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ABSTRACT. We investigate Akivis—Goldberg type metrics satisfying some ad-
ditional assumptions.

1. Introduction

Let M be a manifold of dimension n = pg, and let SC(p, q) be a differentiable
field of Segre cones SC,(p,q) C T, M, x € M. The pair (M, SC(p,q)) is called an
almost Grassmann structure and is denoted by AG(p —1,p+ ¢ — 1). The manifold
M endowed with such structure is said to be an almost Grassmann manifold (e.g.,
see [1, Definition 1.1]). Some additional conditions lead to so-called semiintegrable
almost Grassmann structures [1, Definition 1.2]. The latter were studied in [1] and
examples of such structures, mainly 4-dimensional, are presented there. Certain
semi-Riemannian metrics are related to these structures (see Examples 3.5-3.16 of
[1]). These metrics are called Akivis—Goldberg, in short AG-metrics [20]. Manifolds
admitting AG-metrics will be called AG-manifolds. Curvature properties and, in
particular, curvature properties of pseudosymmetry type of AG-manifolds were
obtained in [20]. For instance, on such manifolds we have [20]

(1.1) rank S < 2,
(1.2) (i) S*=0, (ii) Kk =0, (iii) S-C =0.

For precise definitions of the symbols used, we refer to Section 2 of this paper. We
note that (1.2)(iii), by making use of (1.2)(i), (1.2)(ii) and the identity

(1.3) S.C=8 R+—2 5+ 2 gz 4
n—2 n—2 (n—=2)(n-1)
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turns into S+ R = —ﬁ?. Moreover, on every AG-manifold (M, g) the following
condition of pseudosymmetry type is satisfied [20]

(1.4) R-R-Q(S,R) = LcQ(g,0),

where L¢ is some function on Us = {& € M | C # 0 at 2}. With respect to
the above presentation of curvature properties of AG-manifolds we can define the
following extension of this class of manifolds.

Let (M,g), n > 4, be a semi-Riemannian manifold such that Uc NUg C M is
a nonempty set, where Us = {x € M | S — &g # 0 at 2}. The metric g will be
called an Akivis—Goldberg type metric, in short an AG type metric if on Uc N Ug
the following three conditions are fulfilled: (1.4),

(1.5) S R=1:5+ Lag A S+ L3G,
(1.6) 5% = LyS + Lsg,
where Lq,..., L5 are some functions on Uc N Ug. A manifold admitting an AG

type metric will be called an Akivis—Goldberg type manifold, in short an AG type
manifold. Evidently, every AG manifold is an AG type manifold. The converse
statement is not true. In Section 3 we present examples of AG type manifolds. In
particular, we state that every semi-Riemannian manifold satisfying the Roter type
equation [9] is an AG type manifold. Some AG type manifolds satisfy also (1.1). In
Section 2 we prove (see Corollary 2.1) that if an AG type manifold (M, g) satisfies
on Us NUg C M the condition

(1.7) rank S = 2
then (1.6) reduces on Ux N Ug to

1. 2_Fg
(1.8) §* =35

In Remark 3.1 (v) and (vi) we present examples of AG type manifolds satisfying
(1.7). These manifolds can be locally realized as hypersurfaces of semi-Euclidean
spaces. In the last section we consider hypersurfaces M in semi-Riemannian spaces
of constant curvature N*1(c) with signature (s,n+1—35s), n > 4, or in particular,
in semi-Euclidean spaces E?*!, with nonempty set Uc N Us C M, satisfying on
this set (1.4), (1.5) and (1.6). It means that the metric g induced on M from
the metric of the ambient space is an AG type metric. Hypersurfaces M, with
nonempty set Uc N Ug C M, satisfying on this set (1.4), (1.5) and (1.6) will be
called Akivis—Goldberg type hypersurfaces, in short AG type hypersurfaces.

