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Abstract. Belov in [2] gave necessary and sufficient condition for rotational
surface generated by a special quadrangular meridian, to be rigid. Belov’s theorem
disproved the hypothesis of Boyarski that each toroid rotational surface with convex
meridian is rigid. We give another proof of Belov’s theorem. The field of infinitesimal
bendings is determined, the rotational field is obtained too. The method, used here,
can be applied in a case of every rotational surface generated by a simple polygon
6] .

0. Introduction

One of the basic problems of infinitesimal bendings theory in Fs3 is to point
out nonrigid surfaces, and, if possible, to determine the infinitesimal bending field
and the field of rotations.

It is known [3] that a circular torus is rigid. Among surfaces topological-
ly equivalent to the torus Belov [2] pointed out a class of nonrigid toroids with
quadrangular meridian of a special form, which can be convex or nonconvex.

We give a new proof of Belov’s theorem by using matrices. Such a proof of
Belov’s theorem makes possible to determine the infinitesimal bending field and
the rotational field when the surface is nonrigid. The Belov’s proof is only a proof
of the existence of the bending field. Using this procedure we have proved the
rigidity of toroid rotational surface with triangular meridian, not containing a side
orthogonal to axis of rotation (see [5]). This procedure is also applied in the case
of a toroid with a meridian in the form of a simple polygon [6].

We quote some well-known definitions and properties that we shall use after-
wards. At first, we define infinitesimal deformation of a surface, and then infinites-
imal bending, as a particular case ([1], [3], [4])-
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Definition 1. Let S be a regular surface of the class C™ (m > 3), defined in
a vector form
S 7 =7(u,v),

included in a family of surfaces
(0.1) Se 1 e (u,v) = 7(u, v) + €Z(u, v),

where g(e = 0), u,v € R! and 7 (u,v) = #(u,v). It is said that the surfaces S. are
infinitesimal deformations of the surface S.

Definition 2. The surfaces S are infinitesimal bendings of a surface S if
for line elements of these surfaces we have

(0.2) ds? — ds* = O(e).

Infinitesimal bending can be defined in another manner, too, which follows
from the following theorem:

THEOREM 1. [1,3,4] The condition (0.2) is equivalent to each of the condi-
tions

(0.3) dse —ds = O(e),
(0.4 drdz =0,
Os
(0.5) 6—;|8:0 =0,
(0.6) FuZu = FoZo = FuZe + FoZu = 0.

Definition 3. A vector field Z(u,v), defined at points of the surface S satis-
fying the conditions of Definition 2, i.e., any of the conditions (0.2)—(0.6), is an
infinitesimal bending field of the surface S.

The field
(0.7) Z=axr+b,

where @, b are constant vectors and x denotes a vector product, satisfies identically
(0.4). It is known [3] that the vector Z, in this case, induces only a motion of the
surface as a solid body, without intrinsic deformations.

Definition 4. The field z of the form (0.7) is a trivial infinitesimal bending
field or infinitesimal motion field.

If z = const, then we have a particular case of (0.7).

Definition 5. If a surface possesses only a trivial infinitesimal bending field,
then it is rigid, otherwise it is nonrigid.
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1. A new proof of Belov’s theorem

THEOREM 2. (Belov [2]) The quadrangle B, with apexes A(—1,b), B(0,b+
c1), C(1,b), D(0,b — ¢3), rotates around u-azxis of the coordinate system uOp. A
necessary and sufficient condition for nonrigidity of the toroid rotational surface
generated by the meridian B is

(1.1) 1/co —1/c; = k*/b,
where k > 2 is an integer.
Proof. Designating p on sides AB, ..., DA with p(1), p2), p3), p(a), We get

pay=b+ci(u+1), po =b+c (1—-u),

1.2
(12) piy=b+ec2(u—1), puy=b—ca(u+1)

If € is the ort of the u-axis, a(v) the ort of p-axis, v the angle between a and the
plane of initial position of meridian p = p (u), then [1, p. 90] the rotational surface
generated by the meridian p = p(u) at the coordinate system with orthonormal
base €, a (v), a' (v) is:

(1.3) 7(u,v) = ue + p(u)a(v).

