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ON POLYNOMIALS ASSOCIATED WITH
HUMBERT’S POLYNOMIALS

M.A. Pathan and M.A. Khan

Communicated by Gradimir Milovanovié

Abstract. The principal object of this paper is to provide a natural fur-
ther step toward the unified presentation of a class of Humbert’s polynomials which
generalizes the well known class of Gegenbauer, Legendre, Pincherle, Horadam, Kin-
ney, Horadam-Pethe, Gould and Milovanovié¢-Dordevié polynomials and many not so
well-known polynomials. We shall give some basic relations involving the generalized
Humbert polynomials and then take up several generating functions, hypergeometric
representations and expansions in series of some relatively more familiar polynomi-
als of Legendre, Gegenbauer, Hermite and Laguerre. Some of these results may be
looked upon as providing useful extensions of the known results of Dilcher, Horadam,
Sinha, Shreshtha and Milovanovié¢-Dordevié¢.

1. Introduction. Gould [3] presented a systematic study of an interest-
ing generalization of Humbert, Gegenbauer and several other polynomial systems
defined by

[ee]
(1.1) (c —mat +yt™)P = Py(m,x,y,p, c)t"

n=0

where m is a positive integer and other parameters are unrestricted in general. For
the table of main special cases of (1.1), including Gegenbauer, Legendre, Tcheby-
cheff, Pincherle, Kinney and Humbert polynomials, see Gould [3]. In [10], Milo-
vanovi¢ and Dordevi¢ considered the polynomials {Pf{,m}%ozo defined by the gener-
ating function

(12) G (a,t) = (L—2at + ™) = 3 p) (@)1,
n=0
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where m € N and A > —1/2. Note that

Mn .
ph () = ( )l (2z — 1) (Horadam polynomials [4])
’ n!
pf‘w(m) = C)x) (Gegenbauer polynomials)
p?‘w(a:) =phi(2) (Horadam-Pethe polynomials [5])

where (M) =1, N =A+1)A+2)---(A+n—-1), A=1,2,3,.... The explicit
form of the polynomial p), ,, (z) is

P (1) (A — (i (22) R

A () =
(1.3) Pp,m () kZ:O kln — mk]|

The set of polynomials denoted by S¥(z) considered by Sinha [13],
(1.4) [1 — 2zt + £2(2¢ — 1)] ZS”

is precisely a generalization of Sy (z) defined and studied by Shreshtha [12]. For
v =1/2, (1.4) gives associated Legendre polynomials S, ().

A generalization (and unification) of various polynomials mentioned above is
provided by the definition

(1.5) (¢ — axt + bt™(2x — 1)¢ an mabe.d(T Z On(

In the present paper we shall give some basic relations involving the general-
ized Humbert polynomials ©,,(x) and then take up several operational results, series
representations, hypergeometric representations and expansions of 0, (z) in series
of other polynomials which are best stated in terms of the generalized polynomials.
Definition (1.5) of ©,(z) is general enough to account for many of polynomials
involved in generalized potential problems [6], [7], [8]. This is interesting since, as
will be shown, the polynomials ©,(z) contain [3], [10], [13]

[n/m]
-k
Py(m,z,y,p,c) = Z <Z> < P )cp_""‘(m_l)kyk(—mm)"_mk (1.6)

Pt n —mk
/2] 1\k(, 22k (2 _ 1)k
k=0
[n/2] 2k pn—2k
B Yn(z — 1)
Z 22k 1/+1/2 k(n — 2k)'k! (1.8)
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2. Finite series representations for ©,(z). Here we obtain the following
two finite series representations for ©,(z), viz.

/] Nk b (met -
onie) = 3 I )k(yk)v?;(l_g)kk)(vaw) UG
k=0 ! .

