICOMIA-06pa3a K ero HauMeHblieil moixyocu (i,
ckopee, log k) MOXKET ClIy*KUTh MEpPOH OTKJIOHEHUS OTOOparKeHUus OT KOHMOPM-
HocTu. Bemwuwna ki HA3BIBAETCS K0IPPUUUEHTIOM KEA3UKOHPOPMHOCTIU 0MO-
bpavicenus L. (3amerum, u 370 HaM OyJeT MOJE3HO HU¥XKE, YTO HA A3bIKE TEOPUU
oneparopos £y = ||L||- [ L]

Eciu reneps f — nuddeomopduzm obracru D C R* na obnacrs f(D) C R?,
TO, PACCMOTPEB B KaxKmoil Touke © € D kacarenbHoe oTobpakenne f'(z), MOXKHO
nofcYuTaTh Bemuauny ki (x) = ki (,), Ha3pIBaEMyIo Koadduryuenmom K6azurom-
popmrocmu omobpascenus f 6 mouke © € D. Bepxusasd rpaHb 3TOIl BEeIMYWHBI B
obstactu D Ha3bIBaeTCs K0IPPOUUUEHMOM KEaA3UKOHPOPMHOCTIU 0mobpasicenus [ 6
obaacmu D u obosnauaerca ky. Eciu ky < 0o, To rosopar, 4ro f — omobpasice-
HUE € 02DAHUYNEHHBLM UCKANCEHUEM WU K8a3uKxonpopmmoe omobpascenue. Ecim
ks < k, To rosopar, uto f — k-kBasukongopmHOe oToOpaxkenme. Hampmmep,
1-xBa3uKOHMOPMHOE OTOOpAKEHHE — KOH(POPMHO.
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cuo, uro Ko dumeHT KBa3MKOHMOPMHOCTH 0TOOpakeHus f B TOYKE U BCE
JaTbHEIee MOKHO OBLIO ONPEIENnTh, MAHYS f', UCIOIb3Ysl JINIIb METPUKH HC-
XOHOTO MPOCTPAHCTBA U IPOCTPAHCTBA, Ky/Ia UAET OTODpAXKEHUE:

e s £@) | dx(E) = 8)
(o) s=lmsup 4 e (O, 7)) | dx ©) = 0}

flcHo Takke, 9YTO JAHHOE ONPE/EIeHNE TPUMEHUMO U K HEOIHOJUCTHBIM OTO-
OparKeHusIM, HAIIPUMED, K JOKAJIbHBIM muddeomopdu3mam.

Hakomerr, BuaHO, 9TO BBEI€HHBIE BEJUYNHDBL ¥ MOHATUS WHBAPUAHTHBI OTHOCH-
TEJIbHO JTIOOBIX 3aBUCAINIAX TOJIHKO OT TOYKH, HO HE OT HAMPABJIEHWS, W3MEHEHUH
MaciTaboB (4To (bU3MKU OTHOCAT K pas3psijy KaJIUOPOBOYHBIX MPeoOpa30BAHUIA, a
reoMeTpbl Ha3bIBAIOT KOH(DOPMHON 3aMEHO# METPUKH).

Ksazukoudopmubie 0TOOparKeHnst MOABUINCH B KOHITE 20-x — Hauasie 30-x romos
MUHYBIIEro crojerusi B paborax I'péua [1,2] u JlaBpenTtheBa [3,4] (xoTst HestBHO
npucyTcTBoBaJn yxke y Laycca u Beqbrpamu B CBS31 € BBEIEHHEM N30TEPMUIECKUX,
T.€. KOHQOPMHO-EBKJIM/IOBbIX, KOODJMHAT HA JABYMEPHOI 110BepxXHOCTH). Bblio 06-
Hapykeno [1, 4], 4ro mMHOrue, jaxe CPaBHUTEILHO TOHKUE (DAKThI KOMILJIEKCHOIO
aHajm3a (Hanpumep, Teopema ITukapa) BepHBI BOBCE HE TONBKO /it TOIOMOPGhHBIX
dbyuknuit (mogobHO TOMY, Kak “OCHOBHAs TeopeMma aareOpbl” O CyIIeCTBOBAHUS
KOPHST KOIIJIEKCHOT'O TIOJIMHOMA, CTh OY€Hb BAYKHBIN M OYeHb CIENUaJIbHbIN CITyvaii
TeopeMbl 06 MHIEKCE 0TOOpazKeHusi). DTO OBCTOATENHLCTBO HAILIO CBOE JAJIEKOEe
pasBurue B uccienoBanusax Anbdopca 30-X ro0B, TOCTPOUBIIETO PEOMETPUIECKU
agasior Teopun HeBaHIMHHBI pacHpeae/eHnsa 3HAYEHHN TOMOMOPQMHBIX QYHKITHI
[5]. Ba mccaenoBaHust MO KOMILIEKCHOMY aHasn3y oH ctai B 1936 romy (Hapsimy c
JyriaacoM, HArpasKIEHHBIM 3a PE3yJbTaThl 1m0 mpobaeme Il1aTo) ogHuM U3 IBYX
nepBbix Jjiaypearos npemun @uinca. Umenno y Asabdopcal], no-suaumomy, u
MOSIBUJICS CAM TEPMUH K6a3UKOHPOPMHOE 0Mobpastcerue.

B xonmne 30-x — nagase 40-x romoB KBa3WKOH(MOPMHBIE OTOODAYKEHUST OKA3BI-
BalOTCs B IieHTpe mporpaMmbl Teiixmiomaepa [6-9] nccaenoBanust npobaemovs mody-
JAell PUMAHOBBIX IOBepxHocrei, uayieil or A6ens u Pumana. Ha oxmoit u Toii
JKe TOMOJIOTMYECKOM TOBEPXHOCTH, HAIMPUMED, HG KOMNAKMHOU NOBEPTHOCTU PO-
da g mozym Obimb PEaU3068aHyL PadHvle Kongdopmmuoe cmpykmypo,. CKOIHKUME
napamerpamMu (MOJYJISIMHU) OIPEIEISIETCs 9TO Pa3HO0Opas3ue KOH(MOPMHBIX CTPYK-
TYp ¥ KaK BBECTH 9TU I1apAMETPbI (JKEeJIaTeIbHO C KOMILJIEKCHON CTPYKTYpO# Ha
HUX) — BOT, CoJepKaHue IpobieMbl MOyJell. B yupouienHoM Buie 3T0 BOIPOC
O TOM, CKOJIBKO KOH(OPMHO PA3IUYHBIX PUMAHOBLIX MTOBEPXHOCTEH ITaHHOTO PO-
ga g oemBaer. OtBer: mpu g > 1 ux pasnoobpasue omnpepensior 6g — 6 Ber-
€CTBEHHBIX WU 3¢ — 3 KOMILIEKCHBIX MapaMeTpoB. TefxMioiiep BBEI pacCTOsi-
e (mempuky Tetxmioarepa) MKy Pa3IUYHBIME DPUMAHOBBIME MMOBEPXHOCTSI-
MM JIAHHOIO poja (T.e. MeXKJy KOH(DOPMHBIMU CTPYKTYPAMU UJIA TOYKAMHU IPOC-
TpPaHCTBA napamerpos) ciaeayomum obpaszoM. Eciu paccMarpuBaeMbie HOBEPXHOC-
TH OJHOTO POJIa ¢ He SKBUBAJEHTHBI KOH(DPOPMHO, TO BO BCAKOM CJIydae OHU (-
deomopdunl. Besakmit quddeomopduzm KOMIakTa, siBASIETCH KBA3UKOHMOOPMHBIM
orobpaxenuem. Ilycts k — ko3 durmerT KBa3UKOHMOPMHOCTH SKCTPEMATHHOTO
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KBa3UKOH(MOPMHOIO OTOOpaYKEeHVsI, HANMEHEe YKJIOHAIOIIEr0oCsi OT KOH(MDOPMHOCTH.
Torua log k npumem 3a paccmarpuaemoe paccrosguue. Tak (¢ HEKOTOPBIME OITYIEH-
HBIMU 3/1€Ch yTOYHEHUSIMHU) BO3HUKAET NPOCMpancmeo Tedrmiosiepa pUMaHOBBIX
MOBEPXHOCTEN.

Crour OTMETHUTD, YTO MepBas 3a4a49a 00 OTHICKAHNN HauMeHee HEeKOH(MOPMHOTO
0TOOpaZKeHUs MeKy KOH(DOPMHO PA3JIUIHBIMA 00bEKTaMHi (MIPAOIIAsA B 9TUX BO-
IPOCax poJib, I0I00HYI0 posu Be3maecyineii semmbl IIIBapa B Kir1acCuaeckoii Teopun
aHasmrudeckux (ynkumii) 6puia paccmorpena yxke ['péuem [2], HocuT ero ums
u cocrouT B cieayiomeMm. Ha mimockocTu JaHbl jiBa npsimoyronbHuka. Cpean
BCEX 0TOOPAYKEHMIT ITUX MPSIMOYTOJTBHIUKOB C COOTBETCTBUEM BEPIINUH HANTH HAUME-
uee mekoudopmuoe. ['péu (kcraru, yuenuk KEGe) mokaszas, 4To 60 6cexr pasym-
HOLT CMBICAAT IKCTNPEMAALHUM OKA3DIBAEMCA COOMBEMCMEYIOUEE AUHEUHOE 0MO-
bpastcenue.

ITporpamma Teiixmiomiepa (norubiiero Bo BpeMsi BTOpOil MUPOBOI BOMHHbBI) B
3HAYUTEIHLHON CTerneHn ObLTa PeAHHMUPOBAHA M peain3oBaHa Tpyaamu Anbdopca
u Bepca [10]. B mpocrpancree Teiixmioiepa Oblila, BBEJEHA TaK¥Ke KOMIIJIEKCHAST
CTPYKTYypA.

B mocnenmee Bpemsa mpocrpancTBo Teiixmronnepa crajao arpudbyToM (pu3nKoB-
TEOPETUKOB, 3aHUMAIOIINXCA KBAHTOBON TEOpUEl MOJId U TaK Ha3bIBAEMOUN Teopuei

CTPYH.

BakabIM ¥ 9aCcTO MCOOIB3YEMBIM HHCTPYMEHTOM TEOPUU KBA3UKOH(MOPMHBIX
OTOOparKeHUil B BEIIECTBEHHO JIBYMEPHOM CJIYUaE SIBJISIETCS MEOPEMAE O G03MONHC-
HOCMU 0Mobpasums 00Ky 06AACD NAOCKOCTIU WA OPY2YI0 PEWEHUAMUY YPAEHEHUS
Beavmpamu fz = p(z)f., vae |pl(z) < ¢ < 1. Ilpu p(z) = 0 310 ypaBHenue
(cucrema) Benbrpamu csopurcs K ypasaenuio (cucreme) Komu-Pumana fz = 0, a
caMa TeopeMa — K KJIACCHIecKoil TeopeMe PuMana o KOHGOPMHOM OTOOParKeHUH
obracreil MIOCKOCTH. 3aMETHM, 9TO BOIPOC O KOH(DOPMHOM OTOOPAIKEHUH TBYMEP-
HOI1 IOBEPXHOCTH, HApuMep, rpabduka GyHKIMT, Ha IOCKYIO 00/1aCTh (8 3HAYUT, U
BOTIPOC O KOH(MDOPMHO-EBKJINIOBBIX, N30TEPMUIECKUX, KOOPINHATAX HA TTOBEPXHOC-
TH) HEME/JIEHHO IPUBOJUTCH UMEHHO K ypasHenuto Besbrpamu. eiicrBuresbHo,
6eCKOHEYHO MaJible KPYI'M B TOYKAX (TOYHEE, B KACATEJIbHBIX [IJIOCKOCTSX) U30rHY-
TOH MOBEPXHOCTHU MPU OPTOTOHAIHLHOM TTPOEKTUPOBAHUN €€ B TIJIOCKOCTh MMPEBPATST-
Cs1 B paCIpeieJIeHHOe TI0 TJIOCKO# 00JIaCTH CeMeHCTBO OECKOHEYHO MAJIbIX JITTUIICOB.
Mpbr xoTuM Tenepb TPaHCHOPMHUPOBATE MOMYUYEHHYIO B TIPOEKITHH 00IACTh TTOCPE]I-
CTBOM BCIIOMOIaresibHOro orobpazkenus w = f(z) Tak, 4ToObI KacaTeJbHOE OTO-
opazkenne dw = f.dz + fzdZ B 110601 TOYKE IEPEBOAUIO COOTBETCTYOIIMNA 3JLIHIIC
B Kpyr. A 9T0 u 03HAYaer, 9TO UCKOMOE OTOOpayKeHue IIOCKOM 0BJacTy yIaoBiie-
TBOpsieT ypaBHeHNIo Beibrpamu, B Koropom dyHKIws p(z) = fz/f. orBevaer nan-
HOMY pacrpesesennto. Jobasum, 9To eciiu B ypaBHeHuu Benbrpavu ko3 dunmenT
Beabrpamu fi¢ (%) romoMopdHO 3aBUCAT OT KOMIITIEKCHOTO mapamMerpa (, TO U COOT-
BETCTBYIONIUM 0OPA30M HOPMUPOBAHHOE PEULCHUE YPABHEHUSL MAKHCE 20A0MOPPHHO
3asucum om s3moezo napamempa [11]. (PasBurue u BapuaHThl JOKA3ATENHCTBA TON
Ba’KHOI TEOpEeMBI CYIIECTBOBAHWUS MOYKHO MPOCIeAnTh No paboram [4, 8, 12-16].
Kcraru, 3mecy ocoberno orderninBo BuaHO, 910 M. A. JIaBpeHThEB BOCTPUHUMAI
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KBa3UKOH(MDOPMHOCTb TITUPOKO, KakK MOAYMHEHHOCTh HEKOTOPOI BechMa, obIeii chc-
TeMe yPaBHEHHI UM COOTHOIIEHUH, a OTODPAarKeH s, KBA3UKOH(MDOPMHBIE B HbIHEIII-
HEM [OHUMAHWUHU, HA3BIBAT OMOGPANCEHUAMU € 02DAHUMENHBIM UCKadiceruem [13].)
Kospdumnuent Berbrpamu, Kak Jerko BAIETH, CBA3aH ¢ KOI(PMUIMEHTOM KBa-
3UKOH(MOPMHOCTH OTOOPAYKEHHUsT B TOYKE MPOCTHIM COOTHOIIEHWEM

b = L),
T TIE)

