ON THE APPLICATION OF TRIGONOMETRIC SERIES IN
THE ANALYSIS OF BEAMS ON ELASTIC FOUNDATION

By
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N. Kriloff [1] already pointed to the possibility of the
application of the trigonometric series in the analysis of beams
on elastic foundation, in the case of a simply supported beam.
At the Second International Congress for Bridge and Structural
Engineering M. Hetényi demonstrated [2] the method of finding
solutions by means of trigonometric series and in the case of
other end conditions as well. In his book ,Eeams on Elastic
Foundation“ [3] he gave a more detailed exposition of this
procedure. In the application of this method on the beam with
free ends Hetényi comes to an infinite system of linear equa-
tions, from which one can determine the coefficients of the
trigonometric series representing the elastic line of the beam.
We shall show that it ,
is possible to avoid
this system of linear
equations and to get
the coefficients of the
series explicitly in the
case of a beam with
free ends as well. Be-
sides this we shall
ameliorate the con-
vergence of the series representing only the difference of deflection
ordinates between the elastic lines of beams with and without
elastic foundation by means of the series as Kriloif used to do.
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Let us consider a beam whose length is / with constant
flexural rigidity FEI, resting on an elastic foundation with the
modulus of foundation ¢, acted upon by a distributed loading
p(x) and a distributed reaction p(x)=cu. We can determine its
deflection curve from the known d:fferential equation:

Elu"V)+cu=p(x) (1)
and from the end conditions which are '

for a simply supported end u=0 and " =0, @)
for a free end ‘ #'=0 and u0"=0.

In the case of a beam simply supported on both ends, the
upper conditions under (2) must be fulfilled for x=0 and x=/
These conditions are satisfied by the family of functions sin E_Z’EE .
" Designating by u, the deflections under the load p(x) of a
simply supported beam of the same length, that does not rest
on the elastic foundation, we can find the solution of the diffe-

rential equatlon (1) in the form

U=u,+ = u,— zan sm~—— 3)

n=1

Putting this expression into the equation (1) and takmg into
accont that Elu,\"V=p(x) we get

Elu )+ cuy = cu,

resp.
% 4' T .
ST e Sumnmezs
n=1 ¢ n=1
- . nx ‘
= > paay sin=—-= = 4, 4)
n=1
where
4 .
0 -E2 pmens, ®)

For any given load we can represent u, in the form of a
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trigonomelric series

T
Uy (x) = Zan n”—%x

n=1

L . , 1
converging in the most unconvenient cases better than —. From
n

the equation (4) we get

and therefore (3) takes the form

—=sin H_’f 6)

tz“i

The reactive load 1s then p(x)=cu. The slopes of the
deflection curve, bending moments and shearing forces are
given with

p=u (x)= <P.)—~i S 21 (nm) cos 222,
{ el 3 I

El a, . nnx
M= - Elu"(x) - MO&T; n(mt)2 ’; ,

Q= ~Elw" (9= Q, —%2 fi— (nn)? cos =77,

=1 '"

where ¢, M, and Q, designate the corresponding values for
the beam without elastic foundation.

In the case of the beam with free ends the lower condi-
tions under (2) must be fulfilled for x=0 and x=/ In this
case we can find the solution in the form

u= uo,+u02+u03~%———(1~»——) Zoc,,sm»-——— (1)

where  u,,(x), tpe(X) and uy,(x) represent the elastic lines of
a simply- supported beam of the same length which does not
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rest on the elastic foundation, and which is acted upon by the
loads: p(x), uniformly distributed loading @ =const. and the

loading distributed according to the law b( 1 -—27)5). The con-

stants a,b and «, should be determined in such a way that
the differential equation and the end conditions should be
satisfied. Putting (7) into (1) and taking into account that

Elug,"'"V) =p(x), Elu,5Y) = a and Eluoa(”’)=b(1 _gli‘) we get

[+ <]
. nax '
E Pn &y SIN _——l = Ugy + Upg + U3, (8)

n=1

where p, is given by (5). Let us represent Uoy, Uy and u,,
in the form of trigonometric series ° '

" .
g, BX
Uy (x) - _S" an‘Sin / ’

n=1

14 @®
Elug(9-220 S Ly ntx,

]
ll:l,3,5n l
4 @©
Elug®-22 5 1 gy nax
n® n® L
n=2486

the equation (8) takes then the form

0
2 lln an sin Eﬂ ==
=1 o
@ 14. -]
= Z [a,, + L 4015] sin —"’;x+ 2 [an+-l—]—4bl:] sin T—;—’—c
e s EI (n=) e/t EI (n=)
This equation can be satisfied for all x only if

oc,,=—l— ¢z,,+—1~4al4 n=13,5.....
P El (nn)®

4.
o, m—l—[an +—1—~11—1i .n=2,4,0.....
) Pn El (nﬂ)s

9)
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The expression for the deflection curve (7) is chosen in
such a manner that the condition: that the bending moments
vanish at the ends of the beam (u"=0) is already fulfilled. The
remaining constants @ and & should be determined in such a
way that the shearing forces vanish at the ends of the beam
(the condition "' =0). Let us put

= El (tg4")x == Qu'; -EI (20,5 1= Qos?,
l
= ET (#02")x —0 = El (469" )51 = L

- bl
- El (80" ¢—0= - El(og")x—1 = E ’

then according to (7) the end conditions become

Qoxl+al ﬂ Elz(n ) oy =

n=1
[ bl EI
Que-2 B Bl 1y -0
n=1

Adding and substractmg these equations and taking into account
(9) we get

Q Qm __El i (nn )san

n-l35
=" 1 ad 1 ’
3
2
2 ,_,’3'50”!) Pn

Q'+ Qn? EI ol Qn
=== = (nm)® =
21 I 2 Bn

n=2456

In this way the constants ¢ and & are determined, there-
after the coefficients o, are also determined by means of (9),
and then the solution for the case of a beam with free ends is
given by the expression (7),



78 ' M. Purié¢

This solution can readily be interpreted in the sense of the
Structural analysis. It consists of the superposition of the solu-
tion for a beam with ends simply supported under the given
loading, and the solutions for a beam with free ends loaded at
the ends with concentrated forces symmetrically resp. antime-
. trically disposed. The solutions for a beam with free ends loaded
in this manner are easily obtained from the solution for a
simply supported beam loaded with the symmetrical uni-
formly distributed loading resp. with the antimetrical loading

b(l-z—li‘>.
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