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ON SYLOW SUBGROUPS OF S,

Rados Bakié

Communicated by Zarko Mijajlovié

ABSTRACT. We give a new approach to description of p-Sylow subgroup nor-
malizers in the groups Sy, (symmetric group on n letters).

1. Sylow subgroup normalizer in S,

Let P,(p) = P, and N,(p) = N,, denote p-Sylow subgroup in S,, and its
normalizer respectively. For «, 8 € S,,, the product o will mean S(a(x)).

We shall briefly repeat the construction of P,, which goes inductively. The set
of letters will be the set of first n natural numbers. If n = p, where p is a prime, then
P,=(12...p). Let n=pF. Set T, = {(i — \)p* L +1,(i — 1)p*~L +2,...,ipF~ 1}
for 1 <14 < p. Let K = (), where 7w € S,, is such that w(T;) = T;41 for i < p, and
7(T,) = T4, and 7 is increasing on each Tj, i.e., z <y = 7w(z) < m(y). Obviously,
K = C,,. Further on, we define Hy = Py—1 and H; = '~ Pyt We take H;
as a permutation from S, in natural way, fixing all the letters that are not in T;.
The subgroup K normalizes the group H = H1Hy---Hp, = Hy x Hy x --- x Hp,
and finally we have P,, = HK. We are now going to describe N,, for n = p*. Note
that P, is transitive on the set {1,2,...,p"} and has T} as a block system.

LEMMA 1. Let {B; | 1 < i < p} be a partition of {1,2,...,p*} such that
|B;| = p*~! for eachi. Let a € Spr have B; as its block system. Then for 0 <i < p
there exists unique o; with the following properties:

1) if x ¢ B;, then o;(x) =z, fori # 0,

2) o has B; as a block system and is increasing on each B;, a = aqaz . .. apag.

PROOF. Let a(B;) = Ba(;). Then there exists a unique increasing bijection
Bi : B; — By, and let ag be the “union” of 3;. If we define a;(z) = ay ' (a(z))
for ¢ € B; and «;(z) = x elsewhere, then we obtain the desired factors. The
uniqueness follows easily since a; and «; commute for 7,5 > 0. (]
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If a,0 € S, both have the same block system B;, then B; is also a block
system of af. So, if B; is the block system as in the lemma above and if o =
ay...op00 and B = By ... (6,0 are corresponding factorizations, then how can we
get factorization of af8? If af = (af)1...(aB)y(af)o one can easily check that
(af); = oy aoﬁa(i)aal, where a(i) is defined by a(B;) = Ba(;), and (af)o = afo.

LEMMA 2. Let B;, 1 <i < p, be a block system for P, and |B;| = p*~'. Then
for each @ there exists j such that B; =1T}.

PRrROOF. Set C;; = T; N B;. Then, for o € P, the following holds: «(C; ;) =
a(Ti) Na(By) = Tauy N Bay)y = Cagi),ag) 50 Cij is also a block system for P,.
Suppose that 77 # B; for all j. Then we can assume that C; and C 2 are not
empty. Since |Ci 1| < |Bi| then C,, 1 has to be also nonempty for some m > 1.
Since H; < P, for z € C1 1 and y € C' 9, there exists an o € Hy such that a(z) =y
as Hj is transitive. From Cy; C B; and Cy2 C By it follows that a(B;1) = Ba,
since a(B1) = B;. Let ¢ € Cy, 1. Since Cp,n NT1 = 0 and « € Hy it follows that
a(c) = c. That means that a(c) € By, contradicting a(By) = Bs. O

LEMMA 3. If a € N, then T; is a block system for a.

