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Abstract. The exact asymptotics of singular values of a fractional integral

operator
- _ a—1
o — / (x—y" dy
I'(a)
0

for 1/2 < « is found. The results related to asymptotic behavior of singular val-
ues of convolution operators similar to fractional integral operator are given. We
also obtained a result about the asymptotic behavior of convolution operators with
logarithm-singularity.

1. Introduction. In [7] Hille and Tamarkin obtained bounds for the eigen-
values of fractional integral operators (F.I1.O.). Chang [1] extended these results to
singular values of ordinary integral operators.

Faber and Wing [3] found an upper bound for the singular values of F.I.O.
and some other similar operators. They stated as an open problem to find the
precise asymptotics of the singular values of I* for 0 < a < 1. Also, the following
is conjectured:

If Ky and K, are two convolution operators

Ki-:/ Ki(z —y) - dy; i=1,2
0

K n(K
where K; are smooth functions on (0, 1] so that lim 1(2) =1, then lim sn(E3) =
-0 Ko(x) n—oo $,(K>3)

(sn(K;) are the singular values of K;).
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The conjecture is shown in the case
(%) Ki(z) = 2" ki(),

where k;(0) = 1 and n in a natural number.

In this paper we will prove the conjecture when K; are of the form (x) and n
is not a natural number. We will also find the exact asymptotics of singular values
of F.I.O. I* for o > 1/2. The case 0 < a < 1/2 was treated in [2]. The conjecture
with kernels K; having logarithm-singularity in the point = 0 will be proved.

Asymptotic behavior of singular values and singular functions of convolution
operators with sufficiently smooth kernels can be found in [5].

2. The singular values of F.I.O. Let H be a complex Hilbert space and
T a compact operator on H. The singular values of T' (s,(T")) are eigenvalues of
the operator (T*T)Y? (or (TT*)'/?).

We will consider the operator I® : L2(0,1) — L?(0,1) defined by

I*N@ = i3 / “(@—y)* " f()dy.

It is easy to prove that I¢ is compact [3].
THEOREM 1. If a > 0, then lim,, oo n%s,([%) = 7~ .

The case 0 < a < 1/2 is proved in [2]. Before proving Theorem 1, we will
prove some lemmas.

LeMMA 1. Ifa€e (n,n+1/2)U(n+1/2,n+1) (n=0,1,2,...) and
B : L?(0,1) — L*(0,1) is defined by

_ [ P
Bf(z) —/0 T 20) oo T Wy,

then lim n2%s,(B) = 2%,
n—o0

In [11] and [13] are given some results about eigenvalues of integral operators
with kernels “close to” kernel of operator B. We give a new proof of Lemma 1.

Proof of Lemma 1. Let us consider the function

Crale) = 2 K a(lal) - 212
20(T) = ﬁf(a) 1/2—a T x )

where K, (-) is McDonald function. It is known that G, (-) € L'(R) and

/ e Gou (t)dt = (1 + %)~
R
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(see [12]). By direct calculation we get

21/2—aﬁ 1 |x|2a—1
2I'(a) cosam 22120 (a + 1/2)

21/2 a\/_ |2a+2k—1
) cos am Z k122k+a— 1/2F(k: +a+1/2)

(1) Gaalz) =

+ wo(z)

where ¢q is an even entire function.
Let B!, : L?(—1,1) = L?*(—1,1) be the operator defined by

- /_ Gaola =)/ )iy

According to Widom’s result [13, Theorem 1] we get
(2) $n(BL) ~ (2/n7)?*, n — oco.
Let D, : L?(—1,1) — L?(—1,1) be the operator

D f( )_ 21/2—aﬁ 1 |x_y|2a—1
A 20 (a) cosam J_; 2071/2T (o + 1/2)

fy)dy.