It is known, [1, p. 91], that for every k € {2,3,...} there is a field of infinitesimal
bendings

(L4)  2(u,v) = Zk(u,v) = [pr(u)e™ + @ (u)e ] e
+ [P (u)e™ + Pr(u)e *]a(v) + [xr(w)e™ + xx(u)e *v] a (v)

for the surface (1.3), where e.g., ¢ (u) is the conjugate value for ¢g(u). The
functions ¥y (u) and xi (u) satisfy the same equation

(1.5) p(N" (u) + (k* = 1)p" (u) X (u) = 0,
and also the equations

(L6) w}Z(U) +p' (W) (w) =0, P (u) +ikxi (u) =0,

iker (u) + p' (u) [ikr (u) — xi (W] + p (w) X, (w) = 0.

are valid.

At turning points u = o of the meridian p = p(u) we have [1, p. 112, eq.

(15)]:

(L7)  p(@)[er(o +0) = ¥i(o = 0)] + (* = Dipr(0)[p' (0 + 0) = p' (o = 0)] =0,
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supposing that the field Z;(u) is continuous at these points. We have analogous
equation for xi(u).

Omitting the index k, we designate 1y (u) by ¥(u) and by 1) (u), ..., ¥4 (uw)
the corresponding values on the sides AB, ..., DA respectively. According to (1.5)
and (1.2) we have the linearity of the functions ¢ ; (u), i.e.,
(1.8) by (w) = Mu+N;,  (i=1,...,4).
From the continuity of the functions ¢ ;) (u) at the apexes we have
Y1) (=1) = ¥y (=1), ¥1)(0) = ¥2)(0), th2)(1) = thz)(1), (3)(0) = 1b(4)(0),
from which one gets

(1.9) —M;+ Ny =—-Msy+ Ny, N1 =Na, Mo+ Ny=Ms+ N3, N3 =Ny.

At the apex A, according to (1.7), we will replace ¢}, (0 — 0) with z/;@(—l)
and (o +0) with ¢(;) (=1). Analogously at the apex C' we will replace 1)} (o — 0)
with z/;@(l) and v, (o + 0) with ¢E3)(1). In such a way we have at A:

p(= D)1y (=1) = iy (=1)] + (K = D)oy (=D [py (=1) = pi4(=1)] = 0,
ie.,
(1.10 a) b(My — My) + (k* — 1)(Ny — My)(e1 + ¢2) =0,

and for the apexes B,C, D:

(1.10 b) (b+c1)(My — My) —2(k* — 1)e1 Ny = 0,
(1.10 ¢) b(Ms — My) + (k* — 1)(c1 + e2) (M2 + N2) =0,
(1.10 d) (b—co)(My — Ms) — 2(k* — 1)c2 N3 = 0.

We consider equations (1.9) and (1.10) as a system with respect to M;, N; (i =
1,...,4). At first, let us consider (1.9) as a system with respect to N;. The
extended matrix of this system is

Ni Ny N3 Ny

1 0 0 -1 : M —-M
(1.11) p=|1 -1 0 0= 0 ~

0 1 =1 0 : —=My+M;

0o 0 1 -1 : 0



106 Velimirovié¢

1 0 0 -1 : M, — M,

o -1 0 1: —M; + M,
0 0 -1 1 : —M;— M+ M+ M, ’
0 0 0 0 : —M; —My+ Ms+ M,

where M is the matrix of the system (1.9) (with respect to N; formed by first four
columns of P). The system (1.9) is compatible if and only if rank P = rank M, i.e.

(112) —My — My + M3+ My =0& My = My + My — Ms.

From (1.11,12) we get a reduced system,
Ny — Ny =M — My, —Ny+Ny=-M+My, —N3+Ny=0
and substituting My from (1.12), we get
(1.13) Ny =No=—My+ M+ Ny, Nz=Ny.

