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THE FIRST ORDER PDE SYSTEM
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Abstract. Timelike and spacelike Osserman manifolds of signature (2; 2) are
de�ned in terms of the characteristic and minimal polynomials of the Jacobi operator
(for details see [BBR]). Osserman manifolds with the diagonalizable Jacobi operator
are characterized as rank-one symmetric spaces or at. Geometry of Osserman
manifolds with nondiagonalizable Jacobi operator is not yet completely clari�ed.
Some partial answers can be found in [BBR], [BBRa], [BBRb]. In the most general
case the Osserman type condition can be expressed in terms of the second order
PDE system. In this paper we derive the �rst order PDE system characterizing
Osserman manifolds when the minimal polynomial has a triple zero.

1. Introduction. Let M be a smooth manifold with a pseudo-Riemannian
metric h�; �i (sometimes we denote it also by g). If X is not a null vector, and
X 2 TpM , p 2M , then one can split a tangent space TpM = X �X?. The Jacobi
operator RX : Y 7! R(Y;X)X is a symmetric endomorphism of TpM and KX is its
restriction to X?. An endomorphism KX is diagonalizable if X? has the de�nite
induced metric, in other case may be also undiagonalizable.

Locally rank-one symmetric and at Riemannian spaces have constant eigen-
values of KX . Osserman have conjectured in [O] that the converse is also true.
The positive answer for all dimensions except 2kp; p is odd and k > 1, has been
obtained by Chi [C], [Ca], [Cb]. For other problems related to Osserman condition
see Gilkey [G], Gilkey, Swann and Vanhecke [GSV], and others (for more details
see for example [BBGR]).

In pseudo-Riemannian setting the situation is rather complicated. Firstly, we
denote by S�

p := fX 2 TpM j hX;Xi = �1g. the set of all unit spacelike (� = +)
and timelike (� = �) tangent vectors X 2 TpM at p 2 M . We de�ne a spacelike
(resp. timelike) Osserman manifoldM at p if the Jordan form of KX is independent
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of X 2 S�
p (resp. X 2 S�

p). Pointwise timelike (resp. spacelike) Osserman manifold
is timelike (resp. spacelike) Osserman at each p 2 M . If Jordan form of KX is
independent of p 2M we say M is spacelike (resp. timelike) Osserman.

Garcia-Rio, Kupeli and V�asquez-Abal in [GKV], and the �rst two authors
with Gilkey in [BBG] have studied Osserman Lorentzian manifolds.

Osserman 4-dimensional manifolds of signature (2; 2) have been studied in
[BBR], [BBRa], [BBRb]. In this case the Osserman condition is equivalent with
independence of the minimal polynomial of KX ofX 2 S�

p. To study these manifolds
it is necessary to consider four di�erent types of Jordan forms of KX . One can �nd a
suitable pseudoorthonormal basis such that the matrix of KX is one of the following

Type I-a

0
@
� 0 0
0 � 0
0 0 

1
A ; Type I-b

0
@

� � 0
�� � 0
0 0 

1
A� 6= 0;

Type II

0
@
�� 1=2 1=2 0
�1=2 �+ 1=2 0
0 0 �

1
A or

0
@
��+ 1=2 �1=2 0

1=2 ��� 1=2 0
0 0 �

1
A ;

Type III

0
@

� 0
p
2=2

0 �
p
2=2

�p2=2 p
2=2 �

1
A :

for arbitrary �; �;  2 R.
It is easy to see: KX is of type I-a if it is diagonalizable; type I-b corresponds

to KX if its characteristic polynomial has a complex root; KX is of type II (resp.
III) if its minimal polynomial has a double root � (resp. triple root �).