2a—1

N

D _ 1 ! 2a—1 d
af(f)—m/_l|ﬂf—y| f(y)dy

From (1), (2), Ky Fan’s theorem [6] and a theorem of Krein [6, p. 157] it follows
$n(Dgy) ~ s, (BY) and so

Using the Legendre’s formula I'(2a)) = T(a)T(a + 1/2) we get

(3) sn(Da) ~ (2/nm)*

The operator D, is selfadjoint, therefore from (3), using the substitution
vy = (1+2)/2, y1 = (1+19)/2, we get s,(B) ~ (7n) 2%, n — oco. Lemma is
proved. O

Let 0 < 3 < 1/2, ¢(t) = f+°°sﬁ Y1 +5)Ptds, a=n+ 8,

lz -yl o(z/(ly —x); y>=
/

=y ey/ @ —y); >y /M“’

Mo = {

LEMMA 2. We have lim,, oo m>*®sp,(B;) = 0.
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Proof. Let ¢(t) = t>* to(1/t)(t) = (1 — t)**1é(t/(1 — t)). Expanding
functions ¢ and ¢ in series near the points ¢ = 0 and ¢t = 1 we get

o0 =v™1-0)=0;, v=0,1,...,2n—1

4
D e e, ) = e -0)
From oo 1 v/ 0 .
(2 le(y/z-1); y>a
Mz.y) = { >N (y/x); x>y

and (4) it follows

0"M/0y" |y=x =0 forv=0,1,...,2n -1
0" M/0y" |y=¢ exist for v = 2n and v = 2n + 1.

Let 0 < d < 1 and let P5: L?*(0,1) — L?(0,1) be the linear operator defined by

Psf(x) = { g,(m)’ 2 iz ; ‘15
Then
(5) B, = Bi(I — Ps) + (I — P5)B1Bs + Ps B, Ps.
From

Bl = P)f(@)= [ M) i)y, and

62n+1M

W <M§ for 5§y§1,1’€[0,1],

according to Krein’s theorem [6, p. 157] we conclude

(6) $m(By(I — P5)) = o(m™2"7%/%) m — oo
and from this

(7) $m((I — P5)ByPs) = o(m™2""3/2) 'm — .
We will show

(8) m?®s,,(PsB,P5) < Cj - 6,

where Cj is a constant independent on both m and §.
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The operator PsB; Ps : L?(0,8) — L?(0,6) is given by

)
By Py f(z) = / My iy  (0<z<d).

Let us write PsB1Ps = C + C* where

)
C:I2(0,6) 5 I30,0),  Cf(a) = / M(z,) £ (4)dy
O 0.0 5 120,07 €S = [ " M(a,y)f () dy.

(C* is the adjoint operator of C). Let I : L*(0,6) — L?(0,6) and I* : L*(0,8) —
L*(0,6) be the operators defined by If(z) = [; f(s)ds and I* f(z) = fj f(s)ds.
Then s ,

*2n a nM
Cf(ﬂf):/ I f(y)Wdy

s
_ *2n 20—2n—1,_(2n) (Y _
/I I f(y)z @ (m 1) dy

)
— *2n 26-1,,(2n) (Y _
/xI fy)a=" (m l)dy

= DI**"f(z),
where D : L?(0,8) — L?(0,) is the linear operator defined by

Df(r) = / 21 (£-1) rdy.

The fact s, (I*) = s,(I) = §/m(n —1/2) [6, p. 155] implies that inequality (8) will
be proved if we prove

(9) m*P s, (D) < Cy - 6,

where the constant C7 is independent on both m and 4.
Let D* be the conjugate operator of the operator D in the space L?(0,§).

Then N
* _ 28-1, (2n) (T du.
D* f(x) /0 y e <y 1) f(y)dy

[ v (f—l) fpdy = [ Pl n)dy, (12, pp. 42,43,
0 Yy 0

1 d X t2ﬁ_1@(2n) (% _ 1)
Aleo) =~ 51 =35 d_y/ =y
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it follows
(10) D* = F'I2ﬁ>
where
1 xr
128 . 12(0,8) — L2(0,8), I2° :____/ 251 £ d
0.6) > 1(0.6), 1) = gz [ =0 )y

and F is the linear operator on L?(0,d) defined by F f(z) = fom Az, y) f(y)dy. We
will show that the operator F' is bounded. It is easy to check that A(,-) is the
homogeneous function of order —1. If

1; >0
0<x>={ i
0; <0

then the function A(z,y)8(z — y) is also homogeneous of order —1.
According to the inequality of Hardy and Littlewood [12, p. 28] from

00 1
/ JA(L )61 = )|y~ dy = / y~?lA(L y)ldy = L(a) < oo
0 0
it follows that the operator
| At =) dy s 220,00 - 120,
0

is bounded with the norm not greater then L(«). But then the operator F' is also
bounded and ||F|| < L(«).