Substituting (1.12,13) at (1.10) we get a homogeneous system with unknowns M,
M27 M37 N4:

—(c1 + e2)(B* = )My — [(e1 + e2)(k* — 1) + b My
+ [(c1 4+ ¢2)(k* — 1) + b]M3 + (1 + ¢2)(k* — 1)N, = 0,
—(b+c1) My + [2¢1(k* = 1) + b + ¢1] My — 2¢1 (k* — 1) M3 — 2¢1(k* — 1)Ny = 0,
—bMs + [(c1 + c2)(k* — 1) + b]M3 + (c1 + c2)(k* —1)Ny = 0,
(1.14) (b—co) My + (b — ca) My + 2(cy — b)Ms — 2¢5(k* — 1)Ny = 0.

The system (1.14) has nontrivial solutions if and only if the rank of the matrix
N of this system is less then 4. We have to investigate the conditions under which
that is valid. We have

Ny Mz Ms M,

a11 a2 a3 G4
0 az a3 axy
0 0 1 1
0 0 X Y

N ~
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where

a1 = (Cl + CQ)(k2 — 1), a2 = (Cl + CQ)(k2 — 1) + b,
a13 = (Cl + CQ)(I — k2) —b, ayy = (C1 + 02)(1 — k‘Q),
2bc; 2bey
= =) —
a2 . a23 +ca I
24 = 201(1 — k2) —-b-— C1,

(Cl + CQ)(b + Cl) — b62 _ (Cl + 62)(b + 01)62k2

X=-b+ ,
C1 bey
Yy = (Cl + Cz)b + (261]{52 —c; + b)(Cl + Cz)(62k2 — b)
C1 bey .

Let us consider three possible cases:

1. For X =0and Y # 0 or X # 0 and Y = 0 the system has only trivial
solution and the surface is rigid.

2. X =Y =0. From X =0 we have
(1.15) E2ca(b+c;) = bey.
Substituting k2 from this equation into the equation ¥ = 0, we have

(116) b(02 — Cl) + c1e9 = 0.

For ¢y = ¢2 we get cice = 0, but then we have ¢; = ¢ = 0, which is
impossible. If we find b from (1.16) and substitute in (1.15), we get k = 1, which
is impossible too, because k € {2,3,...}. Therefore, for X =Y = 0 the surface is
rigid.

3. If X #0and Y #0, we get

Ny Mz M, My
a11 a2 a3 14

0 a2 a3 a24
(1.17) N ~ 0 0 1 1

0 0 0 Y-X

where )

2
V=X = 20y e)(erenh® + bes — ben).
1

The system (1.14) has nontrivial solutions, i.e., the surface is nonrigid if and
only if
Y =X =0 cieak? +bey —bey =06 1)y — 1/ = k2 /b,
i.e., when (1.1) is valid. The theorem is proved.

In what follows the surface satisfying the conditions of the Theorem 2 will be
named Belov’s surface.
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2. Determination of the infinitesimal bending field

In order to determine the bending field Z(u,v) by virtue of (1.4), we have to
find the functions ¢ (u), ¥)(u), x@4)(w), i = 1,...,4. The following lemma is
valid:

LeEMMA 1. The functions o) (u), ¥ (w), xa(u),i = 1,...,4, where the
index in the brackets is related respectively to the sides AB, BC, CD, DA of the
meridian, have the values

oy (w) = —c1tMyu,  Py(u) = (u— P)M,

(2.1.1) i
X(1)(uw) = E(U — P)My,
pe)(u) = —c1tMiu, ) (u) = —(u+ P)M;,
(2.1.2) i
X(2)(u) = —E(U + P)My,
(@) = —adiu, Y@ = | Za=1) - (P+ 1) i,
(2.1.3) . ?
X = ¢ | Sa-1- (P41,
<P(4)(u) = —c1 Myu, 1/)(4)(11) = — [Z—l(u + 1) + P+ 1:| My,
(2.1.4) ?