Studying examples of types II and III Osserman manifolds one can see their
geometry is very reach and interesting, but their classi�cation is not yet known
(see [BBR], [Ra], GVV]). Henceforth it is important to investigate di�erent types
of PDE which express Osserman condition. In the most general case the Osserman
type condition can be expressed in terms of the second order PDE system. The
main purpose of this paper is to derive the �rst order PDE system characteriz-
ing Osserman manifolds when the minimal polynomial has a triple zero. Let us
mention that studying of the corresponding PDE system in Theorem 2.3 (iii) in a
diagonalizable case (Riemannian case [C] and the signature (2,2) [BBR]) was suÆ-
cient to establish characterization or to prove the nonexistence of the corresponding
manifolds.

2. On the Osserman manifolds when minimal polynomial of the KX

has triple zero. Let M be a pseudo-Riemannian manifold of dimension 4, with
the metric h�; �i of signature (2; 2). Let �i = �1 for i = 1; 2 and �i = +1 for i = 3; 4.
We denote by E1; � � � ; E4 an orthonormal basis of M . It means hEi; Eji = �iÆij .
Let TM be the tangent bundle of M and X;Y; Z; etc. arbitrary vector �elds. If r
is the Levi-Civita connection then R(X;Y ) : TpM �! TpM is the pseudo-Riemann
curvature operator given by

R(X;Y )Z = rXrY Z �rYrXZ �r[X;Y ]Z: (2.1)
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If !i
j and 
i

j are the connection 1-forms and the curvature 2-forms respectively,
then we have:

rEi =
X

!s
iEs; i; s = 1; � � � ; 4;


i
j =

1

2

X
Rklj

i�k ^ �l:
(2.2)

If �i are the dual forms of Ei, i.e. �
i(Ej) = Æij we write the Cartan structural

equations in the following form

d�i = �
X

!i
j ^ �j ;

d!i
j = �

X
(!i

k ^ !k
j +
i

j) (the second Bianchi identity):
(2.3)

Let us mention also the symmetry properties of the connection forms as well as the
curvature forms

!i
j = ��i�j!j

i ; 
i
j = ��i�j
j

i : (2.4)

Recently, in the paper [BBR] we found the characterization of the Osserman man-
ifold of signature (2,2). In this characterization appears the class of manifolds of
type III, which Jacobi operators have a triple root � of its minimal polynomial. In
this case we found all components of the curvature tensor R in an orthogonal frame
fE1; E2; E3; E4g, using Osserman algebraic condition. The all nonzero components
of the curvature tensor R are:

R1221 = R4334 = �; R1331 = R4224 = ��;
R1441 = R3223 = ��; R2114 = R2334 = R3224 = R1442 = �k;
R3114 = R1223 = R1443 = R1332 = k; where k =

p
2=2:

(2.5)

Now, we start with studying 1-forms which appear naturally in this context.
Let us introduce the following notations

A = !21 + !43 ; B = !42 � !31 ; C = !41 + !32 ;

~A = 2(A+B) ~B = 2(B �A):
(2.6)

These 1-forms are the following linear combinations of the basic forms �i, i.e.

C =
X

Ci�
i; ~A =

X
~Ai�

i and ~B =
X

~Bi�
i: (2.7)

The coeÆcients of these 1-forms are not independent. More precisely, we have

Lemma 2.1. (i) The coeÆcients ~Ai, i = 1; � � � ; 4 satisfy the following rela-
tions:

~A1 = � ~A4 = C2 + C3 and � ~A2 = ~A3 = C1 + C4:

(ii) The coeÆcients ~Bi, i = 3; 4 satisfy the following relations:

~B3 = C1 � C4 �B2 and ~B4 = C3 � C2 �B1:
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Proof. The second Bianchi identity implies

d
1
2 = 
1

3 ^ !32 +
1
4 ^ !42 �
2

3 ^ !12 �
4
3 ^ !14 ;

d
1
3 = 
1

2 ^ !23 +
1
4 ^ !43 �
2

3 ^ !12 �
4
3 ^ !14 ; (2.8)

d
1
4 = 
1

2 ^ !24 +
1
3 ^ !34 �
2

4 ^ !12 �
3
4 ^ !13 :