From s,,(I%%) < Cy - 6%%/m?3 (with the constant Cy independent from both
m and &) and (10) we get s,,,(D) < CoL(a)-0%% /m?? < CyL(a)§/m?”. This proves
the inequality (9) and so (8).

From (6), (7), (8) and the properties of the singular numbers of the summ of
operators it follows lim,, mzasm(Bl) = 0 and the lemma is proved. O

Let a=n+1/2+ 6,0 < § < 1/2, do(z) = [° 57 />(1+5)7~%/2ds,

xr
B+1/2,,8-1/2.
R(x,y):|w—y|2"-{m Yy ;Y>>
yIH PPy <
do(z/(y —x)); y>u

“1/2‘6)'“”'2&_1'{ boly/(x 1)) = > .

Let By : L?(0,1) — L?(0,1) be the linear operator defined by

Byf(z) = / R(z - y)f (4)dy.
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Let 0 < 6 < 1and Ps: L?(0,1) — L?(0,1) be the linear operator

flz); 0<x<é
0; 0<z<l.

Psf(z) = {

Let Tp : L?(0,8) — L%*(0,8) and S : L?(0,8) — L*(0,8) be the linear operators
given by

§ g2n+1
0 R
Tof(z) = Wf(y)dy

st = | "W — %)z — y)*" F(y)dy.

LEMMA 3.
a) sm(To) < Cs-8/m?3, where the constant Cs is independent on both m and §.
b) m2®s,,(s) < Cy - §, where the constant Cy is independent on both m and 6.
¢) limy, oo m?¥s,(Bs) = 0.

Proof. Let ¢ and 1 be the functions

p(t) = (¢ = 1> 2 4+ (1/2 = B)(t = 1)** ' o(1/(t = 1)); (£ >1)
V(1) = (L= 0)*"t7F2 4 (1/2 = B)(1 = 1)** M o(t/ (L~ 1)); (¢ <1)

2 loy/r); y>a

a?*ly(y/x); x>y

Re.p) = {
It is easy to check that

) {¢Wa+0y:wﬂu—oy=m forv=0,1,...,2n—1
e (1 +0) =™ (1-0), for v =2n, 2n + 1, 2n + 2.

Like in Lemma 2 we use the fact that
By = B2(I - Pg) + (I - Pg)BgP(; + PsB, Ps.
It follows from (11) that 0VR/0y"|y=y = 0 for » = 0,1,...,2n — 1 and that there

exist 0 R/Oy"|,—, for v =2n, 2n + 1, 2n + 2. From |0°" 2 R/0y*" 2| < M; < o0
for0 <y<1,0<z<1and

1
By(I - Py)f(x) = /6 R(z,y)f(y)dy
it follows that

(12)

{ Sm(BQ(I — P(;)) = o(m_(2n+2+1/2)) N
,  m — o0.

Sm((I — Pa)BP(;) =0 m_(2n+2+1/2))
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We write the operator

)
PyByPy f(z) = / Riz,y)f(y)dy : L2(0,8) — L*(0, )
in the form PsByPs = E + E*, where
) x
Ef(z) = / Rlz,y)fy)dy; B f(z) = / R(z,y)f(y)dy.
x 0

Using the partial integration 2n + 1 times and applying (11) we get

Ef(a:) — [*2n+1f($) . 82nR/ay2n|y:x+0 + T0]*2n+1f($),

and so

Ef(z) = o™ (1 +0) - a2 12 f(z) 4+ To I f(x).
Let 26 5

VH@) = Gy [ =2 f)d s T(0.8) = 120.6).

