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Abstract. Let B™ be the unit ball in C™, S is the boundary of B™. Let
LP(S) denote the usual Lebesgue spaces over S with respect to the normalized sur-
face measure, H5,(B") is the Hardy space of M-harmonic functions and HZ,(S)
denotes the atomic Hardy spaces defined in [4]. Let P : L2(S) — H2,(B") denote
the Poisson—Szégo projection. We use My : LP(S) — LP(S) to denote the multipli-
cation operator, and we define the Toeplitz operator Ty = PMy. The paper gives
characterization theorems on f such that the Toeplitz operator Ty is bounded from
H?,(S) — HE,(B™) with 0 < p < 1.

1. Introduction

Let B™ denote the unit ball in C™. Set S as the boundary of B™. Let ¢ be
the normalized surface measure over S. Here LP(S) denotes the usual Lebesgue
space over S with respect to o for 0 < p < co, H?(B™) denotes the usual Hardy
space of holomorphic functions, HP,(B™) denotes the Hardy space of M-harmonic
functions and H?,(S) denotes the atom Hardy space of complex valued functions
on S defined in [4] (H?,(S) = LP(S), for 1 < p < 00). Also we let BMO(S) denote
the usual bounded mean oscillation function space with norm || - ||l. and BMOA
be its holomorphic subspace.We define another function space LMO(S). We say a
function f € LMO(S) if f € L'(S) and ||f||Lmo < oo where

log( =527
Ifllemo = [1flpi(s) +  sup {M / \f — foldo .
B(¢,9)

£€S5,0>0 a(B(§,9))
and )
fB= m /B(g,&) f(m)do(n).
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Here B = B(,0) = Bs(§) = {n € S :|1 —(n,&)| < 4} is nonisotropic ball on S.
Let C' : L?(S) — H2(B") denote the orthogonal projection, i.e.

Olf1(z) = /S FOC (=, 6)do(6), = € B, f € I*(S),

where C(z,£) = (1 — (2,£))~™ is the Cauchy kernel for the unit ball B™.

The Poisson—Szeg6 projection is an integral operator

PUAIE) = [ HOP(.0dn(e).2 € B, f € IXS).
The integral kernel P(z,¢) = % is called the Poisson—-Szeg6 kernel of B™.

We use My to denote the multiplication operator, and we define the Toeplitz
operators as
Tf =CM; and Ty = PM;.

We begin with a characterization theorem on f such that the Toeplitz operator
T{ is bounded from H,,(S) to H,(B").

THEOREM 0. Let f € L*(S).Then the following statements are equivalent:
(i) f € L>(S)NnLMO(S),

(ii) The Toeplitz operators T]? and TJ? are bounded from H},(S) to H:(B"),

(iii) My : BMO(S) = BMO(S) is bounded,

(iv) My : BMOA — BMO(S) is bounded,

(v) The Toeplitz operator T]? is bounded from H},(S) to HL(B").

This is Theorem 1 in [7]. We note that in the proof of the implication (iv) =
(i) it is not shown that M; : BMOA — BMO(S) implies f € L. Here is a simple
proof.

For & € S any Lebesgue point of f, we consider g¢,(z) = log(l — (z,&)) €
BMOA with ||ge, ||« < C, where C' is a constant depending only on n. By assump-
tion we have ||fge, ||« < C (In this paper constants are denoted by C which may
indicate a different constant from one occurrence to the next). Therefore, for any
nonisotropic ball Bs(&§;1) C S we have

_
o(Bs(&1))

(see [7, Lemma 1]).
In particular, if we let & = & and 0 < § < 1/4, we have

1
/B o Ml dota) < Clog s

Clge, (n)] > log m n € Bs(&)
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Thus
1 1
CW8 S 2 B o, P90 o)
1o 1 1 o
=¢ <1 & U(Ba(fo))> o(Bs(&)) /BS(EO)) Jn)ldotm)
Therefore

1 2
RE@BA@”W“WSC

for all § > 0. Since & is Lebesgue point, we have |f(&)| < C2?. By Lebesgue
theorem, we have |f(£)| < C? for a.e. £ € S. This completes the proof of Theorem
0.

The main purpose of this paper is to give characterization theorems on f such
that the Toeplitz operator T is bounded from HY,(S) — HP (B™) with 0 < p < 1.
More precisely we prove the following:

THEOREM 1. Let f € L*(S). Then the following statements are equivalent:
(i) f € L>(S)NLMO(S)
(ii) The Toeplitz operator Ty is bounded from H},(S) to H} (B™).

(iii) My : BMO(S) — BMO(S) is bounded.

THEOREM 2. Let f € L?(S), and 0 < p < 1. Then the following statements
are equivalent:

(i) f e (Hg(S)"
(ii) Ty : H?,(S) — HE (B™) is bounded.

2. Some basic notations and known results

Let A = (1 —|2]?) > k(Gjk — 2;Z1,) DDy, be the invariant or Bergman lapla-
cian. The functions anihilated by A are called M-harmonic functions, f € M, (see
[8, Chapter 4], for general properties of these functions).