KBazukondopMHbIe 0TOOpaKeHNst OKA3AJINUCH TECHO CBSI3AHHBIMU U C KOMNAEKC-
not dunamurot [17]. Ilycrs E — MHOMXKECTBO Ha KOMILJIEKCHOM IIIIOCKOCTH U f¢ —
rosiomopdHo 3aBucsuiee or napamerpa ¢, |(| < § < 1 cemelicTBO UHBEKTUBHBIX OTO-
6paxenuii muoxkecrBa E B 3Ty xKe miockocTb (rosoMopdHast 9BOJIONMUS ), IIPUIEM
fo — moxnecrsennoe orobpazkenue. (TojomopdHas 3aBUCUMOCTD OT TApaMeTpa
¢ mogpa3yMeBaeT, UTo OpH J000M z € E kommiekcHas BeamduHa fo(z) ecTb
rosiomopduas dynkuua mapamerpa (.) Oxa3biBaeTcs BCSIKas Takas IBOJIONMS
mHO)kectBa F C C' mpofomkaercs 10 roaoMopdHOrO ABUKEHUs BCEH ILIOCKOCTH,
[PUYEM MOXKHO CYUTATDH, YTO OOJACTHIO U3MEHEHUs [TapaMeTpa SABJISeTCs eIuHuY-
HbLil Kpyr. B Kazkaplii MomeHT ( orobpazkeHue f¢ y/10BIeTBOPAET HEKOTOPOMY ypPaB-
vennio beabrpavu, B kotopom koddduriment beabrpamu roroMmopdHO 3aBUCHT OT
mapamerpa (. Ilpm srom |u¢|(z) < 1 u mo yemosmio p(z) = 0. Torma mo gemme
OIsapra |pe|(2) < |¢| mpr mobom z € C u modom |¢| < 1. Takum obpaszom, 20.0-
MOPPHAA IBONOUUA NPOUCTOOUM, KBA3UKOHPOPMHO, TIpUIEM KOIDDUIUEHT KBAZH-
kOH(bOPMHOCTH 0TOOpazkeHus f¢ omeHuBaercs csepxy Bemmauuoi (1+(¢])/(1—|(]).
9TO MO3BOJISIET TENEPh HCIOIH30BATH CBOWCTBA KBA3MKOH(DOPMHBIX 0TOOpaKeHMit
npu n3ydennn rojomopdHoil auramuku. (Cu. [17] u nuTrpyeMyro TaM JuTepary-

py)-
2. KBa3ukoH(OpMHBIE 0TOOpaKEeHUSA B MHOTOMEPHOM CJIydae

Bce, 0 gem 1i1a peds BBIIIE, 38 UCKIIOUEHUEM CAMOTO ONMpPEIe/IeHNsT KBA3UKOH-
bOpMHOTO 0TOOpaXKeHNsT, OTHOCUIOCH K BEIIECTBEHHO JyMEPHOMY MJIA KOMILIEKCHO
omHOMEpHOMY ciydaio. I[logobHo ToMy, Kak Teopus (DYHKIHA MHOTHX KOMILTEK-
CHBIX [IEDEMEHHBIX HAIOIHEeHa crenuUuIecKu MHOrOMEPHBIMU SIBJI€HUAMU (OHU-TO
U TIPEJICTABJISIOT OCHOBHOM MHTEPEC), TeOpUs KBA3UKOH(MDOPMHBIX 0TOOPaKEHWH B
MTPOCTPAHCTBE CTAJKUBAETCS C 3P deKTamMu, KOTOPbIe He HAOIIOJAIOTCS B TIJIOCKOM
ciydae.

IlepBbie crnermuduyaeckn MHOrOMepHbIE 3(PEKThI TEOPHUN KBa3UKOH(MOPMHBIX
orobpazkeHuii (ec/id HE CYMTATH KJIACCUIECKON TeopeMbl JInyBuiiisi 0 KOH(POPMHBIX
or0obpazkeHusix ), oBUAMMOMY, Oblin orMedenbl B crarbe [18] M. A. JTaBpeHTbeBbIM.
DTO UCCIETOBAHNE HE TIOJTYYII0 HETOCPEICTBEHHOTO PA3BUTHs U CHOPMYTMPOBAH-
HbIE B HEM YTBEDIKIEHHUS elle JOJIM0e BPEeMs OCTABAJINCH HEJIOKA3AHHBIME (XOTsi
OTIEebHBIE PAOOTHI OOIIEr0 TEOPETUKO-(PYHKIIMOHATLHOTO [IJIAHA, OTHOCUBIINECS 1
K MHOTOMEDHO# curyanuu, nossisaucsk [19, 20]).

CucremMarrndeckoe U3ydeHHe MPOCTPAHCTBEHHBIX KBA3UKOH(MOPMHBIX 0TOOpa-
JKeHMil Ha9aI0Ch B KOoHIE 50-x — nadase 60-x ronos B ocaosaoM B Poccuu (JlaBpen-
theB [21-23], Mlabar [24,25], Pemernsk [26,27], Beanucknuii [28]), ®unnsumnn
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(Bsiicama [29,30]) w CHIA (Tepunr [31,32]). (Ormernm erme oT/esbHbIE PAOOTHI
[33-35], crumysiupoBaBiIne Psijl HOCAELYIOIUX UCCIE0BAHMIA. )

W3 nmuaspix BmedarseHuil Tex BpeMeH MOMHIO, 410 B 1960 romy, okamduBas
MexaHuko-maremarnyaeckuii pakyiaprer MI'Y, s nucasn qummomMuyo paboTy no Teme,
MTOJIy Y€HHOM OT MOero HaydHoro pykosoautess, b. B. [Ilabara, koropstit ObLT mpsi-
MbiM yuerukoMm M. A. JlaBpenTheBa. OIHUM W3 OCHOBHBIX PE3YJIHTATOB PAOOTHI
ObLIIO JIOKA3ATELCTBO TOTO, YTO A1000U K8a3UKOHPOPMHBLT A8MOMOPPHUIM OMKEDPDL-
M020 WaAPA NPOCOAHCAEMCH HA 2PAHULY.

(B aBymepnom ciydae 310 Gbuio ycranosseno Mopu [36] u 3arem mosese-
HO /0 TMOJTHOTO OMMCAHWS BO3HUKAIOIIETO aBTOMOP(MU3MA TPAHUIHON OKPYKHOCTH
Bépnmarom n Anbdopcom [37] — 3namenuroe M-yciosue.)

TTepBble MHOTOMEPHBIE PE3YJIHTATHI HA ITOT CYET MOSBUIINCH B paborax [25, 30,
32, 38]. Tepunr [32] ormerun 4To npodossicernnoe omobpasicerue K8a3uUKOHGHOPMHO
HA 2paHuYHOT chepe.

D10 06CTOATETHCTBO MO3IHEE HBLIO ¢ YCIEXOM HCIOIb30BAHO MOCTOBBIM B €ro
KpacuBoil pabore [39] 0 KECTKOCTH MPOCTPAHCTBEHHBIX TUMEPOOINYecKuX (Hopm
(cm. makske [40]). MocroB, B 9aCTHOCTH, TMOKA3AJ, YTO €CAU 064 KOMNAKIMHOL PU-
MAHOBBLE MHO2000Pa3UA 00UHAKOBOT NOCMOAHHOT OMPUYUAMEALHOT KPUBU3HBL JUP-
peomopdhvl, a uxr pasmepHocms boavule 08YT, MO OHU U3OMEMPULHDL.

Bcemomunas reopemy yundopmusamun Kieitna—Ilyankape—Kéoe u momenns [1y-
aHKape mianuMerpun J106a9eBCKOro B Kpyre, HETPYJHO MOHSTh, YTO 9TO HAXOIUT-
Cd B TOJHOM KOHTDPACTE C CYIIECTBOBAHWEM MOMIYyJell KOH(MOPMHBIX CTPYKTYpP HA
JIBYMEPHBIX TTOBEPXHOCTSIX.

Teopema MocToBa nmesna GOMBIION PE30HAHC ¥ PA3BUBAJIACH BO MHOTUX HAITPAB-
senusx (B paborax Maprysuca, CasuBana, Tykua, camoro Mocrosa u apyrux).

OHaKo mepBoe HADIIIEHNE 0 KOH(POPMHOM YKECTKOCTH MPOCTPAHCTBA OBLIO
caenano erme B cepeanne XIX-ro Beka, Korua moutu ogHoBpeMenHo, Puvan [41] yc-
tarou (1851 r.) cBoIO Teopemy o GorarcrBe KOH(MDOPMHBIX OTOOPaAXKEHUi 001acTeit
pasmepuoctu n = 2, a JInysusuib [42] ycranosui (1850 r.) KoHDOPMHYIO JKECTKOCTH
obutacreit mpocrpancrea R, n > 3, nokazas cieayioriee:

Kastcdoe kongopmnoe omobpasicenue (kaacca zaadkocmu 0(4)) obaacmu npoc-
mparcmea R® npu n > 2 asasemca xomnosuyuet uneepcul.

Takum obpaszom, B R"” mpu n > 3 KOoH(OPMHBIE OTOOPAYKEHWS CBOIATCA K
rpymmne Mébuyca, T.e. K TOMY, 9TO B IJTOCKOM CJIy9ae HA3bIBAIOT APOOHO-THHEHTHBIMA
IpeobPa3OBAHUAMH.

[Ipupona sBiIeHUsT CBA3aHA C MEPEONPEIETEHHOCTHIO CHCTEMbI Y PABHEHUI, OT-
BEYAIOIIeHl yCIOBUIO KOHMOPMHOCTH 0TOOPAXKEHUsT, KOTIA 1, > 2. T4 CUCTEMA, €CTh
cucrtema Komu—Puwmana, korma n = 2.

IIposiByienust KOHMOPMHON KECTKOCTH TPOCTPAHCTBA HADIOJAIOTCS U B CBOM-
CTBaX MPOCTPAHCTBEHHBIX KBA3UKOH(OPMHBIX OTODPaXKEHU, O deM erre OyaeT cKa-
3aHO HUXKE.

Bombiioe KoimaecTBO COBPEMEHHBIX PAbOT OBLIO TOCBAIIEHO KAK TOKA3ATE b=
CTBY TeopeMbl JIMyBUJIIS TP MUHUMAJIBHBIX YCIOBUSX PETYJISIPHOCTH OTOOpaZKe-
HWsI, TAK U YCTOWYMBOCTH B 3TOI TeOpeMe OTHOCHTEIhHO Pa3HbIX HOpM (cMm. [21,
26-28, 43-51] U UUTUPOBAHHYIO TAM JIUTEPATYDY ).
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Bepremcst Temeps erre K TpaHUYHBIM CBOWCTBAM KBA3WKOH(MOPMHBIX 0TOOpa-
xkenuit. IIponoimkas umu 3anuMarbcs B acnupadrckue roapr (1960-1963), s, B
BBINOTHEHHON 1oz, pykoBozcTBoMm I[Ilabara KanmmmaTCKON MAUCCEPTALNNA, B 9acT-
HOCTH, OIHUCAJI COOTBETCTBHUE I'DAHUII, BO3HUKAIOIIEE MPU KBA3UKOH(MOPMHBIX OTO-
OpakeHUsX Mapa B eBKJIMIOBO MPOCTPAHCTBO TOM K€ pa3MepHOCTH. TeMm caMbiM
OBLII MOCTPOEH MPOCTPAHCTBEHHBIM aHAJIOr Teopuu Kapareomopu COOTBETCTBUST TPa-
HUII,

Cyrb reopun Kapareonopu, Kak U3BECTHO, COCTOUT B cieiyroiiem. Ilo Teo-
peme Pumama mo6yto 0qHOCBI3HYIO 001ACTh, OTJAIHYIO OT BCEil ITOCKOCTH, MOXK-
HO KOH(MOPMHO 0TOOpa3uTh Ha Kpyr. ['panuna ob6aacTw MOXKET ObITH CIIOYKHOM
U TOTJA TOYKAM OKPYKHOCTH (IDAHUIIBI KPYyra) HA IPAHUIE 00IacTH He 00A3aHbI
OTBeYaTh OJHOTOYEYHBIE MHOXKECTBA. UUTO Ke coorBercTByeT TOuke! KonedHo,
nMest caMO KOH(MOPMHOE OTOOparkKeHne, MOXKHO ObLIO ObI IMepeHecTH METPUKY W3
Kpyra B 00/1aCTh M IIPOBECTH IIOMOTHEHNE 00IACTH IO 3TOM Merpuke. Kapareomopu
npuayMas, KakK BCE CIeIarb, He 3HAasd OTOOpaXKeHus, a I[JId[sd TOJIbKO Ha [IaH-
HyI0 00sacTh. OH ONpEIeIU/I TpaHUYHbIE JEMEHTHI (npocmbie KOHUbL) JIODOM
OJTHOCBSI3HOM 00JIACTH IJIOCKOCTHU, KOTOPBIE B CIy9ae KOPIAHOBOM IPAHUIIBI, KOHEU-
HO, CBOAATCS K T€OMETPUYIECKUM TO4KaM. [lo-Bummmomy, 310 ObLia mepBas HETPHU-
BUAJIbHAS TOMOJIOIMYECKAsi KOMIAKTU(UKAINS OMHOCBA3HBIX 00J1aCTell MII0CKOCTH,
JeIaoas u3 000 Takoit obmacTn 06bEeKT, TOMEOMOPQHBIA 3aMKHYTOMY KPYTY.
(Kapareomopu KOCHYJICS MHOTUX ObJIacTeil MareMaTHKH, U He TOJbKO MaTeMaTH-
ku. Hmxe MBI BCKOJIB3b ckaxkem o Merpuke Kapuo—Kapareomopu, moposkaeHHOM
paboroii Kapareomopu mo repmoamuavuke. Kcrarn, mo onenke JlaBpeHTheBa [52]
— DOJBIIOr0 3HATOKA KOH(MOPMHBIX OTOOpazkeHwmit, Kapareomopu mpUHAIIEKUT
[I€PBOE MCYEPIIBIBAIOIIEE JOKA3ATEIHCTBO TeopeMbl Pumana, mosrygyernsoe um B 1913
rojly, BKJIIOYAIOIIEe ONUCAHNE TPAHUYHOTO TIOBEICHUS OTOOPAYKEHNSI. )

YIoMsHyTO€E BBIIE pACIpOCTpaHeHne Teopun Kapareomopu Ha Caydail KBa3u-
KOH(MOPMHBIX 0TOOparkeHwii mapa [38, 53] B KadecTBe MOMYTHOTO MPOJYKTa NMEJIO
HEKOTOpBIE CJIEJICTBUA, OTHOCAIIAECH, C OJJHOU CTOPOHDBI, K UCXOAHON KJIACCHYECKOU
TEOpUU U, C APYroii CropoHbl, K runorese Jlaspenrsesa (u3 paborst [18]) 06 ocoben-
HOCTSX T'DAHUYHOTO IOBEIEHWs KBA3WKOHMOPMHBIX OTOOParKeHuil Iapa B IPOC-
TpaHcTBe. A MMeHHO, ObLT yKa3aH MaKCUMAJIbHBIN K/IacC 0ToOpaskeHuii (pa3ymMeer-
Csl, BKJIIOYAIOMUI KOHMOPMHBIE U Ka3UKOHMOPMHBIE OTOOPAYKEHU), s KOTOPO-
IO COOTBETCTBUE I'DAHUILL OCYIIECTBISETCs 110 IPocThiM KoHlaM Kapareonopu [53—
55], T.e. ObUIM OYEPUEHBI MAKCUMAJIbHBIE PAMKH JEHCTBHUs KJIACCUYECKON TEOPUH.
C apyroif CTOpPOHBI, ¥ 9TO OTHOCHUTCS YK€ K MHOTOMEPHOMY CJIydYal0, MOSBUIACH
BO3MOYKHOCTh MPEIbABIATh PA3IUIHBIE 00/IACTH, TOMEOMOPQHBIE APy U HE I0-
myCKaolue KBa3suKOHMOPMHOe 0TOOpaykenue Ha map (CM. B 3TOH CBA3U TakkKe
pabotsr [25,30,56]). Hanpumep, Ha TIOCKOCTH KPYT C BBIOPOITIEHHBIM DAJIYCOM
MOKHO KOH(OPMHO OTOOPA3UTh HA KPYT, a IMIAP C BHIOPOIIEHHBIM PAINYCOM HETb3sI
0oro0pa3uTh Ha IIAP Jaxke KBa3UKOH(MOPMHO (4TO yKJaAbIBAETCH B rUIoTe3y Jlas-
penrbena). OmHAKO, eciu U3 mapa yJaauTh He PAJUyC, a IJIOMAIKY, TPUMbIKAIO-
Y10 K TPAHUYIHO cdepe, TO TOTyInTCs 001aCTh KBA3UKOH(MOPMHO SKBUBAIEHTHAS
mapy (YTO MPOTHBOPEUUT TUNOTE3e JIaBPEHTHEBA U OJHOBPEMEHHO YKA3BIBACT HA
TO, KaK ee (POPMYJIMPOBKY CJIEyeT MOANPABUTS).
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Onmrako, TIABHBIM W3 IBYX yTBEpXKIEHWI JIaBpeHTheBa, BBHICKA3AHHBIX WM B
pabore [18], 6bL10 APYTOE, U OHO OKA3AJIOCH ADCOIIOTHO MPABUJIbHBIM (TaK CJIOKHU-
JIOCh, YTO €r0 JOKA3ATETHCTBO CTAJIO MPEIMETOM MOEH JOKTOPCKOH JUCCEPTAIAH,
sawuiienHoit na mex-mare MI'Y B 1969 rozy).