Then E = ™ (14 0) -V + To**"*!, and from this we get E* = ¢®™ (1 4 0) -
V* 4 " T, Therefore

(13) PsBaPs = ™ (14 0)(V + V*) 4 To[*" 1 4 Ty 27+,

Proof of part a) of Lemma 3 is the same as the proof of Lemma 2.
It follows from this that

(14) m>® s, (To ™" + T3P < C5 - 6,
with Cj5 independent from both m and 4.

Note that V + V* =S + W, with W : L?(0,8) — L*(0,) defined by

0
Wi(z) = / 28(z — )™ f (y)dy.

The operator W is an operator of the rang 2n + 1 and if part b) of Lemma 3 is
proved, we get

(15) m*®s,(V +V*) < Cq -6,

the constant Cg is independent from both m and §.

From (13), (14), (15) and from the properties of the singular values of the
summ of operators it follows

(16) m>**s,(PsByPs) < Cr - 0,
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C7 is independent from m and §. But then from (12) and (16) it follows part ¢) of
Lemma 3.

We will prove the statement b). For that it is sufficient to prove that
m2%s,(S1) < Cy -8 (Cy is independent from m, §), with

)
S1f(@) = / (1 — %) (x — y)*" f(y)dy : L2(0,8) — L*(0,5).

Set h(t) = (#*° — 1)(t — 1)®". Then

$1f(@) = / St (1) s

T

Note that
(17) h)(140) =0, for v =0,1,...,2n and K>V (1 +0) = —23

Using (17), after 2n+1 partial integrations we get S; = DI*?"*! where D : L?(0, )
— L%(0,6) is the linear operator defined by

Df(z) = / " g2 et (%) rway.

T

If we prove
(18) m*P s, (D) < Cgé (Cs is independent on m, §),

the part b) of Lemma 3 will be proved.
Using [12, pp. 42, 43] we conclude

D) = [ "y pent (5) fy= [ (18 ) ) B, y)dy

with

1 d /“” 28 1p(2nt1) (g /1)
Yy

Bl =g O

1-2p3)dy
The operator

Fuf(z) = / " Bla,y) () dy

is bounded and its norm has an upper bound independent of §. The proof of this
fact is as in Lemma 2. This implies (18) and completes the proof. O

LEMMA 4. Let L : L*(0,1) — L*(0,1) be the linear operator defined by

Lf(z) = / (z — y)" In(VE + v5) f ()dy.
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Then lim,, oo m?™" s, (L) = 0.

Proof. Considered the operator L in the form
2n m
L — 1) nfu/ZTV
=3 () et
with

T, f(z) = / y"(JE + 3P (VT + i) ()dy,

we conclude that it is enough to show that lim m?"*ts,,(G;1) = 0 for
m—»00

Gif(z) = / (VE + VB In(VZ + V) f () dy.

To do this, it is sufficient to show that lim m?"*ls,(G) = 0, for the operator
m—ro0

1
Gf(@)= [ (z+0)" (@ + ) f(0)dy.
0
By partial integrations we get
(19) G = finite rank operator + (2n)!H - I*",

where

) = ey [ =P s 1@ = [ G+ )@y

(2n -1

In [2] it was shown that lim ms,,(H) = 0 and thus from (19) the conclusion of
the lemma follows. O ™™

LEMMA 5. Let P: L*(0,1) — L%(0,1) be the linear operator defined by
1 2
(z —y)™
P = —1 — .
@) = [ i Il = i)y
Then lim m2"*ls,, (P)=n"2""1,

m—00

Proof. The function Gy (z) = 7' Ko(|z|) € L' (R) (Ko is McDonald function
[12]) satisfies the relation

/ G (t)erdt = (1 + %) ~1/2.
R
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Diferentiating this relation 2n times we get

d2n
dmZn

/ Gl(t)theitzdt — (_l)n (1 +m2)71/2
R

Using Widom’s result [13] and having in mind that

‘ &2r (2n)!

m2n+

~

(142212 (z — 00)

dl.2n

(because (1 +z%)~1/2 = 3222 (T1/%)272#=1, 2 >> 1) we obtain

(20) 8m</1101(9:—y)(w—y)2”-dy>N(mﬂ(?% (m - o0).