Let M be a hypersurface in N**1(c), n > 4. We denote by Uy the set of all
points of M at which the tensor H? is not a linear combination of H and g. Using
(2.18) and Theorem 4.1 of [19] we can deduce that Uy C Us NUg C M. AG type
hypersurfaces in N"*1(c), n > 4, are also investigated in [22] and [23]. Among
others things in [22] it was shown that (1.4), (1.5) and (1.6) hold on UsNUg —Up.
Therefore we restrict our considerations on AG type hypersurfaces M in N*T1(c) to
the set Uy C M. We mention that an extension of the class of AG type manifolds
was introduced in [22] (see also [23]).
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Our main result states (see Theorem 4.1) that if M is an AG type hypersurface
in E**L n > 5, the set Uy C M is nonempty, and (1.7) holds on Uy, then the
conditions R- R = 0 and R-S = 0 are equivalent at all points of Uy at which
k # 0. An example of a semisymmetric AG type hypersurface, with k # 0, is given
in Section 3 (see Remark 3.1(v)). That hypersurface satisfies

2_
(1.9) R= 25.

2. Preliminaries

Throughout this paper all manifolds are assumed to be connected paracompact
manifolds of class C*°. Let (M, g) be an n-dimensional, n > 3, semi-Riemannian
manifold. We denote by V, R, C, S and & the Levi-Civita connection, the Riemann-
Christoffel curvature tensor, the Weyl conformal curvature tensor, the Ricci tensor
and the scalar curvature of (M, g), respectively. The Ricci operator S is defined by
9(SX,Y) = S(X,Y), where X, Y € Z(M), Z(M) being the Lie algebra of vector
fields on M. We define the endomorphisms X A4 Y, R(X,Y) and C(X,Y) of E(M)
by

(X AaY)Z = A(YY, 2)X — A(X,Z),Y
R(X,Y)Z =[Vx,Vy]|Z - Vixyv1Z,

1
C(X,Y) :R(X,Y)—m(X/\gSYJrSX/\gY—%XAg Y)7

respectively, where X,Y,Z € E(M) and A is a symmetric (0,2)-tensor. Now the
Riemann-Christoffel curvature tensor R, the Weyl conformal curvature tensor C
and the (0, 4)-tensor G of (M, g) are defined by

R(X1, Xo, X3, X4) = g(R(X1, X2) X3, X4),

C(X1, X2, X3, X4) = g(C(X1, X2) X3, X4),

G(le X?a X37 X4) = g((Xl /\g Xz)Xg, X4)7
respectively, where XY, Z, X1, Xa,... € Z(M). Let B(X,Y) be a skew-symmetric
endomorphism of Z(M) and let B be a (0,4)-tensor associated with B(X,Y") by
(21) B(Xl,XQ,Xg,X4) :g(B(Xl,XQ)Xg’X4).
The tensor B is said to be a generalized curvature tensor if

B(X1, Xo, X3, Xy) + B(X2, X3, X1, X4) + B(X3, X1, Xo, X4) =0,
B(X1, X2, X3, X4) = B(X3, X4, X1, Xo).

For a generalized curvature tensor B we denote by Ric(B), Weyl(B) and x(B) the
Ricci tensor, the Weyl tensor and the scalar curvature of B, respectively. The sub-
sets Up, Uric(p) and Uweyi(p) are defined in the same way as the subsets Ug, Usg
and Ug, respectively. Clearly, the tensors R, C' and G are generalized curvature

tensors. For symmetric (0, 2)-tensors E and F' we denote by E' A F' their Kulkarni-
Nomizu product. The tensor E A F' is also a generalized curvature tensor. For a
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symmetric (0, 2)-tensor E we define the (0,4)-tensor E by E = 1E A E. In partic-
ular, we have g = G = %g Ag. Let B(X,Y) be a skew-symmetric endomorphism
of (M) and let B be the tensor defined by (2.1). We extend the endomorphism
B(X,Y) to derivation B(X,Y)- of the algebra of tensor fields on M, assuming that
it commutes with contractions and B(X,Y) - f = 0 for any smooth function on
M. Now for a (0, k)-tensor field T', k > 1, and a symmetric (0, 2)-tensor A we can
define the (0, k + 2)-tensors B - T and Q(A,T) and the (0, k)-tensor A - T'. For the
definition of these tensors we refer, for instance, to [2] or [13]. Setting T' = R,
T=CorT=S5and A=gor A= S we obtain the tensors: S-R, S-C, R-R,
R-C,C-R,C-C,R-5,C-5,Q(g,R), Q(g,C), Q(g,5), Q(S,R), and Q(S,C).
The tensors C' - R, C'- C' and C - S are defined in the same manner as the tensors
R- R and R- S, respectively.