3. Teopema o riodanbHOM roMmeoMopdusme

Teopema o rimobaabHOM roMeoMopdu3Me IJ1sT KBa3UKOH(POPMHBIX OTOOpaKEHIH
OIIMCBIBAET CJiejyiolee crenuduiecku MHOroMepHoe siBjierue (chopMysIupoBaHo B
[18] myist n = 3; nokazaHo no3zaHee B [57]):

Jokarvro obpamumoe xkeazuxonpopmmnoe omobpasicenue f : R* — R® npu
n > 2 obpamumo 2406a.46HO.

(OrMeTuM, 94TO BOIPOC O rI00aIbHON 06PATUMOCTH JIOKAIBHO O0PATUMBIX TTOJIH-
HOMUATBHBIX orobpaxkenwit C", tak Ha3biBaeMas npobiema AK0OUGHA, OCTAETCS
OTKPBITBbIM. ['010MOP(MHOCTD U KBA3UKOH(MOPMHOCTD B BBICIITHX PA3MEPHOCTIX —
[OYTH OPTOrOHAJIbHbBIE CBONCTBA. )

Orobpaxkenne z +—» exp% TTOKA3bIBAET, |UTO YCJIOBHE 11 > 3 371eCh, KOHEYHO,
CYIIECTBEHHO.

CyIecTBeHHO TaKKe W TO, 9TO f JIOKAJbHO rOMeOMOpP(MHO. ITO yKe Tpedyer
HEKOTOPOit pabOThI 1 IEMOHCTPHPYeTCs puMepoM oTobpazkenns f : RS — R3 {0}
C OrpaHUYeHHBIM MCKAYKEHUEeM, 0cTpoeHHoro B pabore [57]. (4 ¢ 6uaromapaocTbio
BCIIOMUHAIO 110 3TOMY MOBOAY oiuH noje3ubiii coser I1. 1. Benmuckoro.) Do aBo-
SKOIIEPUOIUIECKOE OTOOPAKEHNE HATIOMUHALT eXp(z), HO, B OTJIMYre OT exp(z), OHO
MMEET BETBJIEHUS BIIOJIb IBOSKOTEPUOINIECKON CUCTEMbI MapajlIe/IbHBIX MPSIMbIX.
[Tocrpoennoe orobpazkenue, Kak u exp(z), UMeeT napy BblIycKaeMblx 3Hadenuii (0
u 00). B aroii cBasu B pabore [57] GbL1 OCTAB/IEH BOIPOC O CLIPABEIIMBOCTU TEOPE-
mbl [Tukapa s nesbix (onpeseneHHbix Bo Bcem npocrpancrse R™) orobpakenuit
C OrpaHWYEHHBIM MCKAYKEHWEeM. HeOoXUIaHHBIA OTBeT ObLI MOAyYeH PUKKMaHOM
[58], KOTODBIH MOKA3aJ, YTO YKHCJIO BBIMYyCKAEMBIX 3HAYEHHH BCErJa KOHEYHO U
OI'PAHUYEHO BETUIHHON, 3aBUCIIE TOTBKO OT KO3 (puIpeHTa KBa3HKOH(OPMHOC-
i ky orobpaxenusa f; HO, B OTJMYME OT JBYMEPHOI'O CJlydasi, STO YUCJIO MOZKET
HEOrPAHUIEHHO PACTH BMECTE C POCTOM KO3 PuiimenTa KBa3uKOH(OOPMHOCTHA OTO-
Opazkenus [59, 60].

Teopema o rmobaaILHOM rOMEOMOP(PU3IME UMEET P HeTPUBUATIBLHBIX 0000IIEeHMH
yke B pamkrax R" (cM. o630p [61]). Ymomsamem aBa.

AcuMnroTuka OOMYyCTUMOTO pocTa Ko3pPunuenTa KBa3snKoHGOPMHOC-
tu. Iycrs f: R® — R”, (n > 3) npousBOIbHOE JIOKAJBLHO rOMEOMOP{HOE OTO-
Opazenue, u myctb k(1) — ero koaddunuent ksazukoundopmuocTy B mape B (r) =
{z € R" | |z| < r}. Ecan orobpazkenne f xBaszukoHdopMHO, TO dDyHKIWms k(1)
orpanuveHa, HO B obiiem ciaydae oHa Moxer pacru. OxasbiBaercs (cum. [62]), eciu
Ik > #(Tr) = 00, TO orobazkenue f ryI06aIBLHO OOPATUMO, IIPUYEM ITA ACHMIITOTHU-
Ka JI0nycTumMoro pocra k(r) To4Ha B TOM CMbIC/Ie, 9TO Jyid Jo6oi dyukuuu k(1)
(neoTpunaTesbHOI U HEYOBIBAIOLIEH ), /1Jis KOTOPOi YKa3aHHbIH UHTErpaJl CXOIUT-
CsT, MOYKHO TTOCTPOUTH TAKOE OTOOPasKeHWe BCEro MpocTpancTBa R Ha eIUHWIHBIH
miap, y Koroporo ko3dduruent kBa3sukouGopMHOCTH He Gombine, uem k(r).



KBA3MKOH®OPMHBIE OTOBPAKEHUSA 33

Kcraru, Bropas dacth chOpMyIUPOBAHHON TeOpeMbl (puMep) IeHCTBYeT BO
BCEX PA3MEPHOCTSAX 7T > 2, KAK U TO, YTO WHBHEKTUBHOE KBA3UKOH(MOPMHOE OTO-
6paxenue R™ (n > 2) B cebs Bcerga CIOPbEKTUBHO. KEciu npuHarh BO BHH-
MaHne KOH(PpOPMHO-eBKIHA0BY MOieb [lyamnkape rumepOoImIecKoro mpoCcTPaHCTBaA
JlobaueBckoro B mape (Kpyre), TO MOYXKHO MOHSATH, 4TO TEOPEMa, IAET KOJIMIECTBEH-
HOE MPEJICTABJIEHNE O CTENeHW KOHMOPMHOrO pasjnyus MPOCTPAHCTB EBKinma u
JIoba4eBCKOro B IEI0M.

Boiitie MbI yIIOMSTHYJTH OCTAIOILYOCS TIOKA OTKPBITOH TpobiiemMy sikobnaHa. Moxk-
HO OBLIO OBl MOMPOOOBATH MPUMEHUTH K Hell 3Ty Teopemy. OmHako ko3 dunmeHT
KBa3UKOH(MDOPMHOCTH [TOJIMHOMUAAIBHOIO OTOOPAYKEHUsT PACTET, KAK ITPABUIIO, OJIH-
HOMHUAJIBHO, & HE JTOTaPpU(MPMHUIECKH, IOITOMY /s JOKA3aTE/ThCTBA II00ATBLHOI 00pa-
TUMOCTH MMOJIMHOMUATBHOTO OTOOPasKeHusT HEOOXOAMMO MPUBJIEKATH AOMOTHUTE b
HBIE COODOPAKEHNSI, CBI3AHHBIE C €r0 CrenuuKOi.

Pamuyc mabexkruBHOocTH. Mapruo, Pukkman u Baiicana [63] namum cie-
JIyToIlee KPacuBOE PA3BUTHE TEOPEMBI O TJI00ATHLHOM roMeoMopdu3Me, 0000ITaoIIee
3a0IHO Ha CAyYail KBA3WKOH(MOPMHBIX OTOOpaxKeHwit Omu3kmit pe3yabrar JI:KoHa
[64], oTHOCAmHiiCS K KBa3HU30METpUAM. IIycTb () — KJIACC JIOKAJILHO [OMEO-
MopdubIX oToOpaxkenuii f : B® — R" emuaunyanoro mapa B R” ¢ koaddumumentom
kBaznkoHpopmuocTn kf < k. IlycTh 1y — panuyc HanbOIbINEro KOHIEHTPAYIEeCKO-
ro ¢ B™ mapa, B KoropoMm f ellle HHbEKTUBHO. YTBEPKIECHUE: €CAU N > 3, Mo
r(n, k) :=infreq, ry > 0.

Urak, kaxoe Takoe orobpazkeHre HHLEKTUBHO B 11ape paauyca r(n, k), Ha3bl-
BAEMOT0 Paduycom unsekmuerocmu. Paauyc MHHEKTUBHOCTH 3aBUCHT TOJBKO OT
k03 dunrenta KBa3UKOH(OOPMHOCTA OTOOPAXKEHUST U OT PA3MEPHOCTH MTPOCTPAH-
cTBa.

Pasuyc uHbEKTUBHOCTH, OYEBUIHO, MEHSIETCS MIPOMOPIMOHAIBHO PAJIAYCY UC-
XOMHOIO MIapa, MO3TOMY, 3aMeHssd 37ech map B™ Bcem mpocrpanctBom R, Mbl
BHOBD IOJIy9aeM TEOpeMy O obaabHOM romeoMopdusme (hopMaIbHO MOTydaeM
TOJIBKO MHBEKTUBHOCTD, HO 9TO 3/IeCh IVIABHOE, JaJjibHeiinee mpocTo).

4. Ilepexon ¥ pUMaHOBLEIM MHOT00OpPa3uUaAM

Hosukos (koropsrii, Hapsany ¢ Burymkunbiv u Mapkyriesuuem, 6uu1 odu-
[IMAIbHBIM OMMTOHEHTOM B YIIOMSHYTOH BBIIIE 3aIIUTe MOEH TOKTOPCKOH muccepTa-
M) TOCTABUJI CJeaytoinuii obumii Bonpoc. Paccmorpum KBa3zukoHMOPMHOE M0-
rpyxenue (ummepcuio) f : M™ — N™ onHOro pumaHoBa MHOrootpasus B Jpy-
roe pUMaHOBO MHOr00Opa3ue Toii ke pasmepuoctu n > 3. na kakux M"™ u N”
cupapeiMBa TeopeMa 0 riobajbHoM romeomopdusme? IlonHoro orpera Ha 3TOT
BOMIPOC 51 He 3HAIO U ceffyac, XOTs KOe-4UTO CBeXKee U CO/IepPIKaTeIbHOe Oy/IeT MpuBe-
JIEHO HUXKE.

Ipomos [65, 66] pacupocrpanui Teopemy O ryiobajbHOM romMeoMopdu3Me Ha
KBa3UKOH(DOPMHbBIE MONPYKEHUS PUMAHOBBIX MHOrOOOPa3uil ¥ YaCTUIHO OTBETUIT
HA 3TOT BOIPOC:

Ecau f : M™ — N™ 40KGADHO 20MeOMOPPHOE KBA3UKOHPOPMHOE 0TodpasCe-
HUE NOAHOZ0 PUMAHOBG MHO2000pasus M™ koneunozo obsema 6 00HOCBAZHOE PU-
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MaH060 MHo2000pasue N™, mo npu n > 3 omobpadcenue UHseKMUEHo U Taycdop-
osa pazmeprocmov mnooicecmea N™ . f(M™) pasna nyao.

Knacc kBa3ukoH(OPMHBIX 0TOOparKEHUI MHBAPUAHTEH OTHOCUTEIHHO KOH(MOPM-
HBIX 3aMEH DPUMAHOBOW METPHUKH, [TOITOMY COIOCTABIEHUE HCXOTHON TEOPEMBI O
r106aILbHOM FOMEOMOp(dU3Me ¢ 3TUM ee 000DIIEeHNeM Ha PUMAHOBBI MHOTO0Opa3Us
MPUBOIUT K CJIEAYIOIMIEMY YHUCTO T€OMETPUIECKOMY BOITPOCY .

Paccmorpum HEKOMIIAKTHOE PUMAHOBO MHOroobpasue (M™, g) u kiacc Merpuk
§ = A\2g Ha HeM, KOH(MOPMHO SKBUBAJIEHTHBIX €ro HCXOIHOi Merpuke. Korma sTor
KJIACC COJEPIKUT MOTHYI0 METPUKY KOHEYHOrO 0Obema?

Oteer Ha cdopMyIupoBaHHbIH BONPOC (M HA PAL APYIUX, KAK BHISCHIETCH,
6JIM3KMX BOIPOCOB) BEIET K PAa3J/EIeHHMI0 HEKOMIAKTHBIX MHOrooOpa3uii Ha JiBa
KJIAcca: Kon@popmuo-napabosuneckue u KOHPHOPMHO-2unepbosuieckue.

[Mocste Takoro 3amedanusi OTBET yTaIbIBAETCS HE DOJIEe 9eM C OHOM MOMbITKH.
[TpaBUIBHBINA OTBET: MO MONCHO COEAA® M020a U TOAbKO Tozda, Kozda (M™, g)
— MmHoz0obpasue Konpopmuo-napabosuueckozo muna. (Hampumep, kak R" B uc-
XOJHO¥ TeopeMe 0 II00aJIbHOM roMeoMopdu3Me. )

Oro (renepn nouru oyeBuHOE) HabIOAEHUE OBLIO CHOPMYIMPOBAHO B JOKJIAE
[67] u pabore [61, crp. 140], rae NosiCHEHO, YTO €ro MOXKHO PACCMATPUBATH KAK
PEOMETPUYECKYI0 HHTEPIPETAIUIO OJHOTO XOPOIIO M3BECTHOIO CBOWCTBA MOJLYJIeH
ceMeiicTB KpUBBIX (Mim BooOIIe cemeiicTs Mep: [33, crp. 179]).

Yr0o0bI ONpenenTh U 0O0CYAUTh MOHATHE KOH(MOPMHOIO TUNA PUMAHOBA MHO-
roo0pa3ust, HAIOMHUM OIIPE/IEJEHUs IBYX B3aWMOCBSI3aHHBIX KOH(DOPMHBIX WHBA-
PUAHTOB.

5. KordpopMmHLIe MHBapMaHTHI

Koudopmuasa émroctb. Kongopmnoli émxocmovro xounencaropa R(Co,Ch)
HA3LIBACTCSA BEJIMULHA,

cap R(Co,Cy) = inf/ VU dv,

n

/e HUXKHSA IPaHb GepeTcs Mo BeeM HeOTPUIATETbHBIM (DYyHKIMAM (MOTEHIAATIAM)
U:M" — Ry c o600meHHbIMI TPOU3BOAHBIME, TakuM 4T0 Ulc, =0, Ulc, = 1.
Hanpuwmep, xondopmuas émkocts kKongencaropa Ry! C R", orpanmdennoro
cepamu Cy = {x € R* | |z| = 1o}, C1t = {z € R" | |z| = r1}, tme 0 < 1o < 11,
paBHa
cap Ryt = wpn 1 lnl_"(rl /T0),

rue wy—1 — 310 (n — 1)-mepa (wiomwans) eauauydnoii cdepbr B R™.