[(n—(m—2)s)/2] &k C_V_n+(m_1)s(V)k(_k)s(2V+Qk)nfzkf(mfz)s

Onl@) = = ~ (n — 2k — (m — 2)s)kls!
az\n—(m=2)s [4be(2x — 1)?]°
(%) {7@«} : (22)
Proof of (2.1):
(1.5) with the help of the result [2]
o L = ()
(2.3) (1=2)"% =1Fo(a;—32) = nz:% o
yields
= n = (V) (2t — 2t (22 — 1))
(2.4) ;}@n(m)t =c n; —
Also we know that
: k,n—k
(2.5) (t+v)" Zk'n— thy
Using (2.5) in (2.4), we get
VeV (v), (azt)V R [t (22 — 1)4)*
$euo0 = 53 U

which on applying the result [14; pp. 100-101 eqn. (2) and (5)], gives

oo n/m] )k v—n+(m—1)k ( )n+(1,m)k(aw)"_mk[b(2w—l)d]kt"

29 =2 Z kl(n — mk)!

n=0 k=0

On comparing the coefficients of ¢ from both sides, we get the finite series repre-
sentation (2.1) for ©,(z).

Proof of (2.2). From (1.5), we have

Z@ = [c — axt + bt™ (2 — 1)U

bt 24

o azxt a \2 a N2 b, d
=c {1 -— 4+ (—a:t) — (%wt) + Et 2z —1) ]
[y azt - 1 a?z?t?/4c® — bt™ 2z — 1)%)c] "
¢ (1 — axt/2c)?
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which with the help of the result (2.3), gives

o 2,242 m _ a1k —(2v+2k)
:C_VZ(V)k [a 2’ bt (2x — 1) ] [1 axt]

k! 4cz c 2¢
k=0
oo 00 . m— k
— v Z Z (V)k(QV + Qk)n (%)n+2k tn+2k 1— 4bct 22(2;1,' — l)d:|
=0 k=0 kin! 2c a“x

2
_ -V (’/)k(2’/ + 2k)n(_k)s ax\nt2k 4b0(21’ - l)d (m—2)s+n+2k
- ¢ ZZZ nlk!s! (%) a?x? t

Replacing n by n — 2k — (m — 2)s, we get

o ““22 7 2’“: Ry — 9k — (m — 2)5( M5
P (n — 2k — (m — 2)s)'k!s!

(%)nfmfms {4()0(23: - 1)? ° o,

2c a’x?

ICHEEEDS

n=0

On comparing the coefficients of ¢ from both the sides, we get the finite
series representation (2.2) for ©,(z).

In (2.1) and (2.2), setting a =m =2, b=c=1 and d = 1, we get the series
representations (1.7) and (1.8) of Sinha [13, p. 439, (3 and 4)].

If in (2.1) and (2.2), we set a=m, b=c=1 and d = 0, we get

hY (@) = bg:nl (= 1) () g (1 s ()7

kl(n — mk)! 20
k=0
. _[(n (m—2)s)/2] &k 2,/+2k)n . (m 2)s(m:r/Q)” me
(2.7)

where hy, ., () is Humbert polynomial [6].
For m =a =3 and v =1/2, (2.6) and (2.7) further reduce to

& (—1)k(1/2) i (3)n

(2.8) Py(z) = kg o 50
and

[(n=3)/2] & -
(2.9) Py(z) = > /2 £1_+Qikzns)z!]1;!;(3 =

k=0 s=0
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respectively, where P, (z) is Pincherle polynomial [6].

For a =m =2 and v = 1/2, (2.6) and (2.7) give finite series representations
of Legendre polynomial [11, p. 164 (1)].

In (2.1) and (2.2), setting m = a =2, b =c¢ =1 and d = 0, we get the
following representations of Gegenbauer polynomial

/2L V() (90)n—2k

Cn@) = = k(!(zzn—LQ(Ii)!) (2.10)
k=0
[n/2] ) a2k (g2 _ 1)k

Ch) =) @)z (a” 1) (2.11)

= 22k(v + 1/2)k!(n — 2k)!

In (2.1) and (2.2), setting a = c =1, d = 0 and m = 2 and replacing b and z
by Az? and 1 + z + 22 respectively, we get

[n/2]

-k n—=k 2z 4+ 22 2k () 2k
A () = kz_% (-1)"(») klg!l(:_;-k)!) (A22) 2.1
2\ " A)z2 k
i < S @ (25) 1 - it (213)
n (2) = P 22k (v 4 1/2)k!(n — 2k)! .

where v > 1/2, ) is a real parameter. Note that f)(z) is related to C¥(z) by the
relation [1, p. 474 (1.2)]

1+2z+422
A — )\n/2 nov ( )
) = ey (LIS

3. Hypergeometric representation for 0, (z). The finite representation
(2.1) for ©,(z) is of particular interest to us in obtaining the following hypergeo-
metric form for ©,(z),

(¥)nc” " (az)"

(3.1) O,(z) = .
n —-n+1 -n+m—1
F._. m’ m m ’ m™be™ (22 — 1)4
mam —v—-n+1l —v—n+2 —v—n+m-—1 (m—1)"1(az)m
m—-1 "~ m-1 """ m—1 ’

where m > 2.
Proof of (3.1). Since we know that [11, p. 58(2)]

s

(3.2) @b = g 0SkS
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replacing « and k by v and (m — 1)k respectively and using

(=1)mkp!

