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EQUITORSION GEODESIC MAPPINGS
OF GENERALIZED RIEMANNIAN SPACES

Svetislav M. Miné¢ié and Miéa S. Stankovié

Communicated by Mileva Prvanovié

Abstract. We define an equitorsion geodesic mapping of two generalized
Riemannian spaces and obtain some invariant geometric objects of this mapping,
generalizing the Weil’s tensor.

0. Introduction

A generalized Riemannian space GRy in the sense of Eisenhart’s definition
[1] is a differentiable N-dimensional manifold, equipped with nonsymmetric basic
tensor g;;. Consider two N-dimensional generalized Riemannian spaces GRy and

GRy. Connexion coefficients of these spaces are generalized Cristoffel’s symbols of
second kind, respectively T'%; and f;k. Generally it is T%; # T}

One says that reciprocal one valued mapping f : GRy — GRy is geodesic
[5] (G-mapping), if geodesics of the space GRy pass to geodesics of the space
GRy. We can consider these spaces in the common by this mapping system of
local coordinates. In the corresponding points M (x) and M (x) we can put

(0.1) Tp(z) =T (2) + Pii(z) (i,4.k=1,..,N),
where P]’k (z) is the deformation tensor of the connection I' of GRy according to
the mapping f : GRNy — GRy.

A necessary and sufficient condition that the mapping f : GRy — GRy be

geodesic (see [5]) is that the deformation tensor P, from (0.1) at the mapping f
has the form

(0.2) ik (@) = 65 e (@) + 8, 15 (2) + €y (),
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where

03) @) = 7 (Cle) ~ T, Eule) = Py = (P — Fly).

Notice that in GRy we have

(0.4) re =0,

(1%
\%

(eq. (2.10) in [5]).

In a generalized Riemannian space one can define four kinds of covariant

derivatives [2, 3]. For example, for a tensor a§- in GRy we have

1 1 1 [e% o 7 1 1 1 [e% o 1
@il = Qo + Famaj — ijaa, @jlm = Cjm + Fmaaj — ijaa,
1 2
1 1 1 [e% o 7 1 1 1 [e% o
@il = Qjm T Lomas — T aq, @il = Cjm T aa; —I5pa
3 4

i
@

Denote by a covariant derivative of the kind # in GRy and GRy respec-

]
]
tively.

In the case of the space GRy we have five independent curvature tensors [4]
(in [4] 15% is denoted by ]2%)

R, =T =T .+, I, —T%T

1 jmn jm,n jn,m jm* an jn— am>
7 . at i o i a i
é{ jimn — ij,n - Fnj,m + ijrna - Fnjrmou

Rijmn = F;m,n - Fizj,m + F?mriwz - Fa'Fi + F%m(rij - F;’a%

3 nj- am

1 _ i 1 [e% 1 o i o 7 7
'i% jmn — ij,n - Fnj,m + ijrnoz - FnjFam + an(rozj - Fja):
I
Jjm,n

—Trert —TeTi ).

jnT ma nj- am

Ri

5 + F;nj,n - F;'n,m - F;Lj,m + F?mrlozn + F?nj]'—‘;wz

1
jmn — 5(

By virtue of the geodesic mapping GRy — GRx we obtain tensors 1;2’ (0 =

jmn
1,...,5), where for example

(0.5) B n = Timn = Tomm + TomEan = Tyl

1jmn jm,n jm> an jn>- am:*

In the case of geodesic mapping f : Ay — An of the symmetric affine con-
nection spaces Ay and Ay we have an invariant geometric object

(0.6)
2

Wijmn = Rijmn+ 1 +N6; Rn\z/n + ﬁ[(s;n (NRjn+an) _6; (Nij+ij)];
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where R? i

Richi’s tensor. For Riemannian space (0.6) reduces to [6, p. 80]

mn 15 Riemann-Cristoffel’s curvature tensor of the space Ay, and Rj,,

(0.6") wi =R

The object W, is called Weil’s tensor, or a tensor of projective curvature
[6]. Having a geodesic mapping of two generalized Riemannian spaces, we can not
find a generalization of Weil’s tensor as an invariant of geodesic mapping in general
case. For that reason we define a special geodesic mapping.