(TIlpm n = 2 3TO KIACCHIECKAsh EMKOCTb, CBA3AHHAA C WHTErpanoMm lupuxie,
omeparopom Jlamiaca u HbIOTOHOBCKUM MOTEHINAJIOM; KOH(OPMHAS EMKOCTD MpU
n > 2, TOBUANMOMY, MOSIBUIACH B padore [34]).

Monayab. Kondopmuass EMKOCTh KOHIEHCATOPA MOXKET ObITh OMUCAHA HECKOTb-
KO WHaue, B TEPMUHAX MOJIyJs (MM SKCTpeMasbHON muHb [68, 69, 33, 24, 70])
cemeiicrBa KpuBbix (i Mep). ITopoii Takas dopma NIpearnoITuTebHa.
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ITycrs ' = {y} — cemeiicTBO KPUBBIX HA N-MEPHOM PUMAHOBOM MHOTOOODa3NH
(M™,g). U3amepumas no Bopenio neorpunarenbuas dyukuus p : M™ — Ry
HasbIBaercs donycmumot ajsa I, eciu fv pds > 1 nms kaxmoit kpusoit v € T,
Kongopmuoim modyasem cemeticmea kpuevix ' Ha3bIBaeTCS BEIMINHA,

mod T := inf p" dv,
M’n

T/ HUXKHSST TPAHb OEPeTcs MO BCeM JOMYyCTUMBIM 71t I Py KM,

Bzaumoceasv émrocmu u modyss xowdencamopa. Ecim I' — cemeiicTBo Beex
kpuBbix B R(Cop, C1), coequnsiomux rpaundabie KommonenTbl Cy, C7 KOHIEHCATOPa,
R(Cy, C1), ro mod(I") = cap R(Cop, C1). ToKa3aTeqbCTBO CM., HANpuMep, B [71, 72].
[Tpomuece ocpeatenns (CBEPTKA ¢ PEryJIAPHBIM AIPOM) MO3BOJISIET [IPYU BHIYUCICHUN
EMKOCTH KOHIEHCATOPa U MOYJI COOTBETCTBYOIIEr0 CeMeficTBa KPUBBIX OrPaHU-
YATHCS (PYHKIMAME HOPSIKA [VIAIKOCTH CaMOIO MHOIOODpa3us.

MHuoskecTBa HyJIeBOU éMKOCTU. B ompesenennn KOHIEHCATOPa W ero EMKO-
cru B KadectBe Cy 1 C; MOXKHO OpaTh W JOCTATOYHO TTPOM3BOIHLHBIE MHOYXKECTBA, He
0bs3aTebHO KoHTUHYyMbI. Eciu muoxkectso E := C) takoso, uro cap R(Cy, E) =
0 ag1si HeKoTOpOro (a Torga u JJisi Jo0Oro) HEBHIPOKIEHHOIO U HE [IEPECEKAOLIEro
E kourunyyma Cp, TO TOBOPSAT, 9TO MHOXKECTBO F uMeer HyJIeBYIO KOH(MDOPMHYIO
éMKOCTb WJIH, TIOTHEE, 9T0 F eCTh MHOMCECTNEO KOHPOPMHOT EMKOCTNY HYAb.

OTO pPaBHOCUILHO TOMY, YTO MOJYJ/Ib CEMEHCTBA BCEX KPUBBIX, MEPECEKAIOIIUX
E, pasen nymo. Merpudeckas (xaycmopdoBa) pa3MepHOCTb TAKOrO MHOXKeCTBa, F
TOYKe paBHA HyJ0 (cM., Hampumep, [33]).

(Kcraru, eciam u3 s11060ro cemeiicTBa KPUBbIX BLIOPOCUTH KPUBbIE OECKOHEUHOMN
JJTAHBI, TO KOH(DOPMHBIA MOIYy/Tb ceMeiicTBa He M3MeHHUTCs. lloaTomy KoHGpOpPM-
HBIH MOJIYJIb CPOIHU JIEKTPUIECKON MPOBOAMMOCTUA CHUCTEMBI TTPOBOJIOB M MOPOii
€ro MPaBWJIbHO HA3BIBAIOT KOHPOPMHOU Npo6odumocmovlo. DTO Cpa3y MOPOKIAET
6€30MMO0UHYI0 HHTYUIMIO B WHTEPIPETAIMU CBOWCTB TON BEIMUYUHBI (HAIPUMED,
SICHO 9YTO MPOUCXOJINT, €CTH KPUBBIE CEMENCTBA YIAJIHHSIIOTCS, YKOPAYUBAIOTCS WA
K HUM J0DABJISIETCs ellle KAKOe-TO CEMEHCTBO KPUBbIX). HecnpsamiseMbIX KpUBbIX
Cpeiy BCeX KPUBBIX, KOHEIHO, OOJIbIle, YeM CIPAMIIAEMbIX, HO JJIs MPOBOIUMOCTH
OHU OECITOJIE3HBI U OHA WX WUTHOPUPYET TaK YK€, KAK BBIYUCIUTEIbHAS MPOIEIypa
UTHOPUPYET UPPAIMOHAJIBHBIE YUCIa — KPACYy W MOPIOCTH HAImeil “momoaHeHHON”
BEILECTBEHHOMN IPMOI. )

KondopMHasa MEBAPpMAHTHOCTL €MKOCTUA U MOIYJsA. JIOKambHOE B A\-pa3
u3MeHeHue 3jaeMenta auuabl d§ = A(z)ds Ha pumanosom muorootpasuu (M™,g),
T.€. TIepexo/] K KoH@PopMHO sKeusarenmnot mempure § = A2g, (aro na dusmaeckom
SI3BIKE O3HAYAeT KaJIuOPOBOYHOE MPeoOPa30BaHUe, CBA3AHHOE C IMPOU3BOJIOM B BbI-
60pe MeCTHbIX MACIITA0OB) IPUBOAUT K U3MEHEHUIO B A™ Pa3 YMCJICHHON BeJUYUuHbI
sneMenTa obbeMa u B A~ pa3 rpajauenta dbynkuum, nosromy dbopma |VU | dv, a
BMeCTe C Heil 1 KoH(OpMHAA EMKOCThH, MHBAPUAHTHBI OTHOCHTEIHHO KOH(MDOPMHOTO
W3MEHEHUsT METPHKH.
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AHajlornyHo, €M B COOTBETCTBUY C U3MEHEHUEM B A pa3 3JIEMEHTa, IJINHBI Ha,
(M™, g), 3amenutsb p HOBOI momycTEMOl dyHKIHEH A~ Lp, TO MOXKHO YBUIETD, 9TO
MO/TyJIb CeMefCTBa KPUBBIX — TOXKe KOH(MDOPMHbBINH WHBAPUAHT.

Herpyamo takke mpoBepuTh, 9TO KOHGMOPMHAA EMKOCTH U KOH(MOPMHBIA MO-
Jly7Th KBa3UMHBAPHAHTHBI (MeHsioTes He Gosee deM B k™1 pa3) mpu k-KBa3WKOH-
GOPMHOM OTOOPAYKEHIH.

910, B 9aCTHOCTH, BJIEYET HHBAPUAHTHOCTD [0 OTHOMIEHHIO K JIIOOBIM KBA3UKOH-
GOpMHBIM OTOOpaKEHUsIM CBOHCTBA OOBEKTA MMETh EMKOCTh HyJb WA MOIYJThb
HYJIb, 9TO OyAEeT HEOJHOKPATHO UCIOJIb30BAHO HUXKE.

6. KorOopMHLIA TUII pPUMaHOBA MHOT00Opa3usa

[Tpusenennast Boime (opmysta mjsi KOHGOPMHON EMKOCTH ChHEPUIeCKOr0 KOH-
nencaropa Ryl B R" mokasesaer, uro cap Ryl — 0 mpu r; — 00 HE3aBACHMO
OT BeMUYUHBI rg. Ilo 3Toit mpuyunHe roBOpsT, 9TO EMKOCTh R” B GECKOHEYHOCTH
um kKougopMmHas EMKOCTb beckoHedHocTu npocrpancrsa R (T.e. éMKocTb 1106010
kongencaropa R(Cy,C1), korga C; KOMIOOHEHTa yBeIeHA Ha abCOMIOT) paBHA HY-
mo. ITocae korHpOpMHONI cTepeorpaduyecKoi TPOEKITHNA MPOCTPAHCTBO R MOYKHO
WHTEPIPETUPOBATh KAK MPOKOJIOTYI0 cdepy S™ N\ p, a Touky p € S™ Kak pea-
JIA3AIAI0 OECKOHEYHOCTH, aDCOMIOTA WK, KAK eIlle MOBOPST, UICATbHON I'DAHUIIBI
MIPOCTPAHCTBA.

Merpuka [Iyankape B momenu [Iyankape runepbosimaeckoro npocrpancrsa Jlo-
6aueBckoro H" B eamuumunom mrape B" C R" koHDOpMHO-€BKINIOBA. JHAYUT,
KOH(DOPMHBIE EMKOCTHU TUMEPOOIMIECKUX OOBEKTOB MOYKHO BBIYHC/ISATH HEMOCDEI-
CTBEHHO B €BKJIHUIOBO# Merpuke. bBeckoHednocTh mpocrpancrsa H™ coBmajaer
B mozenu Ilyankape ¢ rpanudnoit cdepoit 0B™ u, B coorBercTBuu ¢ (HPOPMYJION
Jyist KondopMHoOii éMKocTi cdepudeckoro Konjencaropa Ry, numeem cap R}AO >0
npu JoboM 19 € |0,1[. Takum obpa3om, B ciaydae mpocrpaHcrBa H™ 8MKOCTh ero
GeckoregnocTd (aBCOMOTA, UAEATBLHON TPAHUIILI) TOJOKUATEIbHA.

B kaccuyeckoit Teopun puMaHOBBIX TIOBEPXHOCTEH, KOTIa JIF00ast OTHOCBI3HAS
[OBEPXHOCTH (BO3HUKAOIIAs TaM ODBIYHO KAK YHUBEPCAJbHAS HAKDPLIBAIOLIAS PU-
MaHOBOf1 TToBepxHOCTH) KoH(OpMHO oTobpaszkaercsa Ha C ~ R? wmm na H? ~ B2,
9T J[Ba CIydas Pa3JInvdaioT Kak napabosuveckud n 2unepbosuveckuts KOHPopmHoLl
MUN NOBEPTHOCMU COOTBETCTBEHHO.

B BoIcHnx pa3mepHOCTsX KOH(MOPMHBIX OTOOPAXKEHUI Ha KAaHOHWYeCKue 00/1a-
CTU IPUHLUIUAILHO HeT (B OTJIMYHUE OT ABYMEDPHOI'O CJlydasi U B OTJIMYUE OT IPOCTO
koH(OPMHBIX 3aMen MeTpuku g Ha A\2g). PaccmoTpenHble Bbile KOHDOPMHbIE HH-
BApPHUAHTHI TO3BOJIAIOT, OJTHAKO, JATH BHY TPEHHEe, KOH(DOPMHO-UHBAPUAHTHOE OITpe-
JlejieHre KOH(MOPMHOrO TUIA PUMAHOBA MHOr000pa3ws, He mpuberasi K KOH(MOPM-
HBIM OTOOPAYKEHUSM HA, KAHOHWYECKUE 00JIACTH.

ITonobuo mpocrpancream Epkmmma u JlobadeBcKOro, mpou3BOIbHBIE HEKOM-
[HAKTHbIE PUMAHOBBL (M JaxKe CyOpPMMAaHOBbI) MHOr0OOpa3us Telepb MOXKHO KOH-
GOpPMHO-UHBAPUAHTHO PA3IEJUTh HA JBA KIACCA B COOTBETCTBUU C TEM, KAKOBA
KOH(pOpMHast EMKOCTh abCoImoTa, (6ECKOHEUHOCTH) 3TOr0 MHOr0006pasust (cM. [73,
74]).
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HekommakTHoe pumanoBo Muorootpasue (M™, g) Oyaem Ha3bIBaTH MHOTOOODA-
3ueM KoHPOPMHO-NaAPabosuecKko20 muna, eciii KOH(MOPMHas EMKOCTh €ro abcomio-
Ta paBHa Hys0, (ycrnosuo cap R(C,0MZ) = 0 mua 106000 OTJIHIHONO OT TOYKH
kourunyyma C' C M™); eciu ke 9ra MKOCTD [IOJOXKUTENbHA, TO Oy/IeM Ha3bIBATH
(M™, g) MuOrOOGpasueM kon@opmHo-zunepbosuuecrozo muna. Takoe pasmieneHue
MHOTOO0Opa3uii M0 yKA3aHHBIM KOH(MOPMHBIM THUIAM, OYEBUIHO, NWHBAPUAHTHO OT-
HOCHUTEIbHO KOH(DOPMHBIX 3aMEH PUMAHOBOI METPUKUA MHOTOOOPa3us.

Kondopwmubiit Tun MHOrO0Opa3us OMpeaessieTcsa JUIIb MeOMeTPHeil MHOrOoO-
Opasus “Ha OECKOHEYHOCTH WA, KAK TOBOPAT, GCUMNMOMUYECKOT 2e0Mempuet
MHOTOO0OPa3us.

Koudopmuas napaboimaHOCTb Wil MUIepOOIuIHOCTh MHOT000pas3us (B COOT-
BETCTBUU C U3JIO?KEHHBIM BBIIIIE) HA JIPYTOM A3bIKE 03HAYAET, YTO MOJLYJIb CeMeicTBa
BCEX KPUBBIX Ha MHOIOOOPa3UH, BHIXOJMAIIUX HA OECKOHEYHOCTD (T.6. HOKUJAIOIUX
JIIODYIO ero KOMIIAKTHYIO 9aCTh) PABEH HYJIIO UJIHM OJIOKUTEIEH COOTBETCTBEHHO.

BakanuuBas 00CYXKIEHUE MOHATHA KOH(MOPMHOTO THIIA PUMAHOBA MHOTr00Opa-
3UsI, OTMETHUM, YTO TEPMUHBI napabosuveckud U 2unepborudeckutl XOIAT O BCe
MaTeMaTHKe U B PA3HBIX ee OT/IeNIax 9acTo NMeIoT pa3Hoe comeprkanne. He cienyer,
HaIpUMep, AyMaTh, 9TO PAMAHOBBI MHOI000pa3us KOH(MOPMHO-TATIEPOOTHIECKOTO
THIIA UMEIOT OTPHUIATEIbHYI0 KpuBuU3HY. KpuBu3Ha BOOOIIE HE sBJISETCSH KOH-
dopmubiM nHBapuanToMm. Hamnpumep, merpuka mpocrpancTsa JlobadeBckoro mo-
CTOSTHHOI OTPHUIATENHLHOM KpUBU3HBI B Momenu [lyankape koH(MOpMHA €BKJIHAIO-
BoOil mutockoit Merpuke. Ilocienmsisi, B cBOIO odepenp, mocie crepeorpadutaecKoi
MTPOEKINY CTAHOBUTCS METPUKON MOCTOSTHHOW MOJIOXKUTEIFHON KPUBU3HBI.

