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Abstract. We develop a few methods for computing the Moore-Penrose
inverse, based on full-rank factorizations which arise from different block decom-
positions of rectangular matrices. In this way, the paper is a continuation of the
previous works given by Noble [5] and Tewarson [10]. We compare the obtained re-
sults with the known block representations of the Moore-Penrose inverse. Moreover,
efficient block representations of the weighted Moore-Penrose inverse are introduced
using the same principles.

1. Introduction

Let C™*™ be the set of m x n complex matrices, and C"*™ = {X € C"™*" :
rank(X) = r}. With Al» and A|, we denote the submatrix of A which contains
the first r columns of A and the first r rows of A, respectively. Similarly, A"l and
A, | denote the last r columns and the last r rows of A, respectively. Finally, A:}
denotes the submatrix of A generated by the first r columns and the last r rows
of A. The identity matrix of the order k is denoted by I, and O denotes the zero
matrix of a convenient size.

Penrose [6], [7] has shown the existence and uniqueness of a solution X €

C**™ of the following four equations:

(1) AXA=A, (2) XAX=X, (3) (AX)"=AX, (4) (XA)*=XA4,

for any A € C™*™. For a sequence S of elements from the set {1,2,3,4}, the set
of matrices which satisfy the equations represented in S is denoted by A{S}. A
matrix from A{S} is called an S-inverse of A and denoted by A(S).
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We use the following useful expansion for the Moore-Penrose generalized inverse
At of A, based on the full-rank factorization A = PQ of A [1], [2]:

AT = QP! = Q1(QQ") H(PP) TPt = QU (P AQY) P
The weighted Moore-Penrose inverse is investigated in [3] and [8]. The main
results of these papers are:

PROPOSITION 1.1. [8] Let given positive-definite matrices M € C™*™ and
N € C"™™. For any matriv A € C™*™ there exists the unique solution X =
A;rwo’oN € A{1,2} satisfying

(5) (MAX)* = MAX (6) (XAN)* = XAN.

Similarly, we use the following notations:

A}fwoy No denotes the unique solution of the equations (1), (2), and
(7) (MAX)* = MAX, (8) (NXA)* = NX A4
AZ M.No 18 the unique solution of the equations (1), (2) and

9) (AXM)* = AX M, (10) (NXA)* = NX4;

AZM’oN denotes the unique solution of the equations (1), (2) and
(11) (AXM)* = AX M, (12) (XAN)* = XAN.
PROPOSITION 1.2 [8] The equation (5) is equivalent to (AXM ~1)* = AXM 4,
and (6) can be expressed in the form (N"1XA)* = N"1X A.
PROPOSITION 1.3 [8] If A = PQ is a full rank factorization of A, then:

Al on = QN (Q@QN)*) ™' (MP)*P)~' (MP)*
= NQ*(P*MANQ*) 'P*M.

Using these notations, the following fact can be easily verified.

— At

oM~1 N—1lo

— Al

PROPOSITION 1.4 (a) A}LMO’()N = A Mo, N-1o

oM~—10N
b)) Alyone = (QNY*(QQNTY)) " (MP)*P)" (MP)* = Apro on-1,

(©) Al yne= @V H(QON )" ) (M P)* P) HM 'P) = Aps-r00n-1,
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(d) Ay on = (@N)*(QQN)*) T (M~ P)*P)~ (M~ P)*.

From the part (a) of Proposition 1.4 and Proposition 1.2, it is easy to conclude
that each of the indices, used in notation of the weighted Moore-Penrose inverse,
can be written in one of the following form:

oM,oN  Mo,oN oM,No  Mo,No
For the sake of clarity, we use the notation ¢(M, N) for an arbitrary of these
indices. Following Proposition 1.3 and Propositionl.4, we conclude the following:
L go(M N)=oM,oN = Al 4 3 =(QN)*(QQN)") (M~ P)"P)~ (M~' P)*;
(M,N)=Mo,oN = AT vy = (@N)(QQN)*)"H(MP)*P)~ (MP)*;
p(M,N)=0M.No = Al =(QN-)(QQN"Y)")~Y(M~'P)*P)~(M~'P)"
(M,N)=Mo,No = Al ,, o, =(QN=1)"(QQN~")*)"(MP)"P)~ (MP)*.

