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ON GAPS BETWEEN BOUNDED OPERATORS
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ABSTRACT. We consider the distance between an arbitrary bounded oper-
ator on a Banach space X and the null operator. The distance is computed
in terms of various gaps. Thus, we generalize the Habibi’s result from [4°

1. Introduction

In [4] Habibi considered the spherical gap between a linear operator and the
null operator on finite dimensional Hilbert spaces. We extend (see also [1]) his
result to various gaps on arbitrary Banach spaces.

Let X,Y be arbitrary Banach spaces. We denote by G(X), and B(X,Y),
respectively, the set of all closed subspaces of X and the set of all bounded linear
operators from X to Y. The closed unit sphere of a Banach space X is denoted
by S(X). If = is a vector of a Banach space X and M is a subset of X we put
dist(z, M) =inf e pr ||z —m]|. If M, N are subspaces of X, the set of all invertible
operators C' on X such that C(M) = N is denoted by B(X; M, N)™1. Let X xV
be the space with the norm

1z )l = (2] + [lylP)' /P, zeX. yeY. p=1.

Let M, N € G(X). The spherical gap between M and N is defined by [2]

O(M, N) = max {(?)O(M, N),B(N, M)} ,

where

eO(M?N) = Ssup d(mvs(N))
meS{M)
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The geometric gap between M and N is defined by [6]
O(M,N) =max{Oy(M,N),O¢(N, M)},

where
Oo(M,N)= sup d(m,N).
meS{M)

If A, B € B(X,Y), then their graphs G(A), G(B) are closed subspaces of X xY’,
so the gap between the operators A and B is defined as the gap between their
graphs; i.e.,

O(4, B) = ©(G(A),G(B)) and ©(4, B) = O(G(A), G(B)).
Also,
O4(A4, B) = 00(G(A4),G(B)) and ©Oy(4, B) = 04(G(A),G(B)).

Obviously,
O(4, B) = max {@O(A B),00(B, A)} ,
O(A, B) = max {00(4, B), 0o(B, A)} .

In [4] Habibi considered the spherical gap between operators on finite dimensional
Hilbert spaces, assuming p = 2. We shall consider spherical and geometric gap of
bounded operators on Banach spaces, where p > 1 is arbitrary. Thus, a generaliza-
tion of Habibi’s result is obtained.

2. Results

First we compute the spherical gap between a bounded operator and the null
operator.

THEOREM 2.1. If X\ Y are Banach spaces and A € B(X,Y), then

éun:@sz<OfKLwLvap+ﬂﬁgwym'

Proof. Since

G(A) ={(z,Ax) :x € X} and G(0) = {(z,0) : 2 € X},

it follows that

Bo(4,0)=  sup inf  ||(z,0) — (y, Ay)||
(y,Ay)€S(G(A)) (2,0)€S(G(0))
= sup inf ([lz—y|” +]Ay|")"P.

yeX reX
lyll*+ [l Ayl]P=1 ||=||=1



ON GAPS BETWEEN BOUNDED OPERATORS 51

Consider the function

Fla,y) = (|z — y|I? + || Ay|[?)V/>.

Suppose that x € X, y € V satisfy

(1) lzll =1, |lyll” + [|Ayl|” = 1.
Then
Fls) = (Ul = lyl)? + 1 AglP)? = (1= gl + |l 4g|P) .
Hence,
(2) Inf fla,y) > (A - [lyl)* + || Ayl[P)'/>.
llz]l=1

Also,

; Y — _ P n1/p
3) it fa) < S (hw) = (@ TP + 4l

ll=ll=1

So, from (2) and (3) it follows that

(1) inf () = (1 [lgl)? + | 4y[[7)/".

T
llzll=1

According to the condition (1) we have

llyll = AT

1

Since the function ¢(t) = (1 — £)? + 1 — ¢¥ is decreasing for 0 < ¢t < 1, we have

60("4?0) = sup

yeX
lyll*+1l Ayllr=1

()

Let y = cx, where ¢ = i

(= lgll)? + 1= 1Py /7

1
L[| Az|lP)t/2

1 AP\
||p>

= (“ T AR T T4

It is obvious that y satisfy the condition (1)

and f(z,y) = ((1 - (1+|IA;||1’)1/”)p +

So,

» 1/p
Az \Y
A7)

| 1 P A\
(6) 1n£ flz,y) < <<1 - (1+ ||Aa;||1’)1/p> + 1+ ||A9U||p> .

yE
Iyl + 1l Ayl[*=1
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The function ¥(t) = (1 — W)p + ILH is increasing, so from (6) it follows that

N R SO T
©0(0,4) < sup ((1— (1+||Aasllp)1/p> - 1+||A:c||”>

llzll=t

© (- uinp)l/p)p 1 %fnp)w'

Finally, from (5) and (7) we have that

O(4) = max {@O(A,OL 80/(0, A)} = By(4,0)

%(“Wﬂ%)w -

From the proof of Theorem 2.1 it follows that

) S 1 O
@0(0,14) < 60(‘4’0) - <(1 o (1 + HAHP)l/P) + 1+ HAHp)

Notice that Habibi’s main result in [4] is a special case of our Theorem 2.1 for p = 2.

Now, we consider the geometric gap.

THEOREM 2.2. If X, Y are Banach spaces and A € B(X,Y), then

Al
Op(4,0) = ——————.
o0 = T
Proof. 1t follows that
O0(4,0)=  sup  inf (|lz—y|[? + || Ay|P)"/"
yeX reX
[lylIP+]| Ayl =1
| Az A
= su Ay|| = su = O
sup A= S e A T Ly age
gl* +lAy]|F =1

Tn the case p = 2 we can obtain the following Habibi’s result.

THEOREM 2.3. If X and Y are Banach spaces, A € B(X,Y) and p = 2, then
the following holds:
14l

OO = A
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Proof. By Theorem 2.2 it is suflicient to prove
1Al
(1+ 11 4]]2)*/2
Actually, this is a Habibi’s result from [3]. For reader’s convenience, we give a

complete proof. Consider the function f(x,y) = (||lz — yl|* + ||4y|[>)*/2. Let x €
S(X)and y = T Az Lhen we have

60 (Oa A) <

[[Axll

dist((z,0), G(A)) < f(z,y) = 0+ [Az[ D172

_t

Since the function u(t) = is increasing, it follows that

Tre
_ : || Az]|
0,(0, 4) = [|i1|£1 dist((z,0), G(4)) < ”ihlgl —(1 Az |22 _
A
(1+[JA][2)/2

Finally, we can prove the following result.

THEOREM 2.4. Let X,Y be Banach spaces and X x Y is the space with the

norm
1@yl = (=l +1lylI*)'/*, ze X, yeV.

If A,B € B(X,Y), then
|A - Bl
A= B

O(4, B) < 2(1+min{|| ], 1 BII}*) (

Proof. From [5], Theorem 2.17, page 204, it follows that
O(4,B) = O((4 — B) + B,0+ B) < 2(1 + |B|*)6(4 - B,0),
and
O(A,B)=0(0+ A, (B - A)+ 4) <201+ [[A|»)O(B — 4,0).
Now, by Theorem 2.3 we have that
4B
(1+[]A = B[]2)t/?

O(4,B) <2(1+ B[
and
|A - B

G(AvB) < 2(1 + HAH2) (1 T HA _ B||2)1/2’

ie.,
14— Bl

(e BE

O(4, B) < 2(1 + min{||A],, | BI1}*)

The author wishes to thank referee for suggestions which greatly improved
several proofs.
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