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LINE GRAPHS WITH EXACTLY TWO
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ABSTRACT. All connected line graphs whose third largest eigenvalue does not
exceed 0 are characterized. Besides, all minimal line graphs with third largest
eigenvalue greater than 0 are determined. Finally, all connected line graphs
with exactly two positive eigenvalues are characterized.

1. Introduction

Let G be a simple graph with n vertices and Ay > Ay > --- > A, be the
eigenvalues of its 0-1 adjacency matrix. We also use the notation \; = X\;(G)
(t=1,2,...n).

There are several results concerning graphs with small number of positive eigen-
values (e.g., [3], [4], [5]). Smith [5] determined all simple graphs with exactly one
positive eigenvalue. All simple graphs with at most two nonnegative eigenvalues
and all minimal simple graphs with exactly three nonnegative eigenvalues are de-
termined in [4]. Characterization of graphs with exactly two positive eigenvalues
is still unsolved problem in the general case. In [4] this problem was solved in the
class of connected bipartite graphs. We give the solution in the class of connected
line graphs.

We explicitly characterize all connected line graphs with property A3(G) < 0
and prove that a connected line graph G has this property if and only if G is
an induced subgraph of some of the 4 graphs displayed in Fig. 2. Two of them
represent in fact classes of graphs.

We also determine all minimal line graphs with the property A3(G) > 0. There
are exactly 13 such graphs and they are presented in Fig. 3. Finally, we characterize
connected line graphs having exactly two positive eigenvalues.

A graph property P is called hereditary if the following implication holds for
any graph G: if G has property P, then the same applies for any induced subgraph
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FiGURE 1

of G. A graph H is forbidden for a property P if it does not have property P. If
a graph G contains the forbidden subgraph H (for a property P) as an induced
subgraph, then G does not have property P. A forbidden subgraph H is called
minimal if all vertex deleted subgraphs H — i have the property P.

Throughout the paper H C G will denote that H is an induced subgraph of a
graph G.

Beineke characterized line graphs by showing that there are exactly nine min-
imal nonline graphs.

LeEmMA 1. [1] A graph G is a line graph if and only if does not contain any of
the 9 graphs in Fig. 1 as an induced subgraph.

2. Main results

Denote by Fi, Fy, F3 = F5(n) (n > 3) and Fy = Fy(p,m,n) 2p+m +n > 2)
the line graphs displayed in Fig. 2.

THEOREM 1. The graphs Fy—Fy from Fig. 2 have the property As(F;) < 0
(i=1,2,3,4).

PRrROOF. By direct calculation we verify that A3(F;) <0 (i =1,2).
It is not difficult to see that all eigenvalues of the graph F3 = F3(n) (n > 3),
different from —2, —1 and 0, are determined by the equation

M —n+3)N+n—4HA+6n=0

that has exactly two roots greater than 0.

In order to verify this we show that for all values of n > 3, in the sequence
(1,—(n + 3),n — 4,6n) there are exactly two sign changes. This has to be done
separately for n = 3 and n > 4.

Further, all eigenvalues of the graph Fy = Fy(p,m,n) (p > 1, m > n > 1),
different from —2, —1 and 0, are determined by the equation

o’ + M + X + s\ e+ 5 =0
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FIGURE 2

where cg = 1, ¢; = —(m+n+2p—4),co = (p—4)(m +n) +p?> —8p + 5+ mn,
cz = (4p—5)(m+n)+4p* — 14p+2+4mn, ¢y = (5p—2)(m+n) +5p? — 12p+4mn,
¢s = 2p(m + n + p — 2). This equation has exactly two roots greater than 0. In
order to verify this we show that for all values of p,m,n > 1, in the sequence
(co,c1,C2,c3,c4,c5) there are exactly two sign changes. If n < m, then this has to
be done separately forp=m=n=1,p=n=1&m=2,p=n=1& m > 3,
p=1&mn >2and p > 2. The details of these elementary considerations are not
reproduced here.

From the fact that F; has exactly two positive eigenvalues it follows that
As(Fy(p,m,n)) <0 (p>=1,m>n>1). By the Interlacing theorem we then have
A3(Fy(p,0,0)) <0 for p > 1, A3(Fa(p,m,0)) <0 for p,m > 1, A3(F4(0,m,n)) <0
for m,n > 1, and A3(F4(0,m,0)) < 0 for m > 2. O

In the sequel we shall determine all connected line graphs G with the property
(1) A3(G) <0

The hereditary property (1) implies that there are minimal line graphs that do not
satisfy (1), i.e., minimal forbidden subgraphs. In the set of all line graphs with
at most 6 vertices, there are exactly 13 forbidden subgraphs (10 connected and 3
disconnected) (Fig. 3).