A mapping f : GRy — GRy is equitorsion geodesic mapping (ETG mapping)
if the torsion tensor of the spaces GRx and GRy are equival. Then from (0.1) and
(0.2)

(0.7) h(x) =0.

1. ET-projective parameter of the first kind

Using (0.1) and (0.5), we get a relation between the first kind curvature
tensors of the spaces GRx and GRy

R =R+ + P> pi _ prpi 4ore pi

i
1Jmn 1 Jmn jm|n jn|m jim* an jnt am mn jo
1

Denoting ¥mn = Ym|n — Ym¥Pn (0 = 1,2) and substituting P with respect to
0 6
(0.2), we obtain

?3mn = Ifijmn + 5;: (Q{Jmn - @fnm) + 6£n ¢jn - 5; ¢jm - 6£n Janz/)a
(1.1) + 64 £t + f;ml Jn|m + 2080 + i — i
+ 2Tt + 2 ady + 2o
From (0.7) and (1.1) we get
(12) Rjpp = By 405 (Y~ Ym) + O Yin = o, Yim + 205805 + 205 tha ) -
Contracting in (1.2) with respect to ¢ and n and using (0.4), we obtain

(13) By = Ry = 20 + (1= Nty + 20

Here ?jm i lifjm denote the first kind Richi tensors of the spaces GRx and GRy

respectively.
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From (1.3) we get

(1.4) ?jm = ZI%JCn - (N+1)1{ij +2Fa I/Ja.

\%
Substituting (0.3) in (1.4) we get

— - =0
(1.5) (L4 N jm = Rjm = Rjm + 77T (Cap = Tog)-

From (1.3), (0.3) and (1.5) we get

Bjm = Rjm — 1+N[2RJ’” 2R3m + 1+NF"$J'(FC’5 _Faﬁ)]
o =8
+ (L= N)jm + 53Ty (Cag = Ton)-

1+N

Now it follows that
1-N

= .5 =B
(1.6) (1— N2)1{’jm = (lefjm + ?my’) - (Nﬁjm + lffmj) + QF%j(Faﬁ - Ff‘ﬁ)l—r—N'

Taking into account (0.3) and (1.6), we can write (1.2) in the form

Bjn + 1 fNé Ry + Nzl_ - [0 (VB + Bnj) = 6, (NBjm + Bnj)]

—ﬁfw(%ﬁzmﬂiﬁ_v 5;_m]) - f Nr (rmna;' + 00
= B+ 7 8 R + o [0y (VR + Bag) = 6 (N Ry + Bony)]
—ﬁ 03 (205 T + 63, D = 0a ) - T Fas Cindf + 007,

Therefore, the magnitude

i i 2 i 1 i ) ANy . .
Ejmn = Bjmn + 7539 Bomn + 3 O (N Ry + Buj) = 8, (N By + )]
2
1. — e T (26 T + Ol o —sire
(17) (1+N) a8(26; T + n L)

2
- ].-l—N ( mn(s;( +F?nn6;)
is invariant under an ETG mapping.

The magnitude (1.7) is not a tensor, and we call it the ET-projective parameter
of the first kind.
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2. ET-projective parameter of the second kind

For the second kind curvature tensors of the spaces GRy and GRy we get
the relation

R :R + Pi

T (. P 4 P2 pi _ popi 4ore pi

]\n_ n]\m mjt na njt ma nm® ajs

i.e., using (0.2) one obtains
‘gzmn = Rzgmn + 6; (djmn - %}nm) + 6:n dj,]n - 6:; 1/J]m - 6:n zjdja + 6’2 frtbj/(/}a