Hakomerr, ormerrM, 9TO B TEOPUY PUMAHOBBIX [IOBEPXHOCTEH THUII TIOBEPXHOCTHU
ompeensercs Kak KOH(DOPMHBIA THII ee YHHBEPCAIbHON HakpbiBatomei. Hampu-
Mep, KPEHIEIb C MPOKOJOM — 3TO HEKOMIIAKTHAsI MOBEPXHOCTH, YHUBEPCAJIHHAS
HAKPBIBAIOIIASA KOTOPO mMeeT KOH(MOPMHO-TUTEPOOTUIECKII THII, XOTsI CaMa, O~
BEPXHOCTh B HAIEfl TEPMUHOJIOTMU UMEET KOHMOpMHO-napabonndeckuii tum. B
BBICIIAX PA3MEPHOCTSX ITOrO PA3HOIJIACHS HET, a B JIBYMEPHOM Cjydae ero u3be-
raioT, FOBOPs, YTO PUMAHOBA IOBEPXHOCTH UMEET HYJIEBYIO UJIU HEHYJIEBY IO IDAHUILY
(He myTaTh C MyCTHIM M HEIYCTbIM MHOXKECTBOM). B Halllem npuMepe KPeHIesb €
POKOJIOM MMEeT HyJIEBYIO TpaHully (TOUHEe, WIEabHYI0 TPAHUILY HYJIEBON KOH-
dbopmuoit émrocTn).

7. AcumnToTMueckas reoMeTPUs U KOHPOPMHLIA TN MHOTOOOpa3usa

Beime 6b110 mano ¢opmaabHOE OIpeaeeHne KOH(MOPMHOIO THUITA PUMAHOBA
MHOroobpasus (uiu, ckopee, Boobiie Tuia KOH(GOPMHON CTPYKTYPbl Ha HeM). Bo-
MpOC O TOM, KaK M0 TeOMETPUH MHOTro0o0pas3wsi y3HABATH €ro KOH(MOPMHBIN THIl
npuHATO (B COOTBETCTBUHU C TPAJUNAEH, UAYIIEH OT JBYMEPHOIO CJIydYas U TEOPUN
PUMAHOBBIX [IOBEPXHOCTEIl) HA3bIBATH NPobaemot muna. Muoro pabor pasHbIx me-
PHOJIOB BDEMEHHU IOCBSIIEHO TOH Teme (cM., Hampumep, [3, 75-79], Ho 10 KoHuA
oHa Tak ¥ He ucueprada (Hanpumep, MuiaHOp OoTMeYaer, 4TO Mbl JIayKe He BCer-
Ja ymeeM 10 (DYHKIUH OMPEeIeTUTh KOH(MOPMHBIM THUI JIBYMEPHONH MOBEPXHOCTH,
aBJIsioneics rpadukoM 3Toil byHKIMA HAJ BCeil MIOCKOCTHIO. )
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MpbI oCTaHOBHMCS 37€Ch HA JABYX KPUTEPUSAX KOHMOPMHOIO THUIA PUMAHOBA
MHOr0OOpa3us, KOTOPble MOXKHO PacCMaTpUBATL Kak paspurue ujeit Asbdopca,
OTHOCAIIUXCA K TpobsieMe TUIIa PUMAHOBBIX MoBepxHOCcTeil. 3aomuo Gymer cdop-
MYJIHPOBAH U PEIIeH eIlle OJMH YUCTO TeOMETPUUIECKUH BOIIPOC, HA ceil pa3 Kacaro-
IIUHCST U30MTEPUMETPUIECKOTO HEPABEHCTBA HA PHMAHOBOM MHOTOOODA3WH.

(UuTepecHo, 94To GJU3KKE UEH U B TOT ¥Ke OTPE30K BpeMeHu, uro 1 y Ajibdopca,
IPOsBJIAIOTCH Takzxke B pabore JlaBpenrbesa [3], rue npobiema Tuna 3arparuBaer-
Csl B KAYECTBE OJHOIO IPUMEPA MPHJIOKEHUA OCHOBHOIO pe3yJibTara paborsl [3] —
006061enHo Teopembl Pumana.)

I/I3onepnMeTpnquR0e HepaBe€HCTBO. — OTO COOTHOIIEHUE BHUIa
P(V(D)) < 5(0D) (%)

mexiay obbemom V(D) obnacru D u mwiomansio S(OD) ee rpanuipi, rae P —
dbyukIMA, HA3BIBAEMAS UIONEPUMEMPULECKOT PYyHKyuel TpocTpaHcTBa. KoHed-
HO, WHTEPEC MPEICTABJISACT TOJHKO HETPUBMAJBHAS, a Yallle BCEro, JaskKe MaKCH-
MaJbHAs M30mepuMeTpuyIeckas (pyHkums. Hanmpumep, mis eBKINIO0BA N-MEPHOTO
npocrpancrBa R TakoBoii, C TOYHOCTBIO JI0 MHOXKUTEIs, gBisercs byukius P(z)
= :U"T_l, a Jia npocrpancrsa Jlobauesckoro H" — nuneitnas dynkuusa P(z) = .

Janee B Ka4ecTBE MPOCTPAHCTBA BBICTYIAET MPOU3BOJIBHOE N-MEPHOE HEKOM-
MaKTHOE U 0e3 Kpasi pUMaHOBO MHOrooopasne M ¢ HEKOTOPO# MCXOIHON MEeTPUKOit
g. Tlpm mepexoze oT MeTpuku ¢ K KoHdopMHOii eif merpuke § = A2 g (rme A —
HEKOTOpas TOJIOXKUTENbHAS peryssapHas byHkius Ha M) OIHOUMEHHbIE TeOMer-
pudeckue 00beKThI OYIyT HAJEAATHCS THIIbION.

Bynem camrarh MeTpuky ¢ MOTHOM, a 00beM B Heil Bcero MHOroobpasusi Oec-
KOHEYHBIM; 3TOTO, OYEeBH/HO, BCETJa MOXKHO JOOWTHCs, MEePEXOMs, eCau HaJjo, K
KOH(OPMHO SKBHBAJIEHTHON METPHKE.

Beeznem cienyiomue obo3uadenus: B(r) — reome3udeckuii B METPUKE ¢ MIap
paguyca r ¢ (PUKCUPOBAHHBIM TEHTPOM g € M; V(r) — ero obbem (n-mepa);
S(r) — nmomans ((n — 1)-mepa) ero rpanwanoit cepsr 0B(r); Ry — Koablepas
obmacts B(r) N\ B(rg), KOTOpyI0 MbI Oy/jeM Ha3bIBATH PEOE3MIECKAM KOIBIIOM HLIH
MIPOCTO KOJIBIIOM.

JIByCTOpPOHHAA OIEHKA KOHPOPMHOU E€MKOCTH KOHIEHcaTropa W IpH-
3HAKM KOH(GOPMHOTO THIA MHOrooopasua. CBs3b TOro, ITO yzZKe CKa3aHO O
mpobjemMe TUIa, ¢ TeM, UYTO MbI COOMPAEMCsT M3J0XKHUTh, B 3HAUNTETHHON CTeleHn
OCYIIECTBIISIIOT U IIPOSICHSIIOT CJIeAyIone cooTHomenus (cM. [80-82] wiu [73,74]):

V(ri) n t=n r1 . 1-n
/ P <cap Ry} < (/ Sﬁ> . (%x)

V(’I"o) 0

OTH HepaBEHCTBA JAIOT CIEAYIONEe FeOMETPHYIECKHe TOCTATOYHbIe (HEOOXOAUMbIE)
mpu3HAKY KOH(MOPMHOIO TUIA PUMAHOBA MHOTOOODA3US.

s kondopmrot 2unepbosuurocmu (NapabosusHoCmaL) N-MepHo20 PUMAHOBE
muozoobpasus (M, g) docmamowno (neobrodumo), wmobv, cxoduacs (pacroduncs)
unmezpan [° P77
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s Kondopmnoti napabosuwnocmu (2unepbosuuHoCU,) n-meprozo PUMAHOEE
muozoobpasus (M, g) docmamowno (neobrodumo), wmobv, pacroduscs (crodurcs)
unmezpan [* Sitw,

B oboux ciydasx 3/1ech UMeeTcss B BHIY CXOAMMOCTb WHTErPAa HA BEPXHEM
npejee.

[Tone3no 3amMeTuTh, YTO €Cu METpPUKa ¢ CHEePpUIecKrn CUMMETPUIHA OTHOCH-
TEJIbHO LEHTPA T, T.€. €CIM ¢ 3aBUCUT TOJBHKO OT PACCTOAHUSA ' 110 Lo (Kak B R u
H™), To nocienuuil u3 AByX yKa3aHHbBIX [IPU3HAKOB KOH(MDOPMHOIO THIIA CTAHOBUTCS
KPUTEPHUEM.

O kpurepusx MbI €Ie CKayKeM HUXKe, a 3/IeCh OTMETHUM, 9TO 000DIas pe3yib-
rarbl Kobasicn n Hepannmueer, Anbdope B [75] (cMm. Takxke [5]) mokasas, d9ro
PacXoauMOoCTh uHTErpana [ * S~ gBisieTCs IOCTATOYHBIM IPU3HAKOM IapabOid-
HOCTHU OJHOCBSI3HOI OTKPBITOHN MOBEPXHOCTH B KJIACCHYECKOM CMBICJIE TEOPUY YHU-
dopmmzanmm, T.€. B CMbICIE BO3MOYKHOCTH ee KOH(MOPMHOrO 0TOOpayKeHNs Ha BCIO
KOMIIJIEKCHYIO TIJIOCKOCT.

Anbsdopc ormerna TakKe, 9T0 B KOHGOPMHOM KJIACCE METPUKH MOBEPXHOCTH
mapaboIUIecKoro TUIA BCEria HalAeTcs: Takas MeTPUKA, B KOTOPOIl 9TOT HHTErPal
pacxonurcs (TaKyl0 METPUKY B Ciydae KOH(GOPMHOrO OTOODAXKEHUsI IOBEPXHOCTHU
HA, [IJIOCKOCTb MOYKHO CHSTH MPSAMO C IIJIOCKOCTH).

DT0 KpacuBoe HAOIIOIEHNE MOXKET CIIY>KUTh HEKOTOPBIM OCHOBAHWMEM JJIS TPAHC-
dopManyH MOIy9aeMOro TAaKUM 00pa30M KPUTEpHs MapabOIUIHOCTH B OIpeIeie-
He KOH(MOPMHON MapabOIuIHOCTH JTIOO0T0 N-MEPHOTO PUMAHOBA MHOT000pPa3nsd,
KaK 370 czies1aHo B [83], rie 3areM J0Ka3aHA 9KBUBAJIEHTHOCTb TAKOIO OIIPEIeIeHHs
MIPUBEIEHHOMY BBIIIE OMPEIEICHUIO B TEPMUHAX KOH(OPMHON EMKOCTH.

Urak, cpaBeyius cieayommii kpurepuit Asbdopca KOH(DOPMHONE TapabdoInd-
HOCTHU PUMAHOBA MHOTO00OPA3Usi:

Pumanoso muozoobpasue (M, g) pasmeprocmu n kondopmro-napabosuuro moa-
06 u MOALKO M020a, K0204 CYULLCMBYem Makas KoHPopmMHas § MEMPUKG §, 8 Ko-

~ o0 FL_
mopoti muozoobpasue (M,§) noano u [~ ST=7 = co.

Ormvernm, uro Anbdopc [5], mo-BuaNMOMY, GBI MEPBBIM, KTO MPUBJIEK K MPOG-
JIeMe THIa U TeOPUHU PACIPEeIeHUs 3HAYCHUI U30MEePUMETPUIECKOE HEPABEHCTBO
(cM., ogHAKO, M IPUBEIEHHOE Bbille 3aMedanue o pabore JlaBpenrbesa [3]) u aus
n = 2 yCTAHOBUJI YKA3AHHYIO B3AUMOCBSA3b MEXK/ly KpafHUMU YIeHAMH COOTHOIIE-
uus (%%). Bosee Toro, on 3aMeTu1, 9To cIeBa BMeCTO (BYHKIMYA P MOXKHO MOCTABUTH
1100y10 BYHKIMIO P, H301epiuMeTpuyecKyio OTHOCHTEILHO METPUKH, KOH(OPMHOM
UCXOJHOM MeTpuke MHOroobpasus (IpeiesiaMu UHTErPUPOBAHUS JOJIKHbBI TEIePb
ObITh §-00beMbl IpexKHUX Obsiacreil). DTO yTBEpPK/EHUE YacTO HA3BIBAIOT JIEM-
moit Anbdopca uir, IPUMEHUTETBHO K CJIYy9al0 MPOU3BOJBHON PA3MEPHOCTH 1, —
semmoit Anbsdopca-T'pomosa.

EMKOCTH MOSBHIACH MEYK/TY KPARHIMI UjleHAME COOTHOIIEHHs (%) TO37Ke. 3a-
METUM, 9TO KaK KOH(MOPMHBII MHBAPUAHT, B O0/IMKE KOH(MDOPMHOTO MOIYJIS CeMeii-
CTBa KPUBbIX HA ILJIOCKOCTH, OHA pouiiach y Bépiunra u Asnbdopca [68] u odopmu-
JIACh B METOJ| 9KCTPEMAJIbHBIX JIJIUH, KOTOPbIH, B CBOIO OY€pejib, BHIKPUCTALIN30-
Basica u3 npueMoB ['péua. (CM. mo 3TOMY MOBOMLY MCTOPUYECKUE KOMMEHTapUil
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Assdopca k rinase 4 B kaure [69], a Tak>Ke B IByXTOMHOM COOPAHUH €r0 COUNHEHHIA.
Meroz, 3KCTpeMaTbHbIX JJIMH WA MOZYJEeH U caM 3TOT KOH(MDOPMHbBIA WHBAPUAHT
YCIIEIIHO HUCIOIb3YeTCs KAK B T€OMETPUYecKOil reopun (pyHKIuM, Tak U 3a ee mnpe-
genamu.  BermomHmM, Hampumep, €ro NMpUMEHEHHEe K HCCIeJOBAHUIO TPAHUYHOrO
noBeieHNst KOHGOPMHBIX U KBa3WKOHMOPMHBIX oToGpaykenwnii [84, 25, 56] win K Ka-
YEeCTBEHHBIM BOTTPOCAM MArHUTHO MMIPOAVHAMUKHI U TEOPHH 3areruienuit [85, 86].)

[IpuBenem renepsb pa3BepHyTyIO (DOPMYJIUPOBKY CPABHUTETHHO HEJTABHEH TEO-
pewmbi [73], conepzaieil kpurepun KOHGMOPMHO# 1apabOJIMIHOCTH PUMAHOBBIX MHO-
rooOpa3uii ¥ yCTAHABIMBAIOIIEH MX B3aNMOCBSI3b.

YCa0BUMCS TOBOPUTH, 9TO HEKOTOPOE CBOWCTBO UJIM COOTHOIEHUE PEAAUSYEMO 6
KaKOM-MO KAGCCE METPUK, €CTTH OHO PEaINu3yeTCs, T.€. BBIMOJTHEHO JIJIsT HEKOTOPOit
METPUKH DTOTO KJIACCA.

Hanpuwmep, n060e pumanoso muoroobpasue (M, g) B KoH(MDOPMHOM KJiacce ero
METPUKH Peasin3yeMo KaK [OJIHOE PUMAHOBO MHOrooGpa3sue (T.e. KJ1ace HOIHbIX KOH-
bOpMHBIX g METPHK He IIyCT).

Tenepsb MbI MOKeM CHOPMYIUPOBATH TEOPEMY .