We use now (2.5), (2.6), (2.7) and (2.8) to see

2B ^ (�1 ^ �2 � �3 ^ �4)� 1

2
~B ^ (�1 ^ �3 � �2 ^ �4)� C ^ (�1 ^ �4 + �2 ^ �3) = 0;

1

2
~B ^ (�1 ^ �2 � �3 ^ �4) + 2A ^ (�1 ^ �3 � �2 ^ �4)� C ^ (�1 ^ �4 + �2 ^ �3) = 0;

C ^ (�1 ^ �2 � �1 ^ �3 + �2 ^ �4 � �3 ^ �4)� ~A ^ (�1 ^ �4 + �2 ^ �3) = 0:

From the previous relations, after calculating the coeÆcients with �i ^ �j ^ �k for
the di�erent choice of indices i; j; k we have statement. �

From the relations between the coeÆcients of the forms in Lemma 2.1, one
can �nd the folowing properties of the forms ~A and C. More precisely, we have:

Proposition 2.2. (i) div( ~A) = 0. (ii) div(C) = 6�. (iii) kCk = 0.

Proof. We use Lemma 2.1 and (2.7) to see:

kCk2 = �C2
1 � C2

2 + C2
3 + C2

4 ;

div(C) = �C1;1 � C2;2 + C3;3 + C4;4; (2.9)

div( ~A) = �(C2 + C3);1 + (C1 + C4);2 � (C2 + C3);4 + (C1 + C4);3:

If we di�erentiate the forms ~A and C we �nd

dC =
1

8
( ~A ^ ~B) + 
3

2 +
4
1;

d ~A = C ^ ~A+ 2(
2
1 +
4

3 +
4
2 �
3

1); (2.10)

d ~B = ~B ^ C + 2(
4
2 �
3

1 �
2
1 � 
4

3):

Now, if we �nd di�erential of the form C using covariant derivatives we get:

� C2;1 + C1;2 = �1

8
(B2(C2 + C3) +B1(C1 + C4))� 2k;

� C3;4 + C4;3 =
1

8
(�B2(C2 + C3)�B1(C1 + C4) + 2(C1C3 � C2C4))� 2k;

� C3;1 + C1;3 =
1

8
(B2(C2 + C3) +B1(C1 + C4)� (C1 � C4)(C2 + C3) + 2k;

� C2;4 + C4;2 =
1

8
(B2(C2 + C3) +B1(C1 + C4)� (C1 � C4)(C2 + C3) + 2k;

� C1;4 + C4;1 =
1

8
(C2

3 � C3
2 ) + �;

� C2;3 + C3;2 =
1

8
(C2

4 � C3
1 ) + �: (2.11)
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If we add the left sides of the �rst four equations of (2.11) using (2.9) we obtain (i).

From d ~A we have:

C1;1 + C2;2 + C3;2 + C4;1 = C2
1 + C2

2 + C2C3 + C1C4 � 2�;

C1;4 + C2;3 + C3;3 + C4;4 = C2
3 + C2

4 + C2C3 + C1C4 + 2�:
(2.12)

Subtracting the �rst equation of the second one of (2.12) using (2.11) we �nd :

div(C) =
9

8
kCk2 + 6�: (2.13)

Similarly, from d ~B follows:

B1;2 �B2;1 = �B1C2 +B2C1 + 2�; (2.14)

B1;3 +B2;1 � C1;1 + C4;1 = �B1C3 �B2C1 + (C2
1 � C1C4) + 2�;

�B2;4 �B1;2 + C3;2 � C2;2 = B2C4 +B1C2 � (�C2
2 + C2C3)� 2�;

B2;4 �B1;3 + C4;4 � C1;4 + C3;3 � C2;3

= B1C3 �B2C4 + C2C3 + C1C4 � C2
3 � C2

4 + 2�:

If we add all four equations from (2.14) using (2.11) we �nd:

div(C) = �9

8
kCk2 + 6�: (2.15)

Now, (ii) and (iii) follow from (2.13) and (2.15). �

Here is more convenient to deal with a following null basis fFig of TpM :

F1 =
1p
2
(E1 +E4); F2 =

1p
2
(E2 +E3);

F3 =
1p
2
(E2 �E3); F4 =

1p
2
(E1 �E4):

(2.16)

Let f�i; i = 1; 2; 3; 4g and f'i
jg be the corresponding dual basis of T �pM and

connection 1-forms. Using formulas (2.2) and (2.4) one can �nd that the connection
1-forms f'i

jg in this basis satisfy the following symmetric relations:

'11 + '44 = 0; '21 + '43 = 0; '31 + '42 = 0; '14 = '41 = 0;

'22 + '33 = 0; '12 + '34 = 0; '13 + '24 = 0; '32 = '23 = 0:
(2.17)

Let C = �Ci�
i and A = �Ai�

i. Let �Ci;j be the components of the covariant
derivativerC. Now, we give the following characterization of the type III Osserman
manifolds of signature (2,2). More precisely, we have:

Theorem 2.3. Let M be an Osserman manifold of signature (2,2) which
minimal polynomial of the Jacobi operator has a triple root. Then there exists a
null frame fFig, with the corresponding dual basis f�ig and connection 1-forms
f'i

jg such that:
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(i) '31(F1) = '31(F2) = 0.

(ii) '31(F3) = � 1
22('

1
1 + '22)(F1); '31(F4) =

1
2 ('

1
1 + '22)(F2).

(iii) �C2;1 = � �C1
�C2 � 2�, �C1;1 = �C2

1 ,
�C2;2 = � �C2

2 ,
�C2;4 = �C1

�C2;
�C2;4 + �C4;2 = �C1

�C3 + �C2
�C4.

Proof. (i) We know from (2.6) A = !21+!
4
3; B = !42�!31 and C = !41+!

3
2. So,

we have to �nd the relation between the connection 1-forms !i
j and 'i

j . If we use

the formula [!i
j ] = G�1['i

j ]G + G�1dG, where G is the matrix of transition from

the basis fEig into the basis fFig, and the symmetries (2.17) of the connection

1-forms f'i
jg, we �nd the relations ~A = 4'31;

~B = 4'13 and C = '11 + '22: Then we

get the relation between dual basis using [�i] = G� [�i]:

�1 =
1p
2
(�1 + �4); �2 =

1p
2
(�2 + �3);

�3 =
1p
2
(�2 � �3); �4 =

1p
2
(�1 � �4):

Now, we combine these relations with Lemma 2.1 (i) to get (i). One can also check

that ~C1 = (C1 + C4)=
p
2 and ~C2 = (C2 + C3)=

p
2.

(ii) It follows directly from (i) and duality of the basis f�ig and fFig.
(iii) It is interesting to notice that the second equation of (2.10) has the

following simpler form in the null frame fFig
d ~A = 4��4 ^ �3 + C ^ ~A: (2.18)

In terms of this frame we express ~A = 2(� �C1�
3 + �C2�

4). One can consider the
equations (2.18) as the system given in (iii). �

Remark 1. One can see that the general Osserman type condition leads
to some system of PDE of the second order. As a consequence of this system
using the second Bianchi identity we obtain the PDE systems of the �rst order
(2.18). The statements (i), (ii) from the above theorem enable us to reduce this
problem to the more natural and simpler PDE systems of the �rst order obtained
in Theorem 2.3 (iii) (in terms of the connection forms of some null frame) and gives
the characterization of the type III Osserman manifold.

Remark 2. Chi has used the corresponding PDE system in Theorem 2.3 (iii)
studying the Osserman conjecture for 4-dimensional Riemannian manifolds. The
same system has been used in [BBR] to establish a characterization or to prove the
nonexistence of the corresponding manifolds.
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