A semi-Riemannian manifold (M, g), n > 3, is called a quasi-Einstein manifold
if its Ricci tensor S has the form

(2.2) S =oag+ew®w, €= =+1,

for some function o and 1-form w on M. We refer to [2] for a review of re-
sults on quasi-Einstein manifolds. AG type quasi-Einstein hypersurfaces in semi-
Riemannian spaces of constant curvature are investigated in [23].

A semi-Riemannian manifold (M, g), n > 3, is said to be pseudosymmetric if
at every point of M the tensors R - R and Q(g, R) are linearly dependent. This is
equivalent to
(2.3) R-R=LrQ(g,R)
onUgp ={z € M | R— 55;G # 0 at x}, where Lg is some function on Ug. We
note that Uo C Ur and Ug C M. The class of pseudosymmetric manifolds is an
extension of the class of semisymmetric manifolds (R- R = 0). A semi-Riemannian
manifold (M, g), n > 3, is said to be Ricci-pseudosymmetric if at every point of M
the tensors R - S and Q(g,S) are linearly dependent. This is equivalent to

(2.4) R-S=LsQ(y,5)

on Ug, where Lg is some function on Ug. We say that (2.3) and (2.4) are certain
conditions of pseudosymmetry type [2], [12]. The class of Ricci-pseudosymmetric
manifolds is an extension of the class of Ricci-semisymmetric manifolds (R-S = 0)
as well as of the class of pseudosymmetric manifolds. Some geometrical considera-
tions show that (2.3), resp., (2.4), is a more natural curvature condition than the
condition R- R =0, resp. R-S = 0. For a presentation of facts related to these
statements and, in general, on pseudosymmetry type conditions we refer to [2] and
[12].

LEMMA 2.1. Let (M,g), n = 3, be a semi-Riemannian manifold and let A be
a nonzero symmetric (0,2)-tensor at x € M.

(1) If
(2.5) rank A =2
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at x, then at x we have
tr(A?) — (tr(A))?

(2.6) A3 = tr(A)A% + 5

A.

Moreover, if
(2.7) A% = oA + g, a, B eR,

at x, then at x we have

A
(2.8) A2 = tr(Q ).
(#) If rank A < 2 and
(2.9) A=ag+ ew®w, a€R, e==£1, weTiM,

at x and w is nonzero, then at x we have rank A = 1.

PROOF. (i) It is clear that (2.5) is equivalent to
A (AnkAjm — ApnmAji) + Aji (A Anm — Aim Ank) + Ani(AjpAim — A Ajm) = 0.
Contracting this with ¢"* and ¢! we obtain
(210)  tr(A)(Audjm — AindAji) + Aj AL, + Aim A% — Ag A% — Ajn A5 =0
and (2.6), respectively. Further, substituting (2.7) into (2.10) we get

(2.11) (tr(A) —20) AN A =20g N A.
We suppose that tr(A) — 2a # 0 at x. Now (2.11) yields
20
2.12 ANA= ————gANA.
(2.12) A tr(A) — 207 A

We note that from (2.5) it follows that A is not proportional to g. Thus (2.12),
in view of Lemma 3.1 of [21], implies 8 = 0 and, in a consequence, rank A = 1, a
contradiction. Therefore 2o = tr(A). Now (2.11) reduces to Sg A A = 0 whence
B(A— %g) =0, and in a consequence, § = 0, completing the proof of (i).

(ii) We suppose that (2.5) holds at z. From (2.9) we have

(2.13) Aij = agi; + ewjwj,

(2.14) A?j = ad;j + ew" Arwj, w" = g ws.

(2.14) yields w"A,;w; = w" A, ;w; whence

(2.15) w" Ay = Aw;, AeR.

Now (2.14) turns into A7; = aA;; + e w;w;, which by making use of (2.8) and (2.9)
gives (a+ A — #)A = aAg. This implies o + X = # and aA = 0. We suppose
that o # 0. Now the last two relations yield

(2.16) (a) A=0, (b) a=tr(4)/2.