Pumanoso mmuozoobpasue (M, g) pasmeprocmu n umeem KoH@GopmMHo-napado-
AuMeCKul mun mozda u moavko mozda, K020a 8 KAACCE NOAHBLET, KOHPOPMHOLL §
MEMPUK PEAAUSYEMbL CAEOYOULUE IKBUBAAEHMHBLE MeAHCIY CODOTL YCAOBUA:

(i) vol(M) < oo,

(i) / ST (1) dr = o,

(iid) /Oo (Vzr))l/(nl)dr — o0,

(fv) liminf Vir)

r—oo M

< o0

Baech, kak u npexae, V(r) u S(r) — o0beM u IWIoMa1b COOTBETCTBEHHO I'e0Ie-
3UYECKOrO Mapa PAJANYCA I U €ro TPAHUILI, a vol M — oO0beM Bcero MHOrooOpa3us
10 OTHOIIIEHUIO K METPUKE, CYIIECTBOBAHUE KOTOPOU YTBEPKIAETCS B TEOPEME.

OrMmeruM, 9TO B KazK10i NHINBYLYAJIbHOM METPUKE CIPABEAIUBbL MMILTHKAIMN

(1) = (iv) = (ii1) = (i4).
OOpaTHBIX UMILIVMKALWY B WHINBUAYAJIBHOW METpUKe MOXKeT He ObiTh. Teopema,
OJIHAKO, YTBEPXKAET, 9TO B pAMKaX BCETO KJaCCa KOH(MOPMHBIX METPUK MHOTO-
obpasusi, BCe 3TU COOTHOIIEHUs (CBONCTBA) SKBUBAJIEHTHBIL.

IIpuBeneHNe K JIMHENHOMY BUIy W3olepUMeTPUYEcKoN (yHKOUMA Ha
MHOrooopa3nu KOHGpOPMHO-TUIEPOOJIMUECKOTo Thna. Bce, ¥TO MpucyTCTBY-
€T B TMOCJeJHel TeopeMe, CBA3AHO TOJHKO C OJHUM IMPABBIM HEPABEHCTBOM COOT-
Howienus (%*). B ormmuune or miomaneil 1 06beMOB, OJHO3HAYHO ONPEIEe/IsIeMbIX
MeTpUKO#i, u3onepumerpuyeckas byHkius P MHOroobpasus B J1eBOil yacrTu (%)
uMeeT pousBoJ. Pazymeercs, UHTEPEC IPEICTABIIAET BO3MOXKHO Oosiblias (MakK-
cuMasIbHas) u3onepuMmerpudeckas GyHkiua. Irodbl Jarh KpuTepuii KoH(pOpMHO-
0 TUIA MHOrOOOPA3us B TEPMUHAX M30MEPUMETPUIECKON (DYHKINHU, KEJATETHHO
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PEIUTh MPEICTABIAIONINN CAMOCTOSATEHHBI UHTEPEC BOMPOC O TOM, K KAKOMY
CTaHJIAPTHOMY BHJLy MOXKHO IIPUBECTHU U3OMEPUMETPUIECKYIO (DYHKIIUIO MHOIO00Opa-
3us B Ipeenax KOHGOPMHOIO KIACCa ero MEeTPUKH.

Oxa3zasioch [87], uro Ha J11060M PUMAHOBOM MHOIO0Opa3uu KOH(GOPMHO-TULED-
60oTMIecKOro Tuma, KOH(MOPMHON 3aMEHOW METPUKHN H30MEePUMETPUYECKYI0 (hyHK-
M0 MOXKHO MPUBECTU K TOMY K€ JINHEHHOMY BUY, KAKOM OHA MMEeT B KAHOHUYE-
CKOM rurepbosmaeckoM nmpocrpancrse JlobadeBckoro.

YuuTbiBas JI€BOE HEPABEHCTBO B (%), IOJy4aeM CJIeLyIOIuii KPUTePHii.

Hexomnaxmmoe pumaroso mHoz0006pasue umeem KoH@PopmHo-2unepbosuieckudl
mun mozda u moavko mozda, K020a KOHPHOPMHOUT 3aMEHOT, MEMPUKY HAG HEM MOIHC-
HO PEAAU306AG TaKoe dce aAunelinoe usonepumempuseckoe nepasencmeo V(D) <
S(0D), xax u 6 Kanonuueckom zunepbosuueckom npocmpancmee Jlobauescrozo.

3xecn, Kak Beerga, V(D) — obbem obmacru D Ha MuHOroobpasuu, a S(0D) —
ILTOIIA/Tb €€ TPAHUIIBI.

Ecrb pabouas runoresa [87], 4To Ha n-MepHOM MHOroob6pasuu KOH(MOPMHO-IIa~
pPabOJIMYIECcKOro THIA BCErja HalIeTcs Takas MOJTHAs MeTpHKa, KOH(MOPMHO KBHU-
BaJIEHTHAs MCXOJHON METPUKe MHOrooOpasusi, M0 OTHOIIEHUIO K KOTOPOW M30TepH-
METPUYECKOE HEPABEHCTBO MMEET TOT Ke BUJI, KAKON OHO MMeeT B 7-MEPHOM IPO-
crpaucrse EBkinma.

OrMeruM, 9TO BCEe MEPEYUCTECHHBIE PE3YJIbTATHI O KOH(DOPMHOM THIIE MOCTE
COOTBETCTBYIOIIEH MOAUMUKAIMY TEPEHOCATCS W HA CyOPUMAHOBBI MHOr00Opa3us
(c HEromoOHOMHOI CTPYKTYpOIi) [74, 88].

Mpbr He ocTaHaBINBaEMCs 371eCh Oolee HA ACHMIITOTHYECKON TeOMEeTPpUN U Teo-
MeTPUYECKUX IIPU3HAKAX TUIA (B 4ACTHOCTH, HA PA3JIMYHBIX OHATUAX 1apabOIIIy-
HOoCTH ¥ runiepbosmaHocTu) MHOroobpasus. CKayKeM JIUilb, 9TO OHU HPEACTABIIAIOT
CEpbE3HbIl MHTEPEC B BOMPOCAX IMIOOAJBLHOrO aHaAM3a (PUMAHOBBI MOBEPXHOCTH,
CBOCTBA peITieHnii ypaBHEHU HA MHOTOOOPA3HIX, CIIEKTPhI, TUHAMUKA, nuddy3us,
OPOYHOBCKOE JBUIKEHUE,...). [IOMUMO yKe yKa3aHHLIX pPabOT, OTHOCUBIIUXCHA K
upobiieme KOH(GOPMHOrO THIA, CM., Hanpumep, 063op [81] u obuupuyo Gubiu-
orpacuio B HEM.

8. KondpopmHO-mHEBapuaHTHasa popMma
TeopeMEI O II00aJIbHOM roMeoMOpdu3Me.

Teneps 0T KOH(MOPMHON reOMEeTPUH MOYKHO BHOBb BEPHYTHCS K TEOPEMe O TJIO-
6aTbHOM roMeoMOpdr3Me 1 IpuIaTh eii GopMy, BKITIOUAIONLY IO KAK UCXOTHYIO TE€O-
peMmy, Tak u ee 0OODIIEHNE, TIPEITOKEHHOE [ DOMOBBIM.

Ecau f : M™ — N™ — xkeasukongopmmnoe nozpysicenue (UMMEPCUL UAY AO-
KaabHho 20Mmeomopdinoe omobpasicerue) mnozoobpasua M™ xongopmmo-napabosuue-
€K020 MUNG 8 00HOCBAZHOE PUMAHOB0 MHO2000pas3ue N™, motl sice pasmepHocmuy n,
mo npun = 3 0mobpasicenue ABAAEMCS BAOHCEHUEM (UHBEKMUBHO) U Taycdopdosa
pasmeprocms muooicecmsea N™ N f(M™) pasna nyato.

Yro6bl TOTHOCTHIO BKJIIOYUTH CIOJA U UCXOTHYIO TEOPEMY, YTBEPKIAIOILYIO B
caygae M™ = N™ = R? uro f(M™) = N" (Torga Kak B OOIIEM CJIydae 3TO HE TaK)
CIesIaeM CJenyolriee 3aMevanue.



42 30PUYU

IMonb3ysack Tem, 910 KOHMOPMHAS EMKOCTH (MOJLYJIb) ABJIAETCA KOH(MDOPMHBIM
WHBAPUAHTOM, KOTOPBIA, K TOMY »Ke, €CThb KBA3UMHBAPUAHT KBA3UKOH(OPMHBIX
orobpakeHuil, MOXKHO BBECTU Ha MHOrooOpa3uu (UjiM BHE HEKOTOPOH ero KOMITaKT-
HOIT YacTu) Takyo KOH(MOPMHO-UHBAPUAHTHYIO METPHUKY , [I0 OTHOIIIEHUIO K KOTOPOIt
kBa3ukoH(pOpMHBIE OTOOpazkenus f : M™ — N™ MHOrooOpa3uii CTAHOBSITCST KBA3U-
u3omerpusivu [61]. Ecan Terepp MOMONHUTHE MHOrOOOpa3wsi MO TAKOW METPHUKE,
To orobpazkenue f : M™ — N™ ecrecCrBeHHO NPOMOKHUTCI [0 OTODPasKEHUS
f:M" — N" HOHOIHEHEeHHBIX IIPOCTPAHCTB.

BHauuT, HpeabIAyILy0 (GOPMYJIUPOBKY TEOPEMbI MOXKHO (MJIU CJIELyeT) JAOIO0JI-
HUTh, CKA3aB, 9TO MOIydeHHoe sa0ocenue f 1 M™ — N™ npodoascaemca do zomeo-
mopdusma f: M™ — N™.

B caydae, korma M™ = N™ = R”, kaKk 9T0 ObLIO B HCXOTHON TeOpEME O TI00aJb-
HoM roMeomopdmsme, mpocrparcTso R? momommsaercs oaHoi Toukoi (R = S™),
HEIOIBIZKHOIT mpu orobpazkernu f : S” — S™. ToabKo 3T0 06CTOATETHCTBO U TI0-
3BoJsIgeT yrBepxkaarh, uro f(R™) = R". B obuiem ciyuae muoxkecrso N™ . f(M™)
BBIIIYCKAEMbIX 3HAYEHUH HemycTo (B3d4Thb XOTs Obl TOXKJIECTBEHHOE OTOOPAKEHNE
IpOKOJIOTO# cdepbl Ha 3Ty Ke cdepy 6e3 mpokosa).

N3omupoBanHas ocobeHHOCTD. Teneph yMecTHO 0OpATUTh BHUMAHHIE HA, 111e
OIHY CTOPOHY ema. V3 oOIuX TOIMOMOrHIeCKUX COOOpaKEHNH, CBA3AHHBIX C WH-
JIEKCOM, BBITEKAET, YTO eCJIM JIOKAJILHO romeoMopduoe orodpazkenue [ : R — R
(nmu f : Sn S”) roMeoMOP(MHO B OKPECTHOCTU HGECKOHEYHOCTH, TO OHO MOMEO-
MopdHO B neioMm. IloaTomy mpencraBisgeT MHTEPEC MOBEAEHNE KBA3SUKOHMOPMHOTO
MOrPY»KEHUsT B OKPECTHOCTH W30JUPOBAHHON 0coboit rouku. Ha sTor cuer mmeer-
csl CITeY oI CBeXUiA pe3yabTar [89], KOTOPHI, BBHIY CKA3aHHOTO BHIINIE, TOXKE
MOYKHO PaCCMATPUBATH Kak 000DIIEHNE TEOpEeMbI O TIODAJIHLHOM TOMEOMOpQpU3IME
JIJIT KBA3UKOH(MOPMHBIX MOTDYKEHH.

Iyems M™ u N™ — pumanosvl MH02000pa3UA PA3MEPHOCTIU N, O — MOUKA Ha
M™ u M™ = M"~ {o}. ITyemo f : M™ — N» — KBA3UKOHPOPMHOE NOZPYNHCEHUE.
Ecau mmuozoobpasue N™ odnoceasno, a n > 3, mo omobpascenue f uHBEKMUEHO
6 HeKOMOopol NPOoKoAOMOT OKPECMHOCTIUY MOYKY 0; NPU IMOM 0COOEHHOCTND AUOO
Yempanaemes Henocpedcmeento, Aub0 3Moz0 ModcHo dobumuvcs, nonosuss N'™
eduncmeenHot moywKod.

ToBopst 0 MOrpy KEHWY WJIM UMMEPCHN, MBI KAK U BBIIIE UMEEM B BUJTY JIOKAJIHHO
UHBEKTUBHOE (JIOKAJILHO oOparuMoe) orobpazkenue. KBazukoHbOpMHOCTH TOTpy-
JKEHUs MOAPa3yMeBaeT OrPAHNIEHHOCTD ero KO3 PuInenTa KBa3uKOH(MOPMHOCTH.
Verpanenue 0cOOEHHOCTH IPEIIIOIATAeTC B KATETOPUU KBA3UKOH(MOPMHBIX MTOTPY-
KEHUM.

Pamnee 370 yTBep:KIeHHE OBIJIO M3BECTHO TOIBKO B ciydae N™ = R™ (cum. [90,
91]). B ocuoBe mokazarenabcTBa CHOPMYINPOBAHHON TEOPEMBI JIEXKHUT TEOPEMa, O
MPOJIOJIPKEHMN POCTKA KBA3NKOH(MDOPMHOIO TOrpysKeHns n3 paborsr [92].

Teopema ITurkapa. B camom Hagase ctarbu, TOBOPsi O BOSHUKHOBEHUU TEOPUT
KBa3UKOH(MDOPMHBIX OTOODAXKEHH, MBI YIIOMSHYJIH O TOM, 9TO MHOTHE JIaKe CPDABHU-
TEJIbHO TOHKWE (DAKTHI TeOpur roaoMopdHbIX DYHKIWA CIPABEIJINBLI U IJIst Oojee
MIIIPOKOTO Kjacca PYHKIWM 1 0TOOparkennit. B 9aCTHOCTH, 9TO OTHOCUTCS U K TEO-
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peme [Mukapa. Mbr mobaBuM Temepb K CKA3aHHOMY HECKOIBKO OOIIUX COOOPaAKEHH
O MPHUPOJIE TEOPEM ITOTO TUIA U 3AKOHYUM OJHUM KOHKPETHBIM yTBEPIKICHHEM.

IIpocrpancrso JlobaueBckoro KOHGMOPMHO BKJIAIBIBAETCS B EBKJIAIOBO IIPO-
CTPAHCTBO, & €BKJIKIOBO IPOCTPAHCTBO B IPOCTPAHCTBO JlobGaueBCKOro He morpy-
JKAETCsT KOH(POPMHO. DTO CTAHOBUTCS OYEBUIHBIM, €CJIA BCIIOMHUTH COOTBETCTBEH-
HO MOzenh Ilyankape rumepboImIecKkoro MpoOCTPAHCTBA U IBE TEOPEMBbI JInyBuLIsa
(0 TOM, YTO HA IUIOCKOCTH lieJiasd OrpaHuveHHas (YHKIMsA — MOCTOSHHA U O KOH-
dbopmHoii kecrkocru obisiacreii npocrpancrsa R” npu n > 2).