=

u+1)+P+1} My,
Ca

X(4)(u) = —% {

where is My # 0 an arbitrary constant, and

b + b02 + ci1¢5
2.2 P = =
( ) C1 (k2 — 1) b01 — b02 — 0102’

Proof. According to (1.17) for Y-X=0 we can get reduced system

(Cl + CQ)(]CQ — ].)N4 + [(Cl + CQ)(]CQ — ].) + b]Mg
+ [(Cl + CQ)(]. — k2) - b]M2 + (Cl + CQ)(]. - k?Q)Ml = 0,
(2.3) 2b 2b
‘l M3+(b+61— ‘1
c1 + ¢ c1 + c2
My 4+ My = 0.

)M2 + [201(1 - kz) —b— Cl]Ml = 0,
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From (2.3) and (1.13) we have

My = — M, M3:(c_2+01 +c2k2)M1,
(2.4) b
' c2  c1+c2,, k> b
* [cl b T atapmop T
Further, from (1.12,13), we get
Cy c1 + Co 2 b-l—Cl
2.5 My=—(=+——7k" M Ny =Ny = ———— M.
(23)  Mi==(C+ FER)ML Ny =Ny = - M
From (1.1) we obtain
(2.6) polazab o ate, o
c1Co c1 b c2
2 oo+ k> b(c1 — ¢2)
2.7 242 22 =
( ) C1 + b c k2 -1 bCl — b62 — Clcz’
b b
(2.8) =

Cl(k2 — 1) - bCl — b02 — C1C2 )
Using (2.6), we obtain

b+c  bextcic
C1 (k'2 — ].) - bCl — b62 — C1C2

= (2.2),
and from (2.4)-(2.8), we get

M2 = _M17 M3 = C_1M17
C2

b
Ny=Ny=— (24— Vyy=—(LyP+1)Mm,.
Cy bCl — b62 — C1C2 Cy

(2.9)

Further, by virtue of (1.12,13), (2.2) we have
(2.10) My=-2M,, N, =N,=-PM,.
Ca

From (2.9,10) the magnitudes M; N; (i = 1,...,4) are expressed by M; (undeter-
mined constant). Consequently, from (1.8) one gets the values of ;) (u), given in
(2.1).

The functions ;) (u) = ¥, (u) are defined by (2.1, 2) for k € {2,3,...}.
According to (1.6) we get the functions @y, (u) = p)(u), X(iyk(w) = X (u), given
at (2.1). The Lemma is proved.
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As we mentioned, the problem of infinitesimal bendings can be considered
solved only if the infinitesimal bendings field Z(u,v) is determined, as in this case

by virtue of (0.1) the deformed surface S, can be presented. In this case we have:

THEOREM 3. The infinitesimal bendings field Z(u,v) of Belov’s toroid is de-
fined by the equations

Z(yk(u,v) = = 2e; Myucos kve + 2 (u — P) My cos kva(v)

2.11.1 M
( ) +2(P—u)71sin kva'(v), we[-1,0], v € 0,2n],
Z(2)k(u,v) = = 2c1 Myu cos kve — 2 (u + P) My cos kv a(v)
(2.11.2) M,
+2(P +u) = sin kva'(v), w€[0,1], v € |0,2n],
Z(3)k(u,v) = — 2¢; Myucos kve + p (u— Q) M coskva(v)
(2.11.3) " 2
+ 25 (Q — u) My sin kva'(v), w€]0,1], ve]0,2x],
2
Z(4)k(u,v) = — 2¢1 Myucos kve — pa (u+ Q) M cos kva(v)
(2.11.4) o 2
+ QE (Q +u) My sin kva'(v), we[-1,0], ve]0,2n],
2

where M, is an undetermined constant, P is given by (2.2), the parameters b, ci,
co, k€ {2,3,...} satisfy (1.1) and

bCl — C1C2

Q

b01 — b02 — C1C2 )

The index in the brackets (i = 1,...,4) is related to the parts of the surface obtained
by the rotation of the sides AB, ..., DA of the Belov’s quadrangle respectively.