Evidently, (2.15) by (2.16)(a) reduces to w"A,; = 0. Now, contracting (2.13)
with ¢ and transvecting with w’, respectively, and using (2.16)(b) we obtain
222 tr(A) + ew"w, = 0 and tr(A) + ew"w, = 0, respectively. These relations imply
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tr(A) = 0, which by (2.16)(b) yields @ = 0, a contradiction. Since o = 0, (2.9)
reduces to A = ew ® w, completing the proof. O

COROLLARY 2.1. Let (M,g), n > 4, be a semi-Riemannian manifold.
(1) If (1.6) and (1.7) are satisfied on Ug C M, then (1.8) holds on this set.
(i) If (1.1) and (2.2) are satisfied at every point of Us C M, then rank S =1 on
this set.

Let M, n > 3, be a connected hypersurface isometrically immersed in a semi-
Riemannian manifold (N, g"V). We denote by g the metric tensor induced on M
from the metric tensor g%V. Further, we denote by V and V¥ the Levi-Civita
connections corresponding to the metric tensors g and ¢, respectively. Let £ be
a local unit normal vector field on M in N and let ¢ = gV (£,€) = +£1. We can
present the Gauss formula and the Weingarten formula of (M, g) in (N, g") in the
form: VY = VxY + eH(X,Y)¢ and Vx¢& = —AX, respectively, where X,Y
are vector fields tangent to M, H is the second fundamental tensor of (M, g) in
(N,g"™), A is the shape operator and H*(X,Y) = g(A*X,Y), k > 1, H' = H
and A' = A. We denote by R and RV the Riemann-Christoffel curvature tensors
of (M, g) and (N, g"), respectively. The Gauss equation of (M, g) in (N, g") has
the form R(Xy,...,X4) = RN (X1,...,X4)+eH(Xy,...,X,), where H = %H/\H
and Xi,...,X, are vector fields tangent to M. Let the equations z" = 2" (y")
be the local parametric expression of (M, g) in (N, g"), where y* and 2" are the
local coordinates of M and N, respectively, and a,b, h,i,7,k,I,m € {1,2,...,n}
and p,r,t,u € {1,2,...,n+ 1}.

Let M be a hypersurface in N *1(c), n > 4, ¢ = ﬁ, where 7 denote the
scalar curvature of the ambient space. Now the Gauss reads (see e.g. [14])
- T
(2.17) Rpijr = eHpijp + mGhzjk,

where Rpijk, Ghijk, Hpi and ﬁhijk = HpiH;; — Hp;H;p, denote the local compo-
nents of the tensors R, G, H and H, respectively. Contracting (2.17) with ¢*/ we
obtain

(n—1)7

9hk,
)

where tr(H) = g"¥Hy,, and Sy, are the local components of the Ricci tensor S of
M. From (2.18) we easily get

2(n — 1)er

Sk = 9" SniSkj = Hpyy, — 2tr(H) Hjyy, + ((te(H))? — n(n+1) VHE,

Further, on every hypersurface M in N T1(c), n > 4, we have [19]

(2.20) R-R—Q(S,R) = —~———2_

3
3
_|_

Z
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Thus (1.4) is satisfied on every hypersurface in N*1(c), n > 4. Evidently, if
x € Ug — Uy, then at x we have H? = aH + f3g, o, 3 € R. The last relation leads
o (cf. [17, Proposition 3.1(ii)])

(2.21) R-R= (m - sﬁ)Q(g, R).

Thus (2.3) holds on Ur — Uy. Further, if M is a pseudosymmetric hypersurface in
N™t(c), n > 3, then on Uy C M we have [8, Theorem 3.1]

.
2.22 TR= ——— .

(222) RR= ol Qo)

It is also known [7, eq. (3.8)] that if M is a pseudosymmetric hypersurface in
N™t(c), n > 3, then on Us C M we have

(n—2)7 T
2.2 (s PN R T &)=
(2.23) Q<S ( RJrn(n—&—l))g’R n(n—l—l)G) 0
In particular, applying (2.22) into (2.23) we get on Uy C Ug
(n— 1)7’ T B

Q(S (n-l—l) n(n+1)G) =0
From this, in view of Lemma 3.4 of [15] it follows that

T _Pfe (n—Dr _(n=Dr

nn+1) 2 (S n(n + 1)9) " (S n(n + 1)g>’

on the set V of all points of Uy at which S has no a decomposition of the form
(2.2) and ¢ is some function on V.