Kondopmubiit Tum MHOrooOpa3nsi HHBAPUAHTEH HE TOJBKO IMPH KOH(MOPMHBIX
3aMEeHaX METPUKM, HO U TIPY MHOTHX JAPYTUX JIEHCTBUSX, B TOM YHCJIE IPY KBA3UKOH-
dopmubIX 0TOOparKeHusx. [10CKOMBbKY KOH(MOPMHBIN THIT MHOTOOOPA3UsT OITPEIeIs-
€TCsl TOJIbKO €ro aCUMITOTHUYECKOi reomerpueil (moBefeHreM Ha GECKOHEYHOCTH),
TO ¥ OT OTOOparKeHuit, €ro COXPAHAIONINX, MOXKHO TPebOBATH, ITOOBI ITO-TO BBHIIIOJ-
HSUJIOCh ACUMITOTHYECKH (HA DECKOHEYHOCTH), He 3a00TCh O MOBEJEHUM HA KOM-
MaKTHON JaCTH.

CyTh MHOIMX yTBEp¥KIEHWH Tuma TeopeMbl JIuyBuiasg (0 MOCTOAHHON) ujn
teopembl [Iukapa, a Tak:ke ux 0OOOIIEHUIT, COCTOUT B TOM, UTO B PACCMaTPUBAE-
MOM KJiacce npeobpasoanuil (Hanpumep, KBasMKOH(MOPMHbBIX) HeJlb3si napabosiu-
yeckuil 06bekT (C MaJIoil MieasbHON IpaHuieli) norpy3uTb B 00bEKT runepbosim-
4yeckoro tuna (¢ maccuBHbIM abconrorom). Masas rpaHuna CKopee CTUPAeTcs, a
HE pa3ayBaercd. Pa3ymeercs, HA OJHU W T€ YKe BEIU M0 Mepe MOsBIeHus 0000-
MMAOIIAX 3HAHUN TOSBJISIETCS BO3MOXKHOCTH CMOTDPETh C HOBBIX WM JIAKe PA3HBIX
TMO3UIIHIA.

Bosspaiasice k Teopeme ITukapa, orMerum, 94T0 Ha IJIOCKOCTH OHA BEpHA HE
TOJIBKO IS TONIOMOP(MHBIX (DYHKIMHE U HEOJHOJUCTHBIX KBA3UKOH(OPMHBIX OTO-
Opazkenuii (Ha3BIBAEMbBIX MHOTIA KBA3UTOJIOMOPMHDBIMHU), HO, HATIPUMED, U JIJIs OTO-
Opazkenuii, koaddurmenr KBazsukoHGOPMHOCTH KOTOPLIX k(r) B Kpyre paauyca r
pacTeT He CIMITKOM GBICTPO C POCTOM T, & HMEHHO, eciu [ r,f("r) = oo (cum. [4]).
ITO yCIOBHE HAM YK€ BCTPEYAIOCH BBIIIIE [0 OJIM3KOMY TIOBOJLY U HA CAMOM JIEJI€ OHO
¥ OTBEYaeT 3a COXPAaHEHHE MapadOIMIecKOro THIIAa OTOOParKaeMOro MHOT000OPa3ns.

Teopema ITukapa—Pukkmana (0 KOTOPOIl MBI y:Ke FOBOPHJIA) OTHOCUTCS K Pa3-
MEPHOCTSIM 7, > 2 U OTJIMYAETCS IBYMsI OCODEHHOCTSIMHU: BO-TIEPBBIX, BBIMYCKAE-
MBIX TOYEK MOYKET OBbIThb OOJIbIIE JBYX, & BO-BTOPBIX (M 3TO OCOOEHHO KOHTPA-
CTUPYET C ILJIOCKUM CJIy4YaeM, OIIUCAHHBIM BbIIlIe) KOJIUYECTBO BbIILYCKAEMbIX TOYEK
MOKET HEOIPAHHMYIEHHO PACTH C POCTOM KO3 (puImeHTa KBa3uKOHGOPMHOCTH OTO-
OparKeHwusl.

Pasywmeercsi, Bce Takue 0TOOparkeHus: 00S3aHbI UMETH BETBJIEHUSI, UYTO CJIEIYET
73 TEOPEMBI O TJI0OATHFHOM FOMEOMOP(MU3ME.

Ecnu xe paccMarpuBarh JIOKAJIHHO-TOMEOMOP(MHBIE OTOOPAKEHHS, TO MOYKHO
JIOKA3aTh CJEIyoliee KOHTpacTupyiomiee ¢ Tteopemoit [lukapa—Pukkmana yTsep-
x)ienue [92]:

Kesasukongpopmmnan ummepcus 001020 pumanoss muozoobpasua 6 dpyzoe pu-
MAHOBO MHO02000pa3Ue MOTU HCE PAZMEPHOCTNU TL > 2 0KOAO CYUECMBEHHO 0c0b0T
MOYKY He UMEEM GuNYCKAeMbLT 3HAYeHU.
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IIpu HEKOTOPBIX TOMOTHUTEIBHBIX TOMOJOTHYECKUX OIDAHUUEHUSX MOI00HOE
spsenue Habogaercs u B aymepHom ciaydae [93,94]. 91 npusuarenen U. Kpa,
oOpaTUBIIEMY MOE BHAMAHNE HA YKA3aHHDLIE PAOOTHI.

9. HerxoTopble OTKPLITHIE BOIPOCEI

Hesurelianie omepatopbl. Ilycrs f : D — H, — BooOIme roBops, He-
JIMHEHHBI riaJkuil oneparop, JelcrByromumii u3 obnacru D ruibbeprosa (win
naxe banaxosa) npocrpancrsa H. Ilycrs kacarenbubiit oneparop f'(z) umeer
HEIPEPBIBHBIN 00pATHBINA B KAXKION Todke £ € D. D10 0becrednBaeT JOKAJIBHYIO
00paTUMOCTh OrrepaTopa, f.

Bcemomunas onpenenerne KoapUIHEHTa KBA3UKOHMOPMHOCTH, B TOUKE L NMe-
eM kprpy = [If'(@)| - I(f'(x)) "], u, 3mauuT, nomsTus KBa3HMKOH(MOPMHOCTH I
KO3 punrenTa KBa3HKOHMOPMHOCTH JEHCTBYIOT W I OmeparopoB. Torma ec-
TECTBEHHO CIIPOCUTH, BEPHBI JU B OGECKOHEYHOMEDPHOM CJIydae s HEeJTMHEHHBIX
OTIEPATOPOB C OMPAHUYEHHBIM UCKAYKeHUEM (KBA3UKOH(MOPMHBIX OMEPATOPOB) Clie-
JIYIOIIAE TEOPEMBI: 0 2400aAbHOM 20MeoMOpPusme, 0 paduyce UHBEKMUBHOCTIU,
06 usoauposannoli ocobennocmu. Hampumep, omepaTopHbBI aHAJIOr TEOPEMBI O
rmobaabHOM ToMeoMopdu3Me AaBajl ObI CIEAYIONINNA MPWHITUI 00PATUMOCTH, HIN
TEOpeMy CyIeCTBOBAHUS W €JUHCTBEHHOCTH, JJIs HEJIMHEHHBIX ONepaTOPOB.

Ecau onepamop f : H — H, deticmsyrowuti 6 2usbbepmosom npocmpaHcmee
H, rokanvro obpamum v umeem 02panuteHHOe UCKGHCEHUe, Mo oh 240044510 00pa-
MUM.

BuauuT, B 3TOM Ciaydae ypaBHenue f(r) = y pa3peliuMo U eAUHCTBEHHBIM
obpazom mpu 000 mpaBoit yactu y € H.

Ouenb MOKeT ObITh (KaK 9TO CIIy4aercs B TEOPUU ONEPATOPOB), 4TO CBOMCTBA
npocTpaHcTBa (ruIb6epToBo, HaHAXOBO) 3/1€Ch CYIIECTBEHHDI.

Hamomunwm, uro Hesamnuuna [95] mokasan rteopemy JInyBuiuisi o KoHGbOPM-
HBIX OTODPAXKEHUAX W B CIydae ruib0epToBa mpocTtpaHcTBa. OIHAKO, s HE 3HAO
60JIbIIIE HU OJIHOIO PE3yJIbTaTa O COOCTBEHHO KBa3UKOH(OPMHBIX (HE KBa3UM30Mer-
PHYECKKX) OTOOPaKeHUAX B ODECKOHEYHOMEPHOM CJIy4ae.

AcuMOTOoTUKA paauyca MHbLEKTUBHOCTUA. B CBA3M C TOCTABICHHBIMH BLIIIE
BOIIPOCAMH, €CTECTBEHHO BO3HUKAET BOIPOC, OTHOCAINICA K KIACCHICCKOMY KOHET-
HOMEPHOMY CJIy4alo.

Kaxosa acumnmomuxa dynryuu r(n, k) (paduyca unsexmuenocmu,) no pasmep-
HOCTU T, WU, KOHKpETHEE, 6epho Au, wmo p(k) := inf, r(n, k) > 0 u cywecmesyem
ynusepcarvnvili paduyc unsexmuenocmuy p(k)?

Crupanue ocobenrocTeld. Boine (cM. passesn M301upoBatHas 0COGEHHOCTD)
OBLIIO CKA3aHO, YTO €CJIM WMEeTCs KBAa3UKOH(MOPMHOE TOrpyKeHne f MpPOKOJIOTOM
okpecrrocru U N\ {o} Toukm o € M"™ mHOrooGpasusi M™ pasmepHocTd n > 2 B
OJIHOCBsI3HOE MHOTrOOOpasue N™ Toii ke pa3MepHOCTH, TO f ABISAETCs BIOXKEHHEM
(MHBEKTUBHO) B HEKOTOPOI MEHbIIIEll IIPOKOJIOTON OKPECTHOCTH ITOH TOYKH.

Ecrb ocHOBaHus mosaraTh, 9TO 3TOT PE3YJIbTAT MOXKHO C MOJNB30H I Iea
3amMeTHO ycuauTh. (IHAKO, 10 CHX TMOp HE PEIeHa MOCTABJIEHHAs eIne B pabore
[57] caemyromas MozmebHAsS 3a1a4a.
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Iycts M™ = N™ = R3, a Bmecto U \ {0} paccMaTpuBaeM MpOKOIOTYIO OKPECT-
Hocth U N {I} 3amkryTOrO orpeska I.

Bepno au, wmo xeasuxongopmmnoe nozpyscenue f : U~ {I} — R® npoxoao-
Mot OKPECTIHOCTU OMPEIKA ABAAKLMCHA BAONHCEHUEM (UHBEKMUBHO) 8 HEKOMOPOU
Menvbuelh Npokosomot oxpecmuocmu ompeska I ¢

U Bropoii (coBceM cBexKuil) BOMPOC KACAETCSH CBA3U HEYCTPAHUMOCTH H30JIMPO-
BAHHOI OCODEHHOCTU M BO3MOKHOU IIPU TOM TOJIHKO OYEHb CIIENHUAIbHOM TOMOJIO-
Ui MHOr0OOpa3us obpasa.

Bepro au, wmo 6 pasmepHOCMAT N > 2 U30AUPOBAHHAA CYULLCTBERHO 0CO-
6458 MoK K6a3UKOHPOPMHO20 NOZPYIHCEHUA PUMAHOBA MHO2000PA3UA 6 IpYyzoe Pu-
MAHOBO MH02000pa3ue MOt HCe PA3MEPHOCTIIU MOHCEM BO3HUKHYMD MOADKO eCAU
nocaednee umeem monoaozuyeckuii mun S"~! x S (zongos mop) uau T* x R*F,
2de TF — cmandapmmwts k-mepnoiti mop?

Korma MbI 37€Ch TOBOPUM O CYIIECTBEHHON OCOOEHHOCTH, UMEETCsT B BUJLY, 9TO
oTOOpaskeHne He UMEeT B Heil HM KOHEIHOr0, Hi OECKOHEYIHOro npeaena. beckoned-
HOCTBH MpeJiesia 03HAYMAET, YTO 06pa3 TOUYKN MHOT00Opa3wnsi, Mo Mepe MpUOJINKeHNsT
TOYKH MHOTOOOpa3usi K 0COOEHHOCTH, TIOKUIAET JII000H KOMITAKT HA MHOMOOOpa3uH,
KyJZa UaeT oToOparkeHue.

Bonpoc HoBukoBa. B cBsa3u ¢ Bonpocom HoBukoBa 0 TOM, /i KAKHX MHO-
roobpasuii 1r060e KBasukoH(opmHoe norpyzxkenune f : M™ — N™ aBroMaTu4ecKu
OKA3bIBAETCSI BIIOXKEHUEM, CIEIAeM CJIeIYIOIee 3aMedaHue.

Mgt Buen, 910 ecan n > 2 1 N'™ 0qHOCB3HO, TO KOPOPMHOI TapaboIndHOCTH
MHOTOOOpa3ust M™ 1ocTaToqHO, 9TOOBI 3TO OBLIO TaK. JIErKo MOHSATH, YTO TTPHU ITOM
MHOroOOpasue N TOKe OKa3bIBAETCS MHOTOOOpas3meM KOH(MOPMHO-TIAPAOOIIIec-
KOr'O TUIA U KOH(OPMHO HHBAPUAHTHBIE MOMOJHEHUS] STUX MHOr00OPa3uii JOIKHBI
OBITh KBA3UKOH(MOPMHO HEPABTUINMEI.

OpHaKo, 3TO JOCTATOYHOE YCJIOBHE €Ie HE SABJISeTCS HeoOXOmuMbIM. ['pymma
Ceitzenbepra H,,, pasmeprnoct n = 2m+ 1 (k npuMepy, TpexMepHas) ¢ UHBAPUAHT-
HOIl PUMAHOBOII METPUKOW HA Hel nmeeT KOH(MOPMHO-IUIEpOOIUYeCKuil TUIL (CM.
[96, 74]). Bumecre ¢ Tem He cymiecTByer Jarke HEOJHOJMCTHBIX KBA3UKOH(MOPMHbBIX
orobpazkenuii ee B cebsi, BbIyCKAIONMX X0Ts Obl 010 3Havenue [97]. T.e. B aToMm
cllydae CIpaBeuBbl u Teopema JluyBuiisa, u Teopema [lukapa.

Ho-sudumomy, 6 2mom cayuae cNPaBedIUBa U MEOPEMA O 2A00ANBHOM 20MEO-
MopPusme, XOTsI, HATPUMED, JJIS MPOCTPAHCTBA JlobGadeBCKOro OHA, KOHEYHO, HE
MMeeT MeCTa.

Bonee Toro, xors 06a mpocTpaHcTBa UMEIOT KOH(POPMHO-TAIIEPOOTMIECKUIT THII,
HET HUKAKOI'O HEITOCTOSHHOI'O OJHOJIUCTHOIO WU/ HEOJHOIUCTHOIO KBAa3UKOH(OPM-
HOTO OTOOparkeHwsi Tpymmbl leii3endbepra B mpoCcTpaHCTBO JI0OaUeBCKOrO TOM Ke
TOMOJIOrNYECcKO#i pasmepHocT [97], XOTs B 0OpaTHOM HANPABJIEHUW TAKOE OTO-
OpakeHue, OYeBUTHO, €CTh.

C aroi#i curyalmeil Mbl yKe CTAJIKUBAJIKNCH, KOr1a BMecTo rpymnibr [elizenbepra
BBICTYTIAIO €BKJIUIAOBO mpocrpaHcTBo. OHO mMesno KOH(MOPMHO-TAPabOTHIeCK it
THII.