The cases 1-4 can be written in the following way:
A vy = @QNED*QQNT ) (e Py Py (0P

where MY stands for one of the matrices M or M !, and NI~ denotes N or
N~ in view of one of the rules 1-4.

We restate the main block decompositions [4], [11-13]. For a given matrix
A € C"*™ there exist the regular matrices R, G, the permutation matrices E, F
and the unitary matrices U, V, such that:

(T\) RAG = é) 8] ~ N (Th) RAG = {g 8} — N
(Ty) RAF = é) g] — Ny (T)) EAG = H{ 8] — N
(Ty) UAG = {0) 8] ~ N (T) RAV = [{0 8} ~ N
(Ty) UAV = :g 8] — No; (Ty) UAF = [g g] — Ns;
(Ty) EAV = g 8} = Ne;

A AnT - No-
SAy SALT| T
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where the multipliers S, T' satisfy T=A}' Ajs, S=A A7

Ay Aps An A
T EAF = = - = N7.
(Tos) [Am Aoy ] [Am Ay A7 Ary ] 7

(Ty1) Transformation of similarity for square matrices:

-1 _ *D—1 _ IT K *D—1 _ Tl T2
RAR ' = RAFF*R —{@) ®FR =lo ol

For the sake of completeness and comparison with our results, we describe
known block representations of the Moore-Penrose inverse.

In the begining, we restate the block representations of the Moore-Penrose
inverse from [11], [13]. For A € C"*™ | let

rR=|Bl G=1G,, G, U=
R) e=ton @ v-|

" | v=tvi ol

where Ry, U; are the first r rows of R and U, respectively, and G, V; denote the
first r columns of G and V, respectively. Then the Moore-Penrose inverse can be
represented in the following way, where the block representations (M;) correspond
to the block decompositions (T3), i € {1,...,9}.

I —RyR} I
R A on o Iy A
( 1) |:_G;G1 G;GlRle —G;Gl [Ir; R1R2]
= (G — G2GLG1)(Ry — RiR}Ry),
B! —B 'R RT
My) Al=@G 5) }R
() [_G;GLB_l G1GiB~'R,R}

I, N
=G [—G%GJ B7'[I,, -RiR}]R

= (G1 — G2G1G1)B (R, — RiRIRy),

(1) Al=F [ (I, + KK*)1 —(I, + KK*) 'Ry R} R
’ K*(I, + KK*)™' —K*(I, + KK*) 'R\ R}
[ 1, o
=F K*:| (IT‘ + KK ) ! [IT7 _RIR;] R7
- (I, + K*K) ! (I, + K*K) 'K*
(My) AT=G —Gle (I, + K*K)™' -GG (I, + K*K)'K* r
_ [ I’r‘ * -1 *
_G_—G;G1:|(IT+K K) [Ira K ]Ea
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o) At=a|

= (G

(Mg) AT =V
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I, ol,.. [ 1,
_GlG, @_U—G_—G;GJ[IT’ oJU
1 = GLGiG)Uy,
I, —RR!] I,
5 o R:V_(O)] [I,, —R.R}]R

=Vi(R: — RiRIRy),

(M;) At =V
(Mg) At=F

=F
(My) At =V

Bt 0], . [L].,, I
o (O)}U_V[@}[B , O]U =WB ',
[B*(BB*+KK*)™' 0],

| K*(BB*+KK*)™' O

g*] (BB* + KK*) ' [I,, O]U,
[(B*B + K*K)~'B* (B*B+ K*K)~'K*

E
I 0 0
{d}} (B*B+ K*K)™'[B*, K*]E.

These results are obtained by solving the equations (1)—(4).

Block decomposition (Thg,) is investigated in [5], [13], but in two differ-
ent ways. In [13], the Moore-Penrose inverse is represented by solving the corre-
sponding set of matrix equations. The results in [5] are obtained using a full-rank
by the block decomposition (T70,). The corresponding rep-

factorization, implied

resentation of the Moore-Penrose inverse is:

I, I,

ot 4= 2] (a5, s1par[L]) i, s

=F { I } (I, + TT*) YA (I, + S*S)~' [ I, S*].