3. Examples

Let (M,g), n > 4, be a semi-Riemannian manifold, with nonempty set Uc N
Us C M, and let its curvature tensor R satisfies on Uo N Ug
(3.1) R=¢S+ugNS+nG,

where ¢, 1 and 7 are some functions on Ug N Ug. According to [9], (3.1) is called
the Roter type equation. We mention that above decomposition of R on Uz N Ug
is unique [16, Lemma 3.2]. From (3.1) we have [15, Theorem 4.2]: (2.3), with

Lr=(n—2)(4(n—355) —n),
R-R-Q(S,R) = (Ln+ g)Q(g,C),

_ (n—2)p—1 pk+ (n —1)n
SQ—<I€+ p )S+ )

Further, as it was shown in [15], (3.1) implies

a
S Rrije = (o + 1) (SmuSij — SmjSik) + (f + 77) (9ijSmk — 9ikSmyj)

(3.2) + B(gmrSij — 9mjSik) + @Gmiﬂm

¢
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where a = ¢k — 1+ (n — 2)p, S = uk + (n — 1)n. Now (3.2) leads to (1.5), where
46

[0}
Ly = —A(ar+p), L2=—2(—”+n+ﬁ), Ly ==

¢

Thus we have

THEOREM 3.1. Every semi-Riemannian manifold (M, g), n > 4, satisfying the
Roter type equation is an AG type manifold.

REMARK 3.1. (i) Semi-Riemannian manifolds satisfying R = ¢S5, i.e. the spe-
cial case of (3.1), were investigated in [24] (see also references therein).

(ii) Examples of warped products satisfying (3.1) are given in [18]. In Example
5.1 of that paper a warped product fulfilling (3.1) is given. That warped product
can be locally realized on a hypersurface in a semi-Riemannian space of constant
curvature.

(iii) Applying Lemma 3.4 of [15] to (2.23) we conclude that the curvature tensor
R of a pseudosymmetric hypersurface M in N?*1(c), n > 4, is of the form (3.1) at
all points of Us N Uc C M at which its Ricci tensor is not of the form (2.2).

(iv) Let My xp My, p =n—1 = dimM; > 3, dim My = 1, be the warped
product defined in [13, Example 4.1]. This manifold satisfies (1.2) and rank S = 1.
Furthermore, applying the two last relations to (1.3) we get S-R = 0. The manifold
M, xp Mo, satisfies R - R = Q(S,R), i.e. (1.4) with L = 0. Thus we see
that the warped product M; xp Ms is an AG type manifold. This manifold is
locally isometric to a hypersurface in a semi-Euclidean space [13, Example 5.1].
We mention that warped products satisfying (1.4) were investigated in [5]. For
instance, in [5] it was shown that any warped product My xp My, dim My = 1,
dim M, = 3, satisfies (1.4).

(v) Let My x pMs, p=dim M; > 3, n—p = dim My > 1, be the warped product
defined in Section 4 of [4]. This manifold satisfies R - R = Q(S, R), i.e. (1.4) with
Lo =0, and rank S > n — p+ 1. Further, if we assume that n — p = 1 and the
constant £7¢ ¢, defined in Section 4 of [4], is nonzero, then rank S = 2. Moreover,
from (44) of [4] it follows that in this case the scalar curvature k of My xp Ms is a
nonzero constant and (1.7) and (1.8) are satisfied. On such manifolds we also have
(1.9) [26, Example 3.1]. Thus, in view of Theorem 3.1, M1 Xz M> is an AG type
manifold. In addition, this warped product is locally isometric to a hypersurface
in a semi-Euclidean space ( [4]; see also [26, Example 4.2]).

(vi) Let (M,g) be a non-flat 2-dimensional Riemannian manifold. It is easy to
check that the product manifold M x E"~2, n > 4, satisfies (1.7), (1.8) and (1.9).

Moreover, the manifold M x E"~2, n > 4, can be realized as a hypersurface in
Er+L,

Let (M, g), n = 4, be a semi-Riemannian manifold. We define on Us NUg C M
the tensor W(R) by
W(R)=R— ¢S —ugAS—nG,
where ¢, (1 and n are some functions on U-NUg. The tensor W(R) will be called the
Roter type tensor. Manifolds satisfying pseudosymmetry type curvature conditions
related to the Roter type tensor will be investigated in subsequent papers.
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We present now an extension of the above definition. Namely, for a generalized
curvature tensors B and symmetric (0,2)-tensors A and D we define on Ugjc(py N
Uweyi(B) C M the (0,4)-tensor W (B, A, D) by