(_n)mk ’

(=i = mkII ( "_FS__1>k (3.4)

(n —mk)! = 0 <mk <mn, (3.3)

and

(m—1)

(35) (I_V_n)(m 11»_( _l(m Dk H ( V_n+p> ’ k:0’1727'--a
k

we arrive at (3.1).

If in (3.1), we set a =m =2 and b = ¢ = d = 1, then we get a known result
[13; p. 442 (12)].

In (3.1), setting a = m,b =c =1 and d = 0, we get the following hypergeo-
metric representation of Humbert polynomial

(36) () = Do)

n!
-n —n+1 -n+m-—1
m’ m 7 m 1
mEnt ] 2041 —v—n+2  —v—ntm—1 mo 1) igm
m—-1 "~ m-1 "7 m—1 '

For m = 2, (3.6) gives hypergeometric representation of Gegenbauer polyno-
mial
n —n+1 1
o F 27 2 ’—2
1—v—n; z

2 n

(3.7) cq(m):.gﬂﬁgﬁi_
n!

which is a generalization of a known result [11; p. 166 (4)].

n (3.1), setting a = ¢ = 1, m = 2, d = 0 and replacing b and = by Az? and
1 + z + 22 respectively, we get the following representation

n —n—l—l.
o F 2’ 2

1—v—n;

422
(1+z+22)

(V) (14 2+ 22"
n!

(3.8)  fr'(z) =

For A =2 and v = 1, f)¥(z) reduces to f,(z). As remarked by Dilcher [1],
fn(z) are polynomials of degree 2n, and their coefficients are rows of the “Pascal
type” triangle (after normalizing) (see, e.g., [1; p. 473 (1.1)]). In view of (3.7),
equation (3.1) of Dilcher’s result [1, p. 476] readily follows from (3.8).
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4. Additional generating function for ©,(z). We now obtain the follow-
ing four additional generating functions for ©,,(z).

o0 o0
Op(x)t" ¢V (axt)"
TS ST e
n=0 n=0
[ v+n v+n+1 v+n+m—1 —bt™(2z —1)?
lFm v+n; ) y T ; )
m m m mm

n=0 n=0
e+n e+n+1 e+n+m-—1
V+n7 ) s Ty 5 b d
m m m _Om _
mt1Fm v+n v+n+1 v+n+m—1 ct (22 —1)%)
m ) m ) ) m b
e oz ok 2tm=2(9p_1)47]°
s N . k o—v—n 2k(_k)S(Tt)n [4b t azx(zz 1)]
(4.3) ZO (2v)n _r;)kzz()sz 22k (v +1/2)pkIn! (20 + n + 2k) (1 —2) 55!

3

oo k n+2k( k‘) (€+n+2k)m 2)s
(4.4) Z ZZZ n!k122% (v 4+ 1/2) (20 + 1 + 2k) (1m—2) 55!

n=0 n=0 k=0 s=0
azt\ "t 4bct™=2(2z — 1)1]°
2 a?z? ’
Proofs of (4.1) to (4.4). From (2.1), we have
i ()" ZWZm] V() mmyi ()™ b2 — 1)t
(W — = c”*” (m=Dk(y),k!(n — mk)!

n=0

On using the results [14; p. 101 (6), p. 22 (20)] and Gauss’s multiplication
theorem [14; p. 23 (26)], we have

n X (V+n) [—_btmgif—gl)d]k

— 0,(p)t" = ¢V (axt)
P P P D D N G =

n=0 n=0 k=0 p=1

which is equivalent to (4.1).
If e is an arbitrary number, maybe a complex number, then following the

method of derivation of (4.1), we obtain (4.2) to (4.4).
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For the purpose of illustration of the usefulness of our results (4.1) to (4.4),
we choose to mention here some special cases.