ProOF. Consider the set {a(T};) | 1<i<p}, which is a partition of {1, 2, ..., p*}.
For every B € P, there exists v € P, such that Sa = avy, since a € N,. Then we
have B(«(T;)) = a(v(T;)) = a(T;), and this shows that «(T;) is a block system for
P,,. By Lemma 2, it follows that T; is a block system for «, as required. O

Now, let a € S,, having T; as its block system. So, by Lemma 1, we have
o= o1 ...ap09. We want to characterize a € Ny, in the terms of a;. We say that
aq is connected with oy if o; = 7' %~ 1. The condition o € N,, is equivalent to
aKa™! € P, and aH;a~ ' € P, for all i. Hence, for arbitrary 8; € H; the following
should hold:

so—1 _ s —1. -1 —1
(1) ar®a” = apaomiag QLo

P
s —1 _—1 —s —1 s —1
= ;oo o e agm’ o P,
(H 1 &0 0 ((xﬂ'saal)(i) 0 0 ) 0 0 SV o
=1

-1 _ S |
(2) afa” = aagl(i)ozoﬁzao aagl(i) e pb,.

In the conditions above we applied factorization rule for a product of permutations.

If L is a subgroup of S,, consisting of permutations having T; as a block system
and being increasing on each 7;, then L is isomorphic to S, and has K as its p-Sylow
subgroup. By well-known fact then |Np(K)| = p(p — 1).

If we analyze the conditions 1) and 2), then it is not difficult to see that o € N,,
iff g € Np(K), a1 € Ny /p as a permutation of T and each «y, ¢ > 0, is connected
with some 8 € N, /, such that ﬂal_l € H;. From previous conditions we get a
recurrent formula for | N |:

k-1 pF—1
[Nyi| = p(p—1)pP ~!Npe-1|, and hence [Npi| = (p—1)Fp 7= = (p—1)F|P,]

Before considering the general case for P,, we state a lemma.
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LEMMA 4. Let R = {a1,...,a,:} be an increasing sequence of natural numbers,
andT ={1,2,...,p"}. There are |N,x| bijections © : T — R such that © ' P © =
P, where P is a p-Sylow subgroup of Sy constructed on R, in the same way as Py
was constructed on T'.

PROOF. The proof follows immediately since for every such © and some ) €
N(P), we have Q(a;) = O(i), for all i, 1 < i < p*. O

We return now to the general case for S,, and P,. In the general case the
construction of P, goes as follows. Let

n=ag+aip+asp® + - + agp”

be p-adic decomposition of n. Now we make a partition T; ; of the set {1,2,...,n}
such that 0 <7 < k, 1 < j < a; and |T} ;| = p’. In that partition To; = {7}
T1,1 consists of the next p not taken numbers, while next p numbers are 77 » and
so on. Let P;; € S, be equal to the p-Sylow subgroup on the set T; ; constructed
in the same way as P, was on the set {1,2,... ,pF}, with Py ; trivial group and
P, j(x) = x elsewhere. Then, as it is well known, P, is the internal direct product
of all Pi,j~

Let h € N,. If f € P,, then f(h(T;;)) = h(f1(Ti;)) = h(T;;) for some
f1 € P,. Suppose now that for some T; ; and T,,,; we have h(T; ;) Ty, # (0. Then
it must be h(T; ;) D Tp,i- On the contrary, there would exist x € T,,,; \ h(T; ;) and
y € Ty NA(T; ;). Because P, is transitive on Ty, ;, there exists f € P,,; with
f(y) = x, contradicting f(h(T; ;)) = h(T; ;). Therefore, h(T; ;) is a union of some
Ty y. If (T} ;) contains at least two distinet 15, ; (and of course | T, 1| < |R(T5 5)]),
then we have p* < ag+---+a;—1p"~! and this is false since, in general, a; < p. So,
it follows h(T; ;) = T;; and hPiJh’l = P, ;. Let h; j be the restriction of h to T} ;.
Hence, H; ; : T; ; — h(T; ;). A permutation h € N, is uniquely determined by its
H; ;. By Lemma 4, for each H; ; we have |N,:| possibilities. We can conclude that

k
AR I Y
=0

Finally let us just notice that using the above description, N,, can be recursively
generated.
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