The following block representation of the Moore-Penrose inverse was obtained

T*

in [10] and [13] for the block decomposition (T7op):

(Miy) Al = [

I

r - — w) 1L
(A1_11A12)*:| (Ir " A111A12(A111A12) )

x AT (I + (A AT A0 ATH T [T, (A ATH* .

Also, in [14] is given the following block representation of the Moore-Penrose
formula AT = A*TA*, T € A*AA*{1}: If A € C7" has

inverse, based on the

An
the f A=
e form {Am

A12

rXr
Asy :| , A € (Cr , then
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v A ]
(M) Al =[An, Al Kj {AH} ,
21

—1
where K1 = ([A117 AIZ]A* |:A11:|> .
A21

Block decomposition (77;) is investigated in [9], but only for square matrices
and the group inverse.

The main idea of this paper is to continue the papers [5] and [10]. In other
words, we use the following algorithm: from the presented block decompositions
of matrices find the corresponding full-rank factorizatons A = P(@Q, and then ap-
ply described general representations for A' and AL( MN)" Main advantages of

the introduced block representations are their simply derivation, computation and
possibility of natural generalization.

2. The Moore-Penrose inverse.

In the following theorem we derive a few representations of the Moore-Penrose
inverse, using described block decompositions and full-rank factorizations.

THEOREM 2.1 The Moore-Penrose inverse of a given matriz A € C**"™ can
be represented as follows, where each block representation (G;) is derived from the
block decomposition (T;), i € {1,...,9,10a,10b,11}:

o0 = () aea) ()
(e
)
) (e

1\7“ G*G)_llr)il (R_l\r)* ’

|r

(G) Al =

(r5) @) (n )

B*(RR") 1|r (G*G)‘1|")7lB* (R—l"‘)*’

|r

ool

= (P k) (BB + KED) T (R

@) AT =) (1 K 12AE)) (L. K']E

= (@) (U K@) (B, KB, ),

(Gs) AT=(G7*,)" (U\rA @) *) _1U|r =(G )" ((G*GV1 ‘r) _IU\m

|r
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o v (Y ) ) ) ()

—1
(Gr) At =V (B*UVAV"”) B*U, = VI"B~'U),,

* * -1 *
(Gs) AT:FH?*KUTAF{?D Urzp{g*}(BBwKK*)—lUv,

-1
(Gy) Af =VIr ([B*, K*]EAV“") [B*, K*]E
=VI"(B*B+K*K)™'[B*, K'|E,

-1
Ir * * I’r‘ * *
(G10a) AT:F{T*KAM[IT, S]EAF[T*D A} (I, S*|E

- (F"’ + F’H“T*) (I, + S*S) Ay (I, + TT*) ™" (B, + S*En_yy) »

Ar * 0\ — * * Af - * 0\ — * *
(G AT = 40| (Ut Tt s |40 ]) an g, ane

Ax * * 0\ — * * - * *
:F[A’lﬂl] (A1 A7+ A1 A1) T A (A7 A + A3, Ay) T[AL, A B)E,
12

. I, 1 N I, L\
) 0= g Ay ] (G ) e [ By ) ()
-1 "
=K {(Tl‘jl}z)*} <T1*(RR*)1:[T1’ DIRE [(TfIlTTz) D (r'm)
Proof. (G1) Starting from (7}), we obtain

A=R"" H) g} G'=R""! [{0} [I., O]G™",

which implies

I,

_ p-1
Pk

:| :R_l‘r’ Q=11I, @]G_IZG_l‘T.
Now, we get,

At=Q rag) T P =@ ) (R ) A ) (R

= (G71 \r)* ((R*)ileril‘TGil \T(G*)il‘r) (Ril‘r)

= (@) (®r) e ) (R

*
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The other block representations of the Moore-Penrose inverse can be devel-
oped in a similar way.

(G5) The block decomposition (T5) implies

I,

pou[L

] -, Q=[I, 0]G'=G",

which means
* _ * -1
Af= (@) (U, AET)T) O
—1 \* #l" ~—1 -1\ ! —1 \* ern—1lr) *
=@ ) (O e @) ™) ve=Eh) (@) U
(G7) It is easy to see that (T%) implies

B

pou[B

}:U*TB, Q=[I, O]V*=V*,.