Now, let A denote the set of all connected line graphs G such that G does not
contain as an induced subgraph any of the graphs G1- G135 in Fig. 3.

LEMMA 2. If G € A contains no triangle, then G is an induced subgraph of the
graph Fy displayed in Fig. 2.
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ProOF. If G € A contains no triangle, then the degree of each vertex of G is
less than or equal 2 (in the opposite case we would have H; C G or K3 C GG, which
is a contradiction ). It follows that G is a circuit C,, (n > 3) or a path P, (m > 2).
Since n <4 (G1 CGV G2 CGVG3 CG)and m <5 (G2 C G), we conclude that
G is an induced subgraph of the graph F3;. This completes the proof. O

Next, let K, be a maximal clique which G € A contains and let V(K,) =
{z1,%2,...,2n}. Denote by T the set V(G) \ V(K,,). The vertices from T can be
adjacent to at most two vertices from the graph K,, (H> C GV K11 C G). Hence,
we have

T=ToUT, UTy
where T; (i = 0,1,2) is the set of vertices which are adjacent to exactly ¢ vertices
from K,. We also have
Ty =T UT,, U---UT,,
and
T, = Tmmcg U Txlmg U---u Txn—lwn

where T, is the set of vertices from T} that are adjacent to a vertex z;, and Ty, 4;
is the set of vertices from 75 that are adjacent to vertices z; and z; of the graph
K,.

LEMMA 3. If G € A has mazimal clique size 3, then G is an induced subgraph
of some of the graphs F\, Fy and Fy displayed in Fig. 2.

PRrROOF. In the proof we distinguish the following three cases:

1We shall often denote this sentence by Hi C GV K3 C G, for short
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Case A. The vertices of the set T have the following properties:

(1) The set T,, does not contain nonadjacent vertices (H; C G) and |T,,| < 2
(K4 C G);

(2) |Tml :2:>ij =0 (]#l) (H3 CGVGE; CGVGEs CG);

(3) If |Ty, | = |Tay| = |Tos| = 1, €., |Th| = 3, then the graph which is induced
by the set of vertices T} is the complete graph or it has exactly one pair of adjacent
vertices (Hy C GV Gg C G);

(4) If the graph induced by the set of vertices T} is complete, then |77 UTp| < 3
and the graph induced by the set of vertices Ty U Tp is a complete graph (H; C
GVG, CGVGE; CGVGr CGVG C GV Ky CG). In the opposite case we
have T =0 (Gl C GV (G5 CG)

By properties (1)—(4) we conclude that the graph G is an induced subgraph of
some of the graphs F}, F» and F} displayed in Fig. 2.

Case B. The vertices of the set T' have the following properties:

(1) |Ty2;] <1 (HL CGV Ky CG);

(2) If |T3| = 3, then the graph induced by the set of vertices T is the complete
graph or it has exactly one pair of adjacent vertices (Hs C GV G19 C G);

(3) Let [T»| = 1. If Ty # @, then at least one vertex from the set Tp is adjacent
to a vertex from the set 75 (in the opposite case the graph G is not connected). The
vertices from the set Ty which are adjacent to a vertex from the set 75 are adjacent
(H; C G) and the number of these vertices is less than or equal two (Ky C G).
Let z € Ty be a vertex of the set Ty which is adjacent to a vertex from the set T5,
and y € Tp a vertex from the set Ty which is not adjacent to a vertex from the set
T>. Then the vertices # and y are adjacent (in the opposite case, since y is not
an isolated vertex, there exists a vertex z € Ty which is adjacent to the vertex y,
and that is impossible because G4 C G or G5 C G or G1; C G). There exists at
most one vertex of the set Ty which is not adjacent to a vertex from the set Tb
(HHCGVGyLCQ).

We conclude that |Tp| < 3 and the graph that is induced by the set of vertices
To is the complete graph. In the case |Tp| = 3 exactly two of these three vertices
are adjacent to the vertex from the set T5;

(4) Let |T»| = 2 and let the vertices of the set T, be nonadjacent. If Ty # (),
then a vertex from the set Ty is adjacent to exactly one vertex from the set Tb
(Gy CGVGs C GV Gy CG). In this case we have |Tp| < 1 (Hy C GV Gy C
GVGEL CGEVGs CG);

(5) Let |T»] = 2 and let vertices of the set Th be adjacent. If Ty # (), then
a vertex from the set Ty is either adjacent to both vertices from the set T or
nonadjacent to both vertices of the set T» (H; C G). Since the graph G is connected,
if To # 0, then there exists exactly one vertex of the set Ty which is adjacent to
both vertices from the set 7o (Hy C GV K4 C G). Let x € Ty be the vertex which is
adjacent to both vertices of the set 75 and y € T a vertex which is nonadjacent to
both vertices of the set T5. Then the vertices z and y are adjacent (in the opposite
case, since y is not an isolated vertex, there exists a vertex z € Ty which is adjacent
to the vertex y, but this is impossible because then we have G4 C G or G11 C G).
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The set T contains at most one vertex which is nonadjacent to both vertices of the
set T» (H1 C GV Gy C G).