W(B,A,D) =B —¢A— uAND —nD,

where ¢, y and 7 are some functions on Ugje(p) N Uweyi(p)- The tensor W (B, A, D)
will be also called a Roter type tensor. For instance, we have the following Roter
type tensors

W(B,A,g) =B~ ¢A—pgANA—1G,
W(B) = W(B,Ric(B),g) = B — ¢Ric(B) — pug A Ric(B) — nG.
Some results on Roter type tensors W(B, 4, g) and W (B, Ric(B),g) are given in
[12] and [25]. For instance, we have

PROPOSITION 3.1. [25] Let (M,g), n > 4, be a semi-Riemannian manifold
admitting a generalized curvature tensor B satisfying W (B, A, g) = 0 on Ugie(g) N
Uweyi(By C M. Then on this set we have

2
B-B - Q(Ric(B), B) = LQ(g, Weyl(B)), L= (n—2) (% ).
Moreover, if A= Ric(B) on Ugicp) N Uweyi(B), then on this set we have

2
_ O Y L Ry o
B-B=1L5Q.B), Lp=0m-2( ~n)-5
PROPOSITION 3.2. [12] Let (M, g), n = 4, be a semi-Riemannian manifold ad-
mitting a generalized curvature tensor B and let the conditions B-B = Q(Ric(B), B)
+ LQ(g, Weyl(B)) and B - B = LpQ(g, B) be satisfied on Ugie(p)y N Uweyi(p) C M.
Then on this set we have
L
Q(Ric(B) —(Lp —L)g, B — ?G) =0.

ProPOSITION 3.3. [2, Corollary 6.1] Let (M, g), n > 4, be a semi-Riemannian

manifold admitting a generalized curvature tensor B and let

Q(Ric(B) — Lag, B — [1G) =0

be satisfied on U = Ugie(py N Uweyisy € M. Then W(B) = ¢Ric(B) + pug A
Ric(B) + nG on the subset V.C U of all points at which the tensor Ric(B) has no
a decomposition in a metrical term and in a term of rank one, where ¢, u and n
are some functions on V.

4. AG type hypersurfaces satisfying rank S = 2

Let now M be a hypersurface in N1 (c), n > 4, We set [14, eq. (13)]

ER

(4.1) A=H?—tr(H)H? + H.

n—1
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Further, let B be a (0, 2)-tensor with the local components By defined by By =
g Hp;Sk;. Using (2.17), (2.18) and (4.1) we obtain

(n—17 K
4.2 B=—-cA H
(42) c +<n(n—|—1)+n—1> ’

2T
4. -R=-2¢HANB—- —
(4.3) S R cH N n(n+1)gAS,
respectively. Substituting (4.2) into (4.3) and using (2.17) we get
(n—1)7 K T 27

4.4 -R=2HANA-14 - i e .
(4.4) §-R=2HN (n(n+1)+n71>(R n(n+1)G) n(n+1)g/\s

Let now M be a Ricci-pseudosymmetric hypersurface in N**1(c), n > 4. On
Uy C M we have [3, Theorem 3.1 and Proposition 3.2]

(4.5) R-S= m@(gas)-

It is known (see Proposition 3.2 and Theorem 3.1 of [3]) that (4.5) is equivalent on
UH to

(4.6) H? =+tr(H)H? + \H,

where X is some function on Ug. Now (4.1) turns into
€K

47 a=( ).

(4.7) +

Applying (2.17) and (4.7) in (4.4) we obtain (cf. [11, Theorem 3.1])

(48) 5 R=4(er- %) (R s €) - n(n2:— 9N

If the ambient space is EPT! then (2.20) reduces to
(4.9) R-R=Q(S,R).
Similarly, in this case, (2.17) reduces to
(4.10) Rhiji = eHnijis-

PROPOSITION 4.1. Let M be a hypersurface in ETY n > 4. If at x € Ug N
Us —Ug C M we have R-S =0, then R- R =0 at x.