Now,
-1
At :V\r (B*U‘TU*l"BV*er\r) B*U‘r :V\T(B*B)le*Ulr:VerflUlr_

(G1oa) From (Typ,) we obtain

I nEY All AllT * __ o Ir *
A=E [SAH SAHT]F = E [S]AM[IT, T]F*,

which implies, for example, the following full rank factorization of A:

p=p m A, Q=[I, T]F".

Consequently, the Moore-Penrose inverse of A is

—1
at=r || (anin, s1par| g} anin, sE

This part of the proof can be completed using

I,

EAF:[S

:| All [L“) T]
and

F |:1{7;:| — F"r‘ +Fn—’l"|T*’ [Ira S*]E — E|r + S*Enfr‘.
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(Giop)  Follows from

* A — *
P=E [A“]Anl, Q=[An, Ap]F*. a
21

Remark 2.1. (i) A convenient method for finding the matrices S, T and A},

required in (T'o,), was introduced in [5], and it was based on the following extended
Gauss-Jordan transformation:

Ay A I I T A

Ay Ay O O o -5 |

(ii) In [10] it was used the following full-rank factorization of the matrix A,
An Ao } ,

represented in the form A = { Asy As AT A

A _
F= [An] ’ Q=[I, Ayl
21

3. The weighted Moore-Penrose inverse.

Using the general representation of the weighted Moore-Penropse inverse pre-
sented in Proposition 1.3: A;r\/[o N=NQ*(P*MANQ*)~'P*M, and the algorithm
of Theorem 2.1, we obtain the féllowing block representation of the weighted Moore-
Penrose inverse A;rv‘,o’oN.

THEOREM 3.1 The weighted Moore-Penrose inverse A1]-\JO7ON of A e C"»

possesses the following block representations (Z;), which correspond to the block
decompositions (T;), i € {1,...,9,10a,10b,11}:

s vy () o) (e
(%) )" (R B) Man (@,)) " (r"B) u.
(Zs) { } < (r) " MANF [féD (R—l‘”)*M,

(Z4) ( ., K*]EMAN (G- ‘)*)71[17", K*]EM,
(Z3) ) (UpdAN (@,)7) T O,
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* -1 *
(Zo) NV"‘((R*W) MANV““) (R*w) M,
(Zr) NVI"(B*U,MANVI")™ B*U,M
B* B* -1
(Zs) NF{ }(UVMANF{ D U, M
(Zy) NVI"([B~, K*]EMANV"‘)_l[B*, K*]EM,

—1
(Z10a) NF{I } (A;l[ . s*]EMANFH*D AL, S*|EM,

*
All

A * | — * * - * | — * *
(o) V7 | 42 (it 0, A [0 ) e, agen

*
A12

(Z1) NR* {(Tl?TQ)*]((R—lerl)*MANR* {(TllfTQ)*D (R—l‘”Tl)*M.

The following representations can be obtained from the main properties of
the weighted Moore-Penrose inverse and Theorem 3.1.

COROLLARY 3.1. The weighted Moore-Penrose inverse AL(M Ny of Ae CP*" can
be represented as follows:

) N (6" ((R) MEIANT (67,)7) T (R7) b,
(W) N3G, (RB) M ANt (@ 1)) (RB) MY,
(W3) NI- up[ K(R 1) M ANT up{é Dl(Rl"‘)*Mw,

(W) NE(G ) (i1, KBNS (@)Y L, KB
(W5) N @1) (0, ME1ANEY (@)) T g,

(Ws) N[—llv\r((R—l‘”)* M[—”AN[‘”V““)A(R‘w)* M,

(Wy) N=W I (B0, MI=UANT=IVIN T By, mi=1,
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B* B 1\
(Ws) NIEUFR |:K*:| (UTM[_l]AN[_l]F [K* :|> UlrM[_l]a
(We) NV ((B*, K*| EMEUANI=IVIN T (B, K*]EMI-Y,

1
Wioa) V=0 2|, sy =e [T i, st

* * -1
Wion) N7 [ 40 (a0, gt Vantor [41)
Atz Al

x (A7) ' [Ar, A3 EMY,

(WM)N[”R*{(T{’"T)%«R“Tl)*ﬂ/ﬂ1]AN[1]R*{(T{QT2)}> (T hi

1 +2 1

4. Examples.

-1 0 1 2
-1 1 0 -1
0 -1 1 3
0 1 -1 -3
1 -1 0 1

Ezample 4.1. Consider A = . Using the Gauss-Jordan trans-

0 -1 -2
formation, we get the following reduced row-echelon form of the matrix A:
1 0 -1 -2
01 -1 -3
I, K| (00 0 O
RAF:RA:@@}_OO 0o o
00 0 O
00 0 O