We conclude that |Tp| < 2 and the graph that is induced by the set of vertices
To is the complete graph. If |Tp| = 2, then one of these two vertices is adjacent to
both vertices from the set T» and the other is nonadjacent to both vertices of the
set Ts;

(6) If |T»| = 3 and the graph induced by the set of vertices T» is complete, then
To =0 (K4 - G)

By properties (1)—(6) we conclude that the graph G is an induced subgraph of
some of the graphs F; and F, displayed in Fig. 2.

Case C. Beside the properties from cases A and B, the vertices of the set T
have the following properties:

(1) If Ty,p; # 0 and T, # 0, then a vertex from the set T}, is adjacent to a
vertex from the set T,,;, (Hy C G), and |T,,| < 1 (K4 C G);

(2) If Ty,o; # 0 and Ty, # 0, then a vertex from the set T}, is nonadjacent to
a vertex from the set T,,,; (H3 C G);

(3) The graph induced by the set of vertices T» is complete (Hg C GV Hy C G)
and |T»| <2 (K4 C G);

(4) X T,, #0,T,; # 0 and Ty, # 0, then a vertex from the set T}, is adjacent
to a vertex from the set T, (G1o C G);

(5) If T, # 0, Ty, # 0 and T,.; # 0, then a vertex from the set T, is
nonadjacent to a vertex from the set T,, (G C G);

(6) If Tp # 0, then a vertex from the set Ty is nonadjacent to a vertex from the
set 1o (H1 CGVHg¢CGVHg CGVGE, CG);

(7) If Tpo; # 0 and T, # 0, then T, =0 (K4 C G);

(8) By the property (4) from the case (A) we conclude that if the graph that
is induced by the set of vertices T} is the complete graph, then |Tp| < 1 (G4 C
GV G7 C G) and in the opposite case we have Ty = §.

By the properties (1)—(8) we conclude that the graph G is an induced subgraph
of some of the graphs F; and F5 displayed in Fig. 2. O

LEMMA 4. If a graph G € A has mazimal clique size n (n > 4), then G is an
induced subgraph of some of the graphs Fy, F», F3 and Fy from Fig. 2.

PRrROOF. In the proof we distinguish the following three cases:
(A) Ti#0ATo=0; (B) ThW=0AT2#0; (C) THa #OANT> #0.

Case A. The vertices of the set T" have the following properties:

(1) The graph which is induced by the set of vertices T} U Tj is the complete
graph (Hy CGVGy CGVG CGVGy CGVG CG)and Ty UTy| € n
(Knt1 C G);

(2) |Te

> 25Ty, =0 (i # ) (Hs C G);
|Te,| = 2= [To] < 1 (Hr C G);
|Tzi 23:>T0:@(H2CG);
T, <n—1 (K1 CG).

)
(3)
(4)
()
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By the properties (1)—(5) we conclude that the graph G is an induced subgraph
of some of the graphs F3 and F} displayed in Fig. 2.

Case B. The vertices of the set T' have the following properties:

(1) |Tmlm]| <1 (H1 C GV Hs C G),

(2) U Ty,; #0 and Ty,,,, # 0, then a vertex from T, is adjacent to a vertex
from the set T, (H1 C G);

(3) If Ty,0; # 0 and Ty, # 0, then a vertex from the set T},,, is nonadjacent
to a vertex from the set Ty, », (H3z C G);

(4) To =0 (Hr C G);

(5) If Tpio; # 0 and Ty, # 0, then Ty = Ty, = 0 (I # 0,5, k) (G1 C G).
Hence, for n = 4 the graph which is induced by the set of vertices T3 is the complete
graph K (1 < s < 3) or the graph K; U K;. For n = 5 the graph induced by the
set of vertices T» is the complete graph K (1 < s < 4) or the graph K; U K,
(1<p<3);

(6) If n > 6 and T,,,; # 0, then T,,,, = 0 (Go C G). Hence, the graph which
is induced by the set of vertices T4 is the complete graph K, (1 <s < n—1).