Proof. According to (1.4) with respect to (2.1.1-4), where, for example,

ore® + pre Y = 2Re(py) cos kv — 2Tm(ypy) sin kv,
or = Re(pr) + i Im(ipy),

we obtain (2.11.1-4).
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3. A field of rotations

In the study of infinitesimal bendings of surfaces an important role plays the
field of rotations g(u,v) (see [1], [4]), related to Z(u,v), 7(u,v) by the equation

(3.1) dz =y x dF.

As given in [3, p. 331], the rotational field 7, in the coordinate system with base
the 7, 72, 7, has coordinates

6 1 82’0
(3.1'0,,[)) yl \/— (bIQZ +b222' +a 2) y2 = —% (b112’1+b122’2+w),
1 82’2 82’1
! = — —_—
(3.1%¢) o= 2\/a (6u1 8u2)

where u! = u, u? = v, z = 2'7; + 207, § = y'F; + Yo, a = det(a;j), aij, bij are

the first and the second fundamental tensor of the surface, 7; = %, 7 is the unit
normal vector of the surface.

By virtue of (2.11) we see that the field Z is determined in the frame e, a, a’,
and from (3.1') it follows that we need the coordinates of this field in the frame 7y,
72, 7. We shall prove the needy lemma for the part S(;) of the surface. One can
prove it analogously for the other parts, too.

LEMMA 2. The infinitesimal bendings field z for the part S(1y of the Belov’s
surface in the frame ¥y, 75, U has the contravariant coordinates

2¢1 PM; 2 M, sin kv
32ab L= 22" coskv, 22, =(P—-0) — M
(32ab) 2 o Coskv, 2 (P —u) Foutbta)

P
(3.2 ¢) Zp(1) = 2M1 {% — pu] cos kv.

Proof. From (1.2,3) we get for S(y)

(33.1) 7(1)(u,v) = ue + p1y(u)a(v) = ue + (cru + b + c1)a(v),
o F(l)u = é+cla(v)) F(l)v = (clu+b+cl)a”(v)7
(ctu+b+ci)(ci€—a)  cié—a(v)

3.4.1 Uiy = =
( ) ) lcrw 4+ b+ 1] |ere — al VP

) p:(01)2+1,

ascu+b+ec >0 (qu+b+c <0 u< —% — 1 < —1, which is impossible,
because in the considered case |u| < 1, b, ¢; > 0).
According to (3.3,4) we have

(k= Za)m)u + 28Ty + Zo1)P(1)
012’0 } 20(1)

VP

e+ [012’(11) — ]d(v) + z?l)(clu +b+c1)a (v).
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Comparing this equation with (2.11.1), we get equations from which we get
the values (3.2).

We can prove now the theorem related to the determination of the field of
rotations .

THEOREM 4. The field §(u,v) of infinitesimal rotations of Belov’s toroid is
defined by equations

Yk = y(li)f(i)u + y?i)f(i)v + YoV, t=1,...,4

where

(3.5.1a) ?/(11) = k(cru +2£\il zllr;[]z:l)g Y {uk2[(c1)2 +1]—u— b 1’101 },
(3.5.1b) yh, = %

(3.5.1¢) Yo(1) = %, u € [—1,0], v €0,2n],
(3.5.2b) ¥l = %

(3.5.2¢) Yo(2) = %, u € [0,1], v € [0, 2],

2M; ¢y sin kv
kea(cau + b — c2)[(e2)? + 1]
2M; ¢ cos kv
ca(cou+b—ca)’
—2Micq sin kv
kCQ (01)2 + 1
2M; ¢y sin kv
kea(—cou+ b —c2)[(e2)? + 1]
2M; ¢ cos kv
ca(cou —b+ca)’
2Mi ¢q sin kv
kcar/(c2)? + 1

{wkl(en? 4 1) —u - 1222}

(3.5.3a) y(5) = o

(3.5.3b) v =

(3.5.3¢) Yo(z) = , uwe€l0,1], vel0,2n],

fu—ufen? +1- 122},

(3.5.4a) y(14) = -

(3.5.4b) Y2 =

(3.5.4c) Yo(a) = , u€[-1,0], velo,2n]

and the indices in the brackets are related to the parts of the surface obtained by
rotation of the sides AB, BC, CD, DA of Belov’s quadrangle, My is an arbitrary
constant.