We will also use the following expressions, defined for a smooth function u in
B™:

(a) The radial maximal function
ut(€) = sup{|u(ré)|;0 <r < 1}

(b) The admissible maximal function

M;[u](€) = M[u](€) = sup {|u(2)| : 2 € Dy () }.
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(¢) The admissible area function
1/2
SW©={/ IWauElhae)
Ds(€)
Here, in (b) and (c), Ds(§) = D(€) is the admissible approach region given
by

Ds(¢) ={z € B" : |1 = (2,6)] <d(1 - |z[*)},

1

dV denoting Lebesgue measure, and ||Vpgru|/g- is the Bergman length of the
Bergman gradient given in coordinates by

IV g ulf =

(112 Xn: \Dul? — ‘ Xn: 2:Dsu
i=1 i=1

2 o o2
+ Z |.DZ’LI,|2 — ‘ ZEiDiu }
i=1 =1
A function f € M is said to belong H? (B™), 0 < p < oo, if M;[f] € L*(S).

For the proof of Theorem 1 and Theorem 2 the following two lemmas will be
needed.

LEMMA 2.1. [1] Let w € M. Then the following are equivalent:
(i) we H, (B")

(ii) The radial mazimal function u™ € L'(S).

(iii) The area function S[u] € L*(S).

(iv) There ezists f € H.,(S) such that u = P[f].

LeEmMA 2.2. [1], [4], [5], [8] The following statements hold:
(i) P: H?,(S) —» HE(B™), 0< p < oo is bounded and onto.

(i) The dual space of HY,(S), 0 <p <1, is L7(S), v =n(1/p—1).
(iii) The dual space of HL,(S) is BMO(S).

See [4] and [7] for the definition of £7(S) spaces.

3. Proof of Theorem 1
First, we prove (ii) = (iii).

By Lemma 2.1 every function in the space H} (B") is the Poisson integral
of a function in the space H!,(S) and so the hypotheses that T is bounded from
H.,(S) to H},(B") is equivalent to the hypotheses that M is bounded from H_,(S)
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to itself. But then by duality (HZ,(S))* = BMO(S) (Lemma 2.2) M} is bounded
from BMO(S) to itself.

By Theorem 0 we have that (iii) < (i).

The proof of the implication (i) = (ii).

By the atomic decomposition theorem [4], [7], it suffices to show that for
every atom a on S with support By = B(&,d), we have

1Ty (@)l By < CIflemo + [ Fllso)-

Now we let By = 2By = B(&,2d). Since f € L>(S), Ty : L*(S) — H2,(B")
is bounded (Lemma 2.2). So we have that

[ (sw [ o@ls@1Pe,6 @) dotr
Bi *z€D(n) /By

9 1/2
u a z o o o(B1 1/2
s||f||oo( /. (s | la@1Pe0dr(9) d <n>) (o(B1))
< 1 llscllallzas) ((B)2 < €l

(Here we used Lemma 2.2 and the estimate |a(¢)| < (0(Bo))~!, € € By). Let
n € S\B; and z € Ds(n). Then

Ty(a)(z) = /B a(©) (6P (2, €) do(€)
- / a(©)(F(€) — ) P(2,€) do(€) + I, / a(&)P(=,€) do(€)
By By
=I(z) + Ix(2)

Now

/S sup | B(2)|do(n) < |fs,) [ ( sup /g (1P (2,€) do(©)) do(n)

\B; z€Ds(n) S *z€Ds(n)
< Olfpolllallm, sy < Cllfllso, by Lemma 2.1 (or Lemma 2.2).

We have

Il (Z)

(f(&) = fBo)a(§) P(2,£) do(€)

0

(£(&) = FBo)a(§)[P(2,8) — P(2,&)] do (&)

0

+ / (F(6) = F5,)a(€) Pz, 60) do(€) = Iy (=) + Tia(2)
Bo

TSI
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So
[ (Csw na@) dato
s

\B1 zE€Ds(n)

<o Csme [ 150 = Sl 10@1PC. 0)io(©) ot

z€Ds(n)

< ¢ Mlvo / ( sup Plz,6)) do(n)
S\B1 =z

log 5oy €D (n)

Il fllLmo / da(n)
<C —r < C
= logg Jsvs, 1= (n,&)" ~ I£lreo

Now we turn to estimate

c
) < gy [ 15O = fmllP(.€) = Ple, €0l dot)
C §'/2
< oy Jo O ~ Il e 401
51/2
< clfll.

1= (. )17

(See [8]) (Note that z € Ds(n) and n € S\ By).

Therefore

/ sup |11(2)| do(n) < Cllfllx < Cllfllso-
S\B1 z€Ds(n)

4. Proof of Theorem 2
First, we prove that (ii) = (i). Let g € H?,(S) N L*(S). Then
| [ 1900 as(6)| = 1Pl 0] = 1750 0)
< Tgllaz sny < Nl llgllme,s)

Since HY,(S) N L%*(S) is dense in H?,(S), then we have that

| [ £(©09(© do@)| < 1T Nl

for all g € H?,(S). Therefore f € (H?,(S))*, i.e. (i) holds.
Now we prove that (i) = (ii). By the atom decomposition theorem, we need
only to show that

1Ty (@)l mz, (5 < C(f),
for all p-atom a will support B(&,d) C S for some & € S and 0 < 6 < 1.
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Now we proceed as in the proof of the implication (i) = (iv), Theorem 2
[7]. The contributions of B(&,2d) to the integral [¢(sup.cp(, [Tr(a)(2)])? do(n)
is estimated using Hélder’s inequality and the boundedness of the map P : L(S) —
H2 (B").

For points ) € B(&,2d) one uses the cancellation of the atom and bounded-
ness P : HY,(S) - HF (B™) (Lemma 2.2) to obtain the desired estimate.
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