Proor. Evidently, (2.21) reduces to R-R = —££Q(g, R), which implies R-S =
—£6Q(g,S), and in a consequence, 3 = 0 at 2. This completes the proof. O

It is clear that every semisymmetric manifold is Ricci-semisymmetric. The
converse statement is not true. Under some additional assumptions both conditions
are equivalent to each other. This problem, named the problem of P.J. Ryan, was
considered by several authors, see [6], [10] and [11] and references therein. Among
other things, in [6] it was proved that the conditions R- R =0 and R-S = 0 are
equivalent on hypersurfaces in N(c).
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PROPOSITION 4.2. Let M be a Ricci-semisymmetric an AG type hypersurface
in EnL n > 5, and let the set Uy C M be nonempty. In addition, let (1.7) be
satisfied on Ug .

(i) The condition R - R = 0 is satisfied at all points of Uy at which k # 0.
Moreover, (1.9) holds at such points.

(i4) The condition R- R # 0 is satisfied at all points of Ug at which k = 0.

PROOF. Let z € Uy. From (2.19), in view of Corollary 2.1(i) and (4.6), we get

=) E + (224 ) ().

(4.11) HY = (2(tr(H))2 :

Furthermore, from (4.6) we get
(4.12) H* = ((tr(H))* + N\)H? + A tr(H)H.
Comparing the right-hand sides of (4.11) and (4.12) we obtain

(A L. tr(H))H2 + (A + ﬁ) tr(H)H = 0,

2 2
whence A+ 5 = tr(H) and (A + ) tr(H) = 0. These relations yield
(4.13) (@) A= fg, (b) tr(H) = 0.
Now (4.6) and (4.8) turn into
_ e(n—=3)k
(4.15) S R= ng.

respectively. Since M is an AG type manifold, (1.5) holds on Uy. Now (4.15), by
(1.5), leads to

K
—§Rhijk = L1(ShxSij — SnjSik) + L3(gnkgij — 9njgir)
(4.16) + L2(9ij Shk + 9niSij — njSik — GikShj)-

If k # 0 at x, then from (4.16), in view of Theorem 4.2 of [15], it follows that (2.3)
holds at z. Evidently, (2.3) implies (2.4), and in a consequence, we obtain L = 0
and R- R =0 at . Further, contracting (4.16) with S! and using (1.8) we obtain

K kL1\—= kL
_§Slthijk = <L2 + 71>Slijk: + <L3 + T2>(9ij5uc — 9ikSij)-
Symmetrizing this in ! and ¢ and using the relation R-S = 0 we get (Ls +
”TLQ)Q(g,S) = 0, whence
)
5

On the other hand, contracting (4.16) with g%/ and using (1.8) we find

(4.17) Ls =

(5+ "””TLl +(n=2)Ly)S = —(kLa + (n — 1)La)g,
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whence

Kk kL
54’714‘(71*1)[/2:0.

From (4.17) and (4.18)(a) we get Ls = 0. Now (4.17) reduces to Ly = 0. Applying
this to (4.18)(b) we obtain x(L; + 1) = 0, whence L; = —1. Now (4.16) reduces to
(1.9). But this completes the proof of (i).

Let now k = 0 at © € Uy. Thus (4.14) turns into A = 0. This, together with
(4.13)(b), reduces (2.18) and (4.2) to

(4.19) Sjk = —eH3,, By = H}Sje = H, =0,

(4.18) (@) KLy=—(n—1)Ls,  (b)

respectively. We suppose that R- R =0 at x. Now (4.9) yields

ShiBRmijk + SauRumjk + SjiRnimk + SkiRhijm
— SumRiijk — SimBRuijr — SimRuitk — SkmRnijr = 0.

This, by transvection with H! and H}* and making use of (4.10) and (4.19), leads
(4.20) Sim (Sb; Stk — SbrSij) + Sit(Sbj Skm — SpkSim) = 0.

We set Yy, = X755y, where X7 and Y7 are the local components of vectors X,Y €
T, M such that Y2 +---+Y,2 > 0, where Y}, = g;;,Y7. Transvecting now (4.20) with
X! and X™ we obtain Yi(YiSp; — Y;Spr) = 0, whence it follows that rank S =1 at
x, a contradiction. Thus if Kk =0 at € Uy, then R- R # 0 at . Our proposition
is thus proved. O

The last proposition implies

THEOREM 4.1. Let M be an AG type hypersurface in E?*tY n > 5, satisfying
(1.7) on nonempty Uy C M. The conditions R-R =0 and R-S = 0 are equivalent
on the subset of Uy of all points at which k # 0.
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