Proof. From (3.3.1) we have

T(1)uu = 0, T(1)uw = cld'(v), Ty = (ciu+b+ Cl)d”(’l}) = —(ciu+ b+ c1)a(v),



A new proof of a theorem of Belov 113

and for the coefficients of the second fundamental form of the surface b;; = r;;v we
have

1
bayir =bayi2 =0, by = %(Cw +b+cr).

According to (3.1'a,b) and (3.2) one obtains

yho= 2M; sin kv w(kp—1) - b+c Y2 = 2M, cos kv
(1) k\/m c1 ’ M cu+b+a

and because of
an) = (01U+b+01)2p, p= (01)2+17

we obtain the first two equations in (3.5.1).

In order to find yg(1) according to (3.1c), first of all we have to find z;(y),
Z3(1), where 2; = a;,2P. Based on (3.3.1), we have for S,

a1 = (1)’ +1, a3 =0, ags = (clu+ b+ c1)?,

and from (3.2) we have

9 = 2 C b sin k“
( ) 2M .l C C()Sk’U ZQ(]) M ( u I‘ +C])(P—u) k
ar”2 5’ Cp SII ]{ _ = P 2 l Sin k
( ) Z/li ) — 27‘1 lP . v az ( c ; . ) k v

and substituting into (3.1'c) we get the third equation at (3.5.1).

The field of rotation for Sy is
Tk = YTy + Y0 Faye + vo)Pay,  w € [-1,0], v €[0,2n],

where y(ll), y(Ql) ,Yo(1) are given by (3.5.1a—c). The same field §(;, in the coordinate
system with the basis €, a(v), a'(v) one gets according to (3.3.1), (3.4.1). In the
same way we get components of the field of rotations for S5y S(3) and S(4). For
S(2) we have:

T(2) (u,v) = uée + P(2) (u)a(v) = ué + (—cru + b+ c1)a(v),

3.3.2

( ) T(2)y =€ — cra(v), T2y = (—ciu+b+ Cl)dl(’l}),
_ cie+a

3.4.2 U9y = — ,

(3.4.2) =) )2 + 1

2M; sin kv , ,
k(—ciu+ b+ cr)[(cr)? +1]{U—uk [(c1)? + 1] —

2M, cos kv
(3.5.2b) Yoy = —————

b+Cl

(3.5.2a) y(lz) = o

b

ciu—b—cy’
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(3.5.2¢) Yo(2) =

2M sin kv
k/(c1)2+1

Tk = Y(o)T@)u + Yo T2 + Yo)P2), € [-1,0], v €0,2n],

where y(12),y(22),y0(2) are given by (3.5.2). For S(3):

7(3)(u,v) = ue + peg)(u)a(v) = ue + (cou + b — c2)a(v),

T3 =€+ 026’(”)7 Py = (CZU +b— 02)6’(1;

q= (62)2 + ]-7

Uk = Y(s)T3)u + Yis) T30 + Vo) P, we[0,1], vel0,2],

where y(13), y(23), Yo(s) are given by (3.5.3).

For 5(4):

74y (u,v) = ue + p(ay (u)a(v) = ue + (—cou + b — c2)a(v),
F(4)u =e— 626(1})) F(4)v = (_CZU +b- 62)6‘,(1})7

co€ — a(v)
Va

Yk = y(14)f(4)u + y(24)F(4)v + Yoy P(e), w€[-1,0], wve€l0,27],

’7(4):_ ) q:(02)2+]—7

where y(14),y(24),y0(4) are given by (3.5.4).

(1]
(2]
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