But, on the other side

n|\xr = T 2k
Gy = -2 Y S v
k=0

(o is an even entire function). Therefore, using Ky-Fan’s theorem [6] and (20) we

conclude
Y PSR P
1 ™ (mm/2)2n+!

([ e g

The last relation implies s,,(P) ~ 1/(mm)?>"*!. The lemma is proved. O

and thus

Proof of Theorem 1. By direct calculation we find the kernel Ky(z,y) of
the operator Ay = (1¢)*I*:
I=2(a) fy “(t+z—y)*te7ldt; 120>y >0

I'2(a) Ol_y(t +x -yttt 1>y>2x2>0.

Ko(l',y) = {
The eigenvalues of the operator Ay are the same as the eigenvalues of the operator
A with kernel
K {F%a)f;”t“(tw—m)aldt; 12y2220
T () [y eyt 1> 2>y >0,

We will use the formulae from [10]:

1
/xp(l-i—:v)qdm: (14 2)” P /mp(l—l-a:)q*lda:
(21) ptq+1 ptq+1
zP (1 + z)rtt P
/x”(l +z)lde = - /:vp_l(l + z)dz.
ptq+1 ptq+1
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From (21) we obtain

_ B afl _+_1.)a71 :L.ozfl(l _+_1.)a71

22 a—1 1 [ 1d — z (

22) /m (1+2)* do 2a—1 | 22a-1)
a—1

— m/$a72(1 +1’)a72d1’.

ITcase: a=n+3,0<8<1/2,n=0,1,2,.... If we apply (21) n times, we
get

Ka(z,y) = kernel of a finite (2n) rank operator

(=D)"(z —y)*
+ 2a—1)-... (20— 2n)/C5(a:,y).

In [2] it is shown that

6)1 _25)

(o) = P e = 4 Glawy)

with
t T2y - 0% (55); v
I2@)@-9* e (75): >

Ty

G(z,y) =

(The function ¢ is introduced before Lemma 2). Therefore

(=1)"|e —yP*~'B(B,1 - 28)

K =
(09 = B Ra 1) .. 2a—2n)
+ kernel of a finite rank operator + C(«) - M (x,y)
|z — gy

= 30(2a) cosar + kernel of a finite rank operator + C'(a) M (z,y).

From this it follows
(23) A = B + finite (2n) rank operator + C(a) - By
From (23), Lemma 1, Lemma 2 and Ky-Fan’s theorem [6] it follows
Sm(A) ~ (mm) 2%, (m — o0) and thus s,,(I%) ~ (7m)~%, (m — o).

IT case: a =n+1/2+ 3,0 < 8 < 1/2. Similarly to the previous case we
obtain

Ka(z,y) = kernel of a finite rank (2n) operator

(=1)"(@ —y)*"
* (20{ - 1) L (2a — Qn)l(:5+1/2(x)y)
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Using (21) we get

gBt1/2,8-1/2

1 28 ; y>zw
Kar12(@9) = m52—79 .
r2(8+1/2) y6+1/;zﬁ 1/2; z>y
B—1/2 /oo —1/2 —3/2
+lz -y sO71/2(1 4 5)073/2ds
v S Jy e
T L |z —y|* - %o (y’””) y=7
2
2172 () ez
Then
|.’L' _y|2a—1 .
Kao(z,y) = ==—————— + kernel of a finite rank operator + ¢(«)R(z, y)

2I'(«@) cos amr

From this it follows
(24) A = B + finite rank operator + ¢(«)Bs.
From (24), Lemma 1, Lemma 3 and Ky-Fan’s theorem [6] it follows

sm(A) ~ (mm)™2*  and thus s, (I%) ~ (7m)™%, m — cc.

IIT case: a =n + 1/2. From

(=D)"(z —y)*"

Ko(z,y) = kernel of a finite rank operator + TIQQ(J:, )

and | ,
Kipa(x,y) = ——Inje —y| + —In(vVz + \/y)

we conclude

2 (=1)"
A = finite rank operator + — (=) L+ (=1)"*tp
™

(2n)!