The matrix R4 is obtained using the permutation matrix F' = I, and the following
regular matrix:

-1 0 00 0O
-1 1 00 0O
_ /-1 1.1 000
k= 1 -1 01 00
0 10010
1 00 O0O01
Using the method (G3) we obtain
-1 0
-1 1 1 0
1l _ 0 -1 I, _ 0 1
=19 I’F{K*}_ -1 -1
1 -1 -2 -3
1 0
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and the following Moore-Penrose inverse of A:

r—s _3 1 _1 3 5
3 i 34 34 17 34
4 13 _ 5 _13 4
51 102 102 102 102 51

Al =

- 5 L 1 _ 5 _ T
102 102 51 51 102 102
1 1 3 _3 1 _L

-1 34 34 34 34 17 -

Ezample 4.2. For the matrix A used in Example 3.1 we obtain (see [5])

1 -1
a=[0 4] s=17 | T=[0 3
-1 0

Using (G10,) we obtain the same Moore-Penrose inverse of A.

4 -1 1 2
. 1 -2 2 0 -1 .
Example 4.3. For the matrix A = 6 —3 1 3| we obtain
-10 4 -2 -5
1 0 00
_ |1 1 0 0 _[10 _[=-1 -2
R=|Tp 11 o) Ti=[e1) m=|T 73] F=n
2 -1 0 1
Then, one can verify the following:
-4 —6
e\ [=1 -1 0 1 . I, |1 3
(R Tl) _{ 0 1 -1 1]’ R [(T1_1T2)*}_ S|
-2 -3

Finally, using (G11), we get

-8 10 _2 _ 2.
81 81 81 27
41 79 _16 _ 5
162 162 81 54
At =
A . R
54 54 27 18
4 5 _ 1 _ 1
- 81 81 81 27 -

37
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1 =5 1 4
Example 4.4. Consider A = | —2 70 1] and positive definite matrices
0 -3 2 9
5 -1 3 03 2 1
M=|-1 2 -2, N=
3 _9 3 -1 2 5 =2
01 -2 6

Block decomposition (77) can be obtained by applying transformation (753)
two times:

I, K

R, AF, = LD 0

I, O
} = N3, RyNJ F, = [@) (O)] =N;.

Then, the regular matrices R, G can be computed as follows:
Ny =Nl = F'NsRl = FJR\AF,RT = R=FI'R,, G=FRI.

For given matrix the following can be obtained:

10 -2 -1 - -2 0
N3: 0 1 —% -3, R1: —g —% 0], F1:I47
0 0 0 0 -2 -1 1
1 0 0 O
1o 01 00
_ 10 1 0 _ _
Nl_ 0 0 0 ) RQ— Z 2 ) F2_I3
s 3 10
0 0 0
11 3 0 1

From R = Ry, G = RT, we get

12 I =5 1o -I -1
R'"=|-2 17|, G'p= .
0 -3 01 -2 -3
Using formula (Z;), we obtain the following representation for the weighted Moore-
Penrose inverse of A:

- __ 8841 __ 13865 _ 13865 -
207506 207506 207506
23355 38035 _ 14947
" 207506 207506 207506
AMo,oN =
2149 11585 _ _7035
103753 103753 103753
42301 25265 3465

- 207506 207506 207506 ~
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Ezample 4.5. Similarly, block decomposition (7T}) of the matrix A, considered in
Example 4.1 can be obtained by transformation (73) two times, by means of the
following matrices:

—1 0 0 0 0 0
-1 1000 0
_|-1 1100 0 _
B=1"1 10100 07l
0 100 10
L1 0000 1
10 0 0
_l01 00
R2=11 11 o B2=1
(2 3 0 1
From R = Ry, G = RT, we get
-1 0
-1 1
2o -1 1 _J1 0 -1 -2
Eo=1 o 10 9 r=lo1 -1 -3
1 -1
1 0

Using formula (G ), we obtain the Moore-Penrose inverse A, as in Example 4.1.
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