Fora=2,b=c=1andd =0, (4.1) gives the generating function for p}, , ()
defined and considered in [9]

o P ()1

a5) 3 P
n=0 n
2. (2xt)" v+n v+n+1 v+n+m-—1 t\"
Z ] lFm v+ mn; ) sy ' U,
= nl m m m m

which further for m = 2 and m = 3 lead naturally to generating functions for the
polynomials of Legendre, Pincherle, Humbert, Sinha, Shreshtha, Kinney, Horadam,
Gegenbauer and Horadam-Pethe polynomials (see also [10]).

In (4.2), settinga =m =2 and b = ¢ = d = 1, we get the generating function

Eorf%(m)
4.6
e+n e+n+1
i() :i thn V—|—’I’L, 2 ) 2 7_t2(2w_1)
- (v) - F vV+n 1/+n+1‘

2’ 2 ’

For e = v, (4.6) reduces to a known result of Sinha [13; p. 439 (2)].
Ifin (4.2), we set a =m, b=c =1 and d = 0, we get the generating function

for Humbert polynomial

0 v )tn

(e)nhn,m(m _
Z ()n a

e+n e+n+m—1_
i ma:t e v+n, TR - ; m
Tl M v+ n 1 v+n+m-—1
m ) m y m ;

which further reduces to a known result [14; p. 86 (26)] for e = v.

n (4.7), setting m = 3 and v = 1/2, we get the generating function for
Pincherle polynomial P, (x)

) Y (il 1/2
n=0
1—|—n e+n e+n+1 3+n+2
o0 — .
Z(e)n(?)wt)n F 2 ) 3 ) 3 ) 3 ’ t3
nl 4173 -

1/24+n 3/2+n 5/2+n
37 3 7 3 7
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which further reduces to a known result [3; p. 697] for e = 1/2.

5. Expansions of 0,(z) in series of polynomials. Expansions ©,(z) in
series of Legendre, Gegenbauer, Hermite and Laguerre polynomials relevent to our
present investigation are given by

[M] k k 71/7n+(m71)(kfs) (l/)

n—(1—m 1-m s(_k)s
(5.1) On(x) = Z Z ]{/‘!S!(?)/Q)nfmkfilfm;]:—i_( )

@n—2nM——%2—nﬂs+lﬂ%ﬂmF@_mbmxﬂDw@x—lfﬁfs

[n—(m—2)s]

m

k
(5.2) On(z)= Y Z(

k=0  s=0 (V)nJrlfmkf(lfm)sk!S!

_1)k67”7n+(17m)s+(m71)k(V)n+(m—1)s+(1—m)k

(v 41— 25 = m(k = 8))(=k)s[b(2z — D Cl_y sy (a2/2)

(_1)kc,y,n+(1,m)(s,k) (V)n—i-(m—l)(s—k)(_k)s
kls!(n —2s — m(k — 1))!

_ 1\dik—s azr
b2z = ) Hyaemis) ()

and

Ay e VR W), (L @)
4 W(z) =
(54) On() Z El(n —s —mk)l(1 + a)s

2k [p(22 — 1)UF LY (ax/2)

s=0 k=0

Proofs of (5.1) to (5.4). By using the relations (2.1), we have

[n/m] 1 m 71/7n+(m71)k( )

V)na(1—mk(azx)
29 DI T —

n=0 k=0

n—mk

x [b(2z — 1)4]F"

On using the results [14; p. 101 (6)] and [11; p. 181 (theorem 65)]

(ax)" 2l (2n —4s 4+ 1) Py_25(ax/2)
(55) n! ; s1(3/2)n_s
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we get

R Yk k() k(20 — ds + 1)
K151(3/2) s

Pn—QS(CLCC/Q)[b(Q;g _ l)d]ktn-‘rmk

D On@i" =3 3

n=0 k=0 s=0

which on using the results [14; pp. 100 (1) and 101 (4)] and (3.3) and comparing
the coefficients of ¢ yields (5.1).

In a similar manner, results (5.2) to (5.4) are obtained by using [11, p. 283

(36), p. 194 (4) and p. 207 (2)] instead of (5.5).

The authors acknowledge their thanks to the referee for the helpful sugges-

tions.
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