Using (25), Lemma 4, Lemma 5 and Ky-Fan’s theorem [6] we obtain

sm(A) ~ 1/(mm)*" ™ m — oo and thus s,,(I%) ~ 1/(mm)*, m — co.

IV case: a = n, (n is a natural number). In this case the problem on
asymptotic behavior of singular numbers reduces to the problem on asymptotic
behavior of eigenvalues of a differential operator with regular boundary conditions.
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Asymptotic of eigenvalues of a differential operator with regular boundary
condition is known (see [8]) and therefore

Sm(I™) ~ 1/(mm)", m — oc.

Thisf completes the proof. [

THEOREM 2. Let K; : L*(0,1) — L?(0,1) (i = 1,2) be the operators defined
by
Kif @)= [ Kito = )f )y,
0

where

a—1
Ki(z) = Zlﬁ(a) (1+ri(z)), €01, a>0, ri(0)=0,

[a] is the greatest integer wich is not greater than «. Then

Sn(Kl)

lim =1.
n—00 Sn(K2)
Proof. Tt is sufficient to cinsider the case
ma—l ma—l
K = 1 K =
(@) = Ty (1 7)), Kalw) = T

re o1, r@) =0, r(0)=0,

since from 7/(0) # 0 it follows

by virtue of Theorem 1.

We will use the Keldysh—Krein’s result [9]: If A and B are compact operators
such that A = B(I + T') for compact operator T" such that —1 € p(T'), then

lim s,(A)/sn(B) = 1.

n—o0

For A = K;, B = K>, using the fractional integral operator we get (see [12]):

—Nled =
11w = S [ 10 sy,
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with

z o]
S(e1) =~ —a /¢~ 9T g (e = 0 e - D)

From the conditions » € C'*11[0, 1], 7(0) = 0, #'(0) = 0 it follows that the function
S is bounded on the set A = {(z,y) e R?:0<y <z, 0<z <1} and thus the
operator T is compact and Volterra. Therefore, according to quoted theorem we
have JLH;O sn(K1)/spn(K2)=1. O

COROLLARY. If a > 0, r € Cl*1[0,1], r(0) # 0, k(z) = 2% 'r(z) and
K : L?(0,1) — L2(0,1) is the linear operator defined by

Kf(z) = / "k — ) f )y,

then sp(K) ~ r(0)I'(a)(nm)~*, n — oo.

Let us consider the kernels k;(z) = In® 2= (1 4+ r;(x)); i = 1,2 with ;(0) =0
and the operators

Kif(0) = [ ke - 05 at
0
We will prove the following.

THEOREM 3. If1 < B <2, r; € C3[0,1], d*r;/dx*|,—0 = 0 for k € {0,1,2}
then lim,, o 5, (K1) /sn(K2) = 1.

Proof. Like in Theorem 2, it is enough to consider the case
ki(z) =’ 27 (14 7(2), ko(e) =2,

with r € C?[0,1], r(0) = r'(0) = r"(0) = 0.
If K; and K, are operators with kernels k; and ko, then, with A = K; and

B = K, in Keldysh—Krein theorem quoted in the proof of Theorem 2, we have
A= B(I +T) with

riw) =P [ " S(a) Fly)dy

where P is a bounded operator and [12, p. 487]

d [* 1
S =— —t)In”? t —y)dt.
@) = g [ moste =0 )
Changing the variable in the last integral we obtain
d [° 1
S =—— t)In® ——r(z —y — t)dt.
R o A LG
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It is easy to prove, using the asymptotic behavior of the function g g [12, p. 482],
that the operator T is Hilbert-Schmidt, and hence compact.

Reasoning as in the proof of Theorem 2 we conclude
lim s,(K;)/sn(K2) = 1.
n— 00

Theorem is proved. O

Remark. It remains as an open problem to find the exact asymptotic of
singular values of the operator K: L?(0,1) — L?(0,1) defined by

Kf@y:Azmﬁ

fly)dy, B>0.

rT—=Yy
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