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Abstract. Pre�si�c and his followers have studied the general and reproductive
solutions of a certain equation over a �nite set. In this paper we provide simple
characterizations of these solutions.

The concept of general or parametric solution of an equation is well known in
various contexts. Schr�oder [21, vol. 1], introduced reproductive general solutions
of Boolean equations, which were extensively studied by L�owenheim [13], [14]
and his followers (the term \reproductive" was introduced by L�owenheim [14]; cf.
Rudeanu [19]). Pre�si�c [15] initiated the axiomatic study of general solutions and
reproductive general solutions, i.e., for the most general concept of equation. This
line of research was followed by Pre�si�c [17], Bo�zi�c [9], Bankovi�c [1], [2], [3], Rudeanu
[20] and Chvalina [10]. In their monograph [12], unfortunately unpublished, Ke�cki�c
and Pre�si�c showed that the concept of reproductive solution is very important in
various �elds of mathematics.

A further step was taken by Pre�si�c [16], who considered the case of equations
over a �nite set, on which he introduced a certain algebraic structure yielding a
reproductive solution in compact form; see also Ghilezan [11]. Then Pre�si�c [18]
introduced within this framework an equation which generalizes Boolean and Post
equations in one unknown and for which he obtained all reproductive solutions.
Other descriptions of all general solutions and all reproductive solutions were then
obtained by Bankovi�c [4]{[8].

In this paper we provide simpler characterizations of the general and repro-
ductive solutions of that equation.

We �rst recall all necessary prerequisites.
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Let T = ft0; t1; . . . ; tmg be a �nite set and 0, 1 two elements which may
be either outside T or two distinguished elements of T . De�ne two binary partial
operations + and � on T [ f0; 1g by the following conditions:

(1)

x+ 0 = 0 + x = x;

x � 0 = 0 � x = 0;

x � 1 = 1 � x = x;

for every x 2 T [f0; 1g; the operation � is usually denoted by concatenation. De�ne
also

(2) xy =

�
1; if x = y,

0; if x 6= y,

for every x; y 2 T [ f0; 1g, as well as a family
nP
i=0

of partial operations given by

(3)
0X

i=0

xi = x0;

n+1X
i=0

xi =
� nX
i=0

xi

�
+ xn+1 (n 2 N):

Proposition 1. Every function f :T ! T can be written in the form

(4) f(x) =
mX
i=0

fix
ti (8x 2 T );

where the coeÆcients are uniquely determined by

(5) fk = f(tk) (k = 0; 1; . . . ;m):

Proof. For each k = 0; 1; . . . ;m, the equality

(6) f(tk) =

mX
i=0

f(ti)t
ti
k

holds because the right-hand side of (6) contains the term f(tk)t
tk
k = f(tk), while

the other terms are 0. Conversely, (4) implies, for each k = 0; 1; . . . ;m,

f(tk) =

mX
i=0

fit
ti
k = fkt

tk
k = fk:

The equation introduced by Pre�si�c and studied by him and Bankovi�c is

(7) a0x
t0 + a1x

t1 + . . . + amx
tm = 0;
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where a0; a1; . . . ; am 2 f0; 1g and the unknown x 2 T . Let us denote by S the
(possibly empty!) set of solutions of equation (7).

Remark [18]. For x = tk the left-hand side of equation (7) reduces to ak,
hence

(8) tk 2 S , ak = 0 (k = 0; 1; . . . ;m);

therefore equation (7) is consistant if and only if ak = 0 for some k. In other words,
taking also into account the associativity of the operation � on f0; 1g, we see that
the consistency condition for equation (7) is

(9) a0a1 . . . am = 0:

The next de�nition is borrowed from the axiomatic framework introduced by
Pre�si�c [15].

De�nition. Suppose equation (7) is consistent. A function f :T ! T is called
a general solution of equation (7) if f(T ) = S. By a reproductive general solution

or simply a reproductive solution of equation (7) is meant a general solution f such
that s = f(s) for all s 2 S.

The next lemma is in fact valid for any equation over a �nite set.

Lemma 1 [4]. A function f :T ! T is a general solution of equation (7) if
and only if it ful�ls

(i) f(T ) � S, and

(ii) there is a permutation � of f0; 1; . . . ;mg such that

(10) t�(k) 2 S ) f(tk) = t�(k) (k = 0; 1; . . . ;m):

Proof. SuÆciency is obvious. Conversely, suppose f is a general solution.
De�ne a map '0:S ! T by choosing, for each element t 2 S, an element '0(t) such
that t = f('0(t)). Then '0 is obviously injective and it follows immediately that
'0 can be extended to a bijection ':T ! T . The de�ning property of '0 implies
that th = f('(th)) for all th 2 S. The latter property can be written in the form
(10) for the permutation � of f0; 1; . . . ;mg de�ned by �(k) = h, '(th) = tk.

Lemma 2. The implication (10) in Lemma 1 can be written in the form

(11) f(tk) = t�(k)a
0
�(k) + f(tk)a

1
�(k) (k = 0; 1; . . . ;m):

Proof. It follows from (11) that

(12) a�(k) = 0) f(tk) = t�(k) (k = 0; 1; . . . ;m);
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but (12) is equivalent to (10) by (8). Conversely, suppose (10) holds. Then (11) is
checked immediately by considering the cases a�(k) = 1 and a(k) = 0 and by using
again (8).

Theorem 1. A function f :T ! T is a general solution of equation (7) if
and only if it is of the form

(13) f(x) =

mX
k=0

(t�(k)a
0
�(k) + cka

1
�(k))x

tk (8x 2 T )

where � is a permutation of f0; 1; . . . ;mg and

(14) ck 2 S (k = 0; 1; . . . ;m)

Proof. Suppose (13) and (14) hold. Consider an arbitrary but �xed k 2
f0; 1; . . . ;mg. Taking into account Proposition 1, it follows that if a�(k) = 1; then
f(tk) = ck 2 S, while t�(k) 2 S , a�(k) = 0 ) f(tk) = t�(k). Therefore f is a
general solution by Lemma 1. Conversely, necessity follows from Proposition 1 and
Lemmas 1 and 2.

Theorem 2. A function f :T ! T is a reproductive solution of equation (7)
if and only if it is of the form

(15) f(x) =

mX
k=0

(tka
0
k + cka

1
k)x

tk (8x 2 T )

where

(14) ck 2 S (k = 0; 1; . . . ;m):

Proof. It follows from Theorem 1 and Proposition 1 that any function satis-
fying (15) and (14) is a general solution and

(16) f(tk) = tka
0
k + cka

1
k (k = 0; 1; . . . ;m);

therefore if tk 2 S then f(tk) = tk because ak = 0. Conversely, suppose f is a
reproductive solution of equation (7). Then f satis�es conditions (i) and (ii) in
Lemma 1 with the identity in the role of �. Taking also into account Lemma 2 we
see that relations (14) and (16) hold for ck = f(tk). The proof is completed by
Proposition 1.
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