By the properties (1)—(6) we conclude that the graph G is an induced subgraph
of some of the graphs F5, F3 and Fj from Fig. 2.

Case C. Beside the properties from cases A and B, the vertices of the set T'
have the following properties:

(1) If T, # 0 and T, # 0, then a vertex from the set T, is adjacent to a
vertex from the set T},,; (Hy C G) and |T;;| < n—2 (Knq1 C G);

(2) If T, # 0 and T}, # 0, then a vertex from the set T}, is nonadjacent to
a vertex from the set T;,, (Hs C G) and |T,,| <1 (G7 C G);

(3) T():@ (H7 CGVGE; CcGVGEy CG);

(4) If Ty,»; # 0, then the sets T, and T, are not coexisting (G1 C G);

(5) Taia; # DA T ja), # 0=To, =T =0 (Gro C G);

(6) If n > 5 and Ty,», # 0, then T,, =0 (Gy C G);

(7) Ifn > 5, Ty, # 0 and Ty,p; # 0, then Tyypy = 0 (G5 C G). Hence,
the graph that is induced by the set of vertices 77 U T> is the complete graph K
2<s<n—-1).

By the properties (1)—(7) we conclude that the graph G is an induced subgraph
of some of the graphs F5, F5 and Fy from Fig. 2. O

Thus, collecting the former conclusions from Lemmas 2—4, we arrive to the
following theorem.

THEOREM 2. If a connected line graph does not contain as an induced subgraph
any of the graphs G1—G13 in Fig. 3, then G is an induced subgraph of some of the
graphs F1—Fy in Fig. 2.

THEOREM 3. A connected line graph G has the property A3(G) < 0 if and only
if G is an induced subgraph of some of the graphs Fy—Fy in Fig. 2.

PRrROOF. Assume that G is a connected line graph with the property A\s(G) < 0.
Then by the known Interlacing theorem we conclude that G does not contain any
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of graphs G1—G13 in Fig. 3 as an induced subgraph. In view of Theorem 2, G must
be an induced subgraph of some of the graphs F;—F} in Fig. 2.

Conversely, if a connected line graph G is an induced subgraph of some of the
graphs Fi1—Fy in Fig. 2, then by Theorem 1 and by the fact that the mentioned
property is hereditary, we have A3(G) < 0. O

In the sequel we shall determine all minimal line graphs with the property
A3(G) > 0. For this purpose the following lemma will be useful.

LEMMA 5. [3] A connected graph has two positive eigenvalues if and only if it
contains the path Py or the graph (K, U K2)VK, as an induced subgraph.

THEOREM 4. There are exactly 13 minimal line graphs with the property As(G) >
0. These are the graphs G1—G13 in Fig. 3.

PROOF. By direct calculation one can easily prove that the graphs G;—G13 in
Fig. 3 are minimal with respect to this property.

Let G be an arbitrary connected line graph that is minimal with respect to the
property A3(G) > 0 and that is distinct from the graphs G;—G19. Then G does not
contain any of the graphs G1—G1o as an induced subgraph. By Theorem 2 we get
that G is an induced subgraph of some of the graphs F;— Fy in Fig. 2. But Theorem
1 and the Interlacing theorem also give A3(G) < 0, which is a contradiction. Thus,
G1—Gyp are the only minimal connected line graphs with the property As(G) > 0.

Now assume that G is an arbitrary disconnected line graph that is minimal with
respect to the property A3(G) > 0. Then G has no isolated vertices and exactly
one of the statements holds:

(1) The graph G has exactly two connected components E; and Es, where
)\1(E1) >0, )\1(E2) > 0 and )\Q(EQ) > 0;

(2) The graph G has exactly three connected components E;, E» and E5, where
AL(Er) >0, M (Ey) > 0 and A (E5) > 0.

Hence, if the statement (1) holds we have that graph E; contains the graph P»
as an induced subgraph and the graph E> contains the graph Py or the graph (K;U
K>)V K, as an induced subgraph, so we get P, UP; C G or P,U(K1UK>2)VK; C G.
If the statement (2) holds we have that graphs E;, E» and E5 contain the graph P»
as an induced subgraph and P, U P, U P, C G. So we get that the graphs G11—G13
are the only minimal disconnected line graphs with the property As(G) > 0. a

Finally, we will characterize connected line graphs with exactly two positive
eigenvalues.

Now, combining Lemma 5 and Theorem 3, we arrive at the following result.

THEOREM 5. A connected line graph G has exactly two positive eigenvalues if
and only if G is an induced subgraph of some of the graphs F1—Fy from Fig. 2, and
it contains the path Py or the graph (K1 U K3)V K7 as an induced subgraph.
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