Takum 006pa30M, TPEIATCTBUEM K OTOOPAYKEHHUIO CIYKUT HE TOJIBKO PA3IAYINe
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KOHGPOPMHOTrO THma. /Jleso B TOM, 9TO MHOTOOOpa3usi OTHOTO KOH(MDOPMHOIO THIIA,
B Pa3MEpHOCTHAX 7T > 2 MOIYT, TeM He MeHee, uMerb (KBa3u)KOH(MDOPMHO Pa3HYIO
CTPYKTYDY MJI€aJbHON rpaHulpl (abCOIOTa).

Hanpumep, ecmi u3 cdepsr S° yaamurs oTpe3ok (B TOMOMOTHIECKOM CMBICTE)
WA TIOMIAIKY, TO B 000X CIydasix MOJIYYIATCS MHOrO00Opa3us KOH(MOPMHO-TUIIED-
6osmaeckoro tuma. OIHAKO, OHM KBA3UKOH(MOPMHO DPA3JIMYHBI U MEPBOE HEJIH3S
KBa3UKOH(MOPMHO ITOMECTHTH BO BTOpPOe, TPyOO roBOpPsi, MOTOMY, UTO MAaJbIM abd-
costoroM (06pa3oM OTPE3KA) HEeJIb3sl OTAEJIUTHCs OT aDCOJII0Ta BTOPOro MHOr000pa-
3Us, a COBIAAATEH 3TU abcomorhl He MoryT. C Jpyroif cTOpOHbI, BTOpOe MHOroo0pa-
3ue JIETKO KBAa3MKOH(MOPMHO BKJIAIHIBAETCS B TIEPBOE.

YT00BI MOSCHUTD CUTYAIMIO C OOCYKIaEMbIM BOIPOCOM, HATIOMHUM, HATPUMED,
Ka3aJI0Ch ObI MHOTO OO0Jlee KOHKPETHYIO, HO TPAHCIEHJIEHTHYIO 3339y KJaccudu-
Kauuu (onucaHus) KBasuKOH(OPMHO pasiuuHbix obsiacreil B R™, romeomopdHbix
mapy. Wam 3amgady omucamusi o6JacCTel, TOMyCKAIOINX KBAa3UKOH(POPMHOE OTO-
Opaxkenme Ha map. MHOXKECTBO TaKMX 00acTeil MMeeT eCTEeCTBEHHYIO CTPYKTYPY
mpocTpancTBa TelxMioaepa, OIHAKO, HA Ceil pa3 9TO MPOCTPAHCTBO JarKe HE Ce-
napabesnbHo (cM., HampuMep, [56]).

KBaszukordopmHas m3oTommsi. XOpOIO U3BECTHO (CM., Hampumep, [11]) u
9aCTO MCIOIB3YeTCsT TO 0DCTOATENIHCTBO, U4TO JIIDO0E KBA3UKOHMOPMHOE 0TOOpaKe-
HUE€ KPYTa Ha MJIOCKOCTH MOYKHO KBAa3UKOH(MOPMHO W30TOMHUPOBATH B TOXKIECTBEH-
HOe 0TOOpaKeHne, HEITPEPBIBHO YMEHDIIAA IIPH 3TOM KOIP(DUIMEHT KBA3ZUKOHMOPM-
HOCTH (CHSTHE HANPSZKEHHUIT).

Bepro au 9mo u 6 8bLCWUT PA3MEPHOCTNAL 0AA KEA3UKOHPOPMHOLL 0Thobpasice-
HUl Wapa U 6ce20 e8KAUI0BA NPOCMPAHCMEa 6 cebs?

Cwm. B 3T0i1 cBsA3U paborsr [98, 99], anmapar u pe3yabTaThl KOTOPBIX TYT MOTYT
ObITh BecbMa MOJIe3HbI, a Takxke padors [100, 101], rae umerorcs YacTudHbIE pe-
3yJIbTATHI B HY?KHOM HAIPABJIEHUN.

OrmMeruM, 9T0 yCI0BUE HETPEPBIBHOIO YMEHbIIeHusT KoM OUIneHTa KBa3UKOH-
dopmHOCTH 371eCh CyIecTBeHHO. VHAaYMe MOXKHO OBLIO ObI UCIOIB30BATH CTAHIAPT-
HYIO POMOTONHIO AJIeKCaHIepa, KOTopas COXpaHsieT KO3 MUIMEHT KBA3UKOH(MOPM-
HOCTH, JeJiasi €r0 PABHBIM €INHUIIE JIUINb B [TOCJIEIHUN MOMEHT, KOT/1a OTODPaKeHue
TOK/IECTBEHHO.

Cy6pumanoBBI MHOTOOOpa3usi. Hapsiay ¢ kacareJibHBIM PAaCCIOEHUEM Yac-
TO eCTECTBEHHBIM 0OPA30M BBIJEJSIOTCS T€ WU WHBIE €r0 IMOoApaccaoenus. Hampu-
Mep, CBSA3M B MEXAHWKE WJIA B TEOPUH YIIPABJIEHHAS BBOJAAT OTPAHUYEHHS HA BO3-
MOZKHBIE HAIIPABJIEHNs] CMEMEHUsI CUCTEMbBI U3 JAHHOTO cocTostansi. CrenmanbHble
MOJPACCIOCHUS W CBA3aHHBIE ¢ HUIMA OOBEKTHI TOBCIONY BCTPEYAIOTCA B MHOTOMEP-
HOM KOMILIEKCHOM aHajin3e (KOMILIEKCHbIE KACATEIbHBIE), B CUMILJIEKTHIECKON reo-
Merpun (JIArPAHKEBbI MHOr000pa3us), B TepMoAuHamMuke (aauabarudeckue u JIpy-
rHe CIENUAJIbHBIE [IPOLECCHl U3MEHEHUs] TePMOAMHAMUYECKOrO COCTOSHUS ).

Yacro moapaccioennst BOSHUKAIOT KAaK HyJIE€BBIE TPOCTPAHCTBA, CUCTEMbI -
dbepenmmanabx popm. BompocaMm WHTErpEpyeMOCTH TaKWX TOAPACCIOCHWH, KAk
M3BECTHO, TMOCBAIIEHBI TeopeMbl Dpobenunyca.
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IIycTh B KaxKJ0H TOUKe TMPOCTPAHCTBA R° BLIOpaHA JAByMepHAS MJIOCKOCTH I
IIyCThb IyTh B MPOCTPAHCTBE CYUTAETCS HAOMYCTUMBIM, €CJIU BEKTOP CKOPOCTU B
KazKIbIfi MOMEHT JIE?KUT B COOTBETCBYIOINEH BBIIETEHHOI MmiockocTru. Bo3nmkaer
BOIIPOC, BCETIA JIM MOYKHO COEJUHHUTH TOYKHU MPOCTPAHCTBA JOMYCTUMBIM ITyTEM !

(B ciiyuae TepMoAMHAMUKE, KOTOPOIi MHTEpecoBasicsa Kapareomopu, 3To BOIpOC
0 BO3MOYKHOCTH, TOYHEE, HEBO3MOXKHOCTHU aIMa0ATUIECKON CBA3U IBYX TPOU3BOIH-
HBIX TEPMOIMHAMUYECKUX COCTOSHUI cucrembl. Kapareomopu a1 OPpUrHHAIBHY IO
GOopMyIMPOBKY BTOPOTO HAYAJIA TEPMOINHAMUKY, B TEPMUAHAX aIMa0aTHIeCKON He-
JOCTHKUMOCTH HEKOTOPBIX COCTOSHUIA, CBsI3aB ero ¢ Teopueit [Idpadpdosbx popm, n
BOOOIIE JTaJI B W3BECTHOM CMBICJIE COBPEMEHHOE MATEMATUIECKOe M3JIOKEHNE KJIac-
CHUYecKoli TepMOoTHAMUKY; M. paboTy [102] n mennmrpoBannyio Iliankom pabory
[103].)

Eciu pacrpenesienne 1iockocTeil HEroJOHOMHO (HEMHTErPUPYEeMO), TO [PO-
crpamcTso R? OKa3pIBAETCA B 9TOM CMBICTE CBA3HBIM. TOr7a B HEM MOXKHO BBECTH
HOBYIO METPUKY, U3MepAd PACCTOAHUA JJIMHONU KpaTdaillield JOIyCTUMON KPUBOW,
COEMHSIIONIEN PAacCMATPUBAEMble TOYKUA. TaKyl0 METPUKY B 3TOM TPUMEPE U B
AHAJIOTUYHON OOIIeil CUTyaluu Ha3bIBAIOT (IO MOHATHBIM TEnepb COOOPAZKEHUSIM
u, Kaxercs, ¢ Jjerkoii pyku I'pomosa [104]) merpukoit Kapuo—Kapareonopu (C-C
METPUKOIA).

Bosbmenm Temeps B R? maockocTs 2z = 0 ¢ ee eCTeCTBeHHOH eBKIHI0BON METPH-
Koif. ByneMm cumTaTh ee OAMpOCTpaHCTBOM mpocTpaHcTsa ToR?, xacaTeanmoro x
R3 B mavase koopamHaT. IlOCMOTpMM Ha TOYKH TpocTpaHcTBa R®, Kak Ha 3ie-
MeHTBI Tpymnmbl Leiizenbepra Hi. PasueceM BhIOpaHHYI0 B Hadaje KOOpAWHAT (B
€JIMHUIIE IPYIIIbL) ILIOCKOCTH 10 Beeii rpynne. [Tosy4yum HerosoHomHOe pacipe/ie-
JeHne TUIepILIocKocTeit B R? | 3a7ai0mux KacaTenbHOe HOIPACCIOeHHe KOpasMep-
voctu 1. B BBIIETEHHBIX MOAIPOCTPAHCTBAX KACATEIHLHBIX MPOCTPAHCTB B KaXK-
JIOff TOYKEe MMEeTCs PUMAHOBA, METPUKA. Takue OObEKThI B T€OMETPUU HA3BIBAIOT
cyOpuMaHOBBIME MHOTOOOpa3usimu. Ha cyOpuMaHOBBIX MHOrOOOpa3USX OMpeIe-
JIEHA JJIMHA JOIyCTUMOM KPHUBOM U, €CJIM MPOCTPAHCTBO CBA3HO B CMBICIIE JIOMYC-
TUMBIX IEPEX0/I0B, TO B HeM ompenesena merpuka Kapro-Kapareomopu, kak 3To
JefCTBUTEILHO MMEeT MEeCTO B PacCMaTPUBAEMOM ciydae rpymmbl leiizenbepra.
[Tocrpoennas merpuka Kapro—Kapareonopu, oueBr1HO, MTHBAPUAHTHA OTHOCUTETb-
HO feiicTBust rpynnel [eitzentepra. Merpuka Kapuo—Kapareomopu mo3Bosser pac-
CMATPUBATH XaycA0P(OBBI MEPHI T€OMETPUIECKIX 00bEKTOB PA3HON Pa3MEPHOCTH.
3aMeTuM, 9TO METPUIECKas PA3MEPHOCTH MOy YeHHOTO IPOCTPAHCTBA yKe He 3, a
4. C sruM 0OCTOATETHLCTBOM CBA3aHbI MHOTHE ocobeHHOCTH rpymibl [eizenbepra
kak C-C (Kapuo-Kapareomopu)-tipocrpancrsa. B 4acTHOCTH, OHA Tenepb UMeeT
KoH(pOpMHO-TIapabonmdeckuit Tum (moapobHocT cM. B [74]). Bce onmcaHHbIe KOH-
CTPYKIINHU, KOHEYHO, MOXKHO MMOBTOPUTD JJjIs IPyNibl [ eiizeHbepra BBICIITIX pa3Mep-
HOCTEMN.

Mecro rpynust [eiizenbepra 110 oTHOmIEHUIO K CyOPUMAHOBbIM (KOHTAKTHBIM)
MHOT'000OPAa3UsAM COMTOCTABAMO C MECTOM TPOCTPAHCTBA R 1O OTHONIEHHUIO K TJIAI-
KUM MHOTOOOPA3UsIM: ITO WX JIOKAJIbHAS JTNHEAPUIAIIHS.

Omnpenenenne KBa3UKOH(MOPMHOCTH OTOOPAYKEHUS COXPAHSIET CUJLy W IO OT-
nomiernio K C-C merpuke Ha rpymmne [eitzenbepra.
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Bepha au meopema o 2400a4bHOM 20MmeomopPusme wa 2pynne [etizenbepaa,
pacemampusaemoii xKax npocmparncmeo Kaprno—Kapameodopu?

B pabore [74] cka3aHo, K Kakoii ClienuasbHON jeMMe 00 OLEHKE KOHKPETHOrO
uHTerpaia (OTBEYaIonero 3a éMKOCTh) MOXKHO [IPUMBECTU OTBET Ha 3TOT BOIpoc. B
cIydae eKkJInoBa MPOCTPaHCTaBa JeMMa nokasaHa (cMm. [92]). Hemasunii mpenpunT
[105] mo cyIrecTBy yKe CONEPIKUT TTOJIOXKUTENbHBIN OTBET HA 9TOT BOIPOC.

10. 3axmrounre’ibHLIE 3aMeYaHUA

Ms1 3aTpOHYIH 3€Ch TOABKO (DparMeHT Teopur KBa3UKOH(MOPMHBIX 0TOOpa-
JKeruil (B OCHOBHOM TPOCTPAHCTBEHHOI TEOPUM U B OCHOBHOM B T€OMETPUYECKOM
ACIIEKTE), HO MOCTAPAIUCH, XOTh U GEryio, MPOCAeIuTh PA3BUTHE UAEH OT TIePBOUC-
TOYHHUKOB 70 X COBPEMEHHON PeATH3alNKN U YKA3aTh PAJ, HOBBIX 3314, €CTECTBEH-
HO BBIPOCIIUX U3 HANWJEHHBIX PELIeHUN CTapbIX.

Msr He Kacajauch TeOpPeTUKO-(DYHKIIMOHAIBHBIX BOMPOCOB, CBA3aHHBIX C aud-
depeHInaIBLHBIMA CBOWCTBAMY KBAa3WMKOH(MOPMHBIX OTOOpaXKEHUii, a TaK¥Ke METO-
JIOB HEJIMHEWHBIX YPABHEHUH SJIIMITUIECKOTO THUIA C YCIEXOM PAOOTAIOIIUX B ITOM
reopuu. OHHM IpEJCTABJIEHbl B MHULIMUPOBABLIUX UX CUCTEMATUYECKOE KCIIOJIb30-
BaHue paborax Pernernsxa u ero kumre [106]. Cwm. takxke crarbio [107] u kaury
[108].

N3 00630p0B, MOCBAMIEHHBIX WHBIM ACIEKTAM TEOPUM KBA3ZUKOH(MOPMHBIX OTO-
GparkeHWil Ha Pa3HBIX CTAAMSAX ee pa3BUTHs, yKaxkeMm [109-112].

Psin TeopeTuKO-rpynIIoBhIX, AHATATHIECKHX U N€OMETPUIECKUX BOIIPOCOB, TEC-
HO IMPUMBIKAIONINX K OOCYKIABIIUMCS 37€Ch BOIIPOCAM ACHMIITOTHIECKON reoMeT-
puu MHOroobpasuii, MoxkHO Haiitu B [66,104,113,114].

PazBuTre METOOB M OCHOBHBIX Pe3yJbTaToOB paboThl [87] O MpHUBeIeHNN W30~
MEPUMETPUIECKOT0 HEPABEHCTBA K KAHOHUYIECKOMY BHIY HA MHOTOODPA3USIX KOH-
dbopMHO-THIIEPGOIMYECKOTO THITA MOYKHO HaiiTh B HegaBHeil crarbe [115].
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