+£m]\n n]|m+21/}] +€$;LJ ;a_ g ; +2Fl ¢016§ +2Fz\5n1/}]+2ram :

Now, analogously to previous case, we get the invariant magnitude of the
ETG mapping f : GRy — GRN

2 1 , )
gl]mn = Ijl]mn-{_ 1+ N(S'; g"\bln + N2 _1 [6:71 (NR]n+RnJ)_6:L (Né{]m +§m])]
2 i o i @ i Pa e o %
- (1 + N)2 Fftﬁ(26j F + 6m F]n - 6n ij) 14+ NFB ( nm(sj + an(s])

The magnitude ]gijmn is not a tensor and we call it ET-projective parameter of the

second kind.

3. ET-projective parameter of the third kind

In the case of the third kind curvature tensors of the spaces GRy and GRy
we get

+ P2 Pl —pPxpPi 4+ 2P% T . +2P% Pl

i
njlm im* na nj* am nm a] nm a]
1

Rl _gljmn+Pm|n_

gJmn
i.e., in virtue of (0.2)
Bl = Bl + 0 (Ymn = o) + st Yin = o, Yim
51) + a8 € = B 8) + G = €y + Einia ~ Gl
+ 2%(% +&5;) + 2¢m(FZ;v,- +&5)+ 2£Zm(Fi€j +&05)-
Also, it is satisfied

(3.2) %)m” = @f)mn + QF%nﬂ)a.
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From (3.1), (3.2) and (0.7) we get

37 3 1 1 1

3.3 , , ,
(3:3) + 20+ 20T + 267 r?‘nnz/za + 261, T z/;a

Contracting (3.3) with respect to 7 and n, and alternating, we get

4
(3.4) 1+ N)Yjm =2R; 2R]m 4+ —
1°v

R T~ )T

m]’

From (0.3), (3.3) and (3.4) it follows

1-N

Taking into account (0.3) and (3.5) we can write (3.3) in the form ?ijm =E¢,

3 jmn>
where
E'. =R+ 2_5iR + ! (68, (NRjn + Rnj) — 8% (NRjp + Rimj)]
3 jmn 3 jmn H—N igmn N2 _1lm 3mn 3™ — Yn 3 dm 3 mJ
2 (3 [e]3 i (e (2 (e
(1+N) (26I‘ +9,, I —6nI‘m])
2

mj- na n] mao m ]n

— 75 T lhe — Ty 5;1F§nvnrga 5, T7.18,).

The magnitude ?’
parameter of the third kind.

is an invariant of the ETG mapping. We call it ET-projective

jmn

4. ET-projective parameter of the fourth kind

For curvature tensors of the fourth kind we get

R =R +PX pl o _pepi 4 9pe iy 9gpa pi.

4 dmn 4 jmn + jlm|n - n]\m im* na nj* am mn oz] mn oz]
2
ie.,
?;mn = @ljmn + 6; (d’mn - 'anm) + (5;” z/}jn - 6; ¢jm+
+/¢}C¥(6l i 6l O[)_+_£lm|n_€nj|m+ jm na_ jqn ém+

+ 2¢n(rinj + g:nj) + 2¢m(rim’ + fnj) + 25;7m(rizj + €éj)-
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In this case, analogously, we get an invariant magnitude of the ETG mapping in
the form

2 &) i o i e i o
T W s T+ O Ty = 0, Th))
2

- H—N(r%jrga - Ffbjl‘fm — 0! F%nrga -t Fjvnrga).

jmn 18 DOt a tensor and we call it ET-projective parameter of the
fourth kind of the ETG mapping.

The magnitude ?i

5. ET-projective curvature tensor

For the curvature tensors of the fifth kind of the spaces GRy and GRn we
find the relation

Ry =

5 jmn

jmn+§( ;m\n_ ]?n\m+Prlnj\n_ 7lzj|m+PjO;nPc1;n_Pjo;LPrlna—i_Pr?LjP;La_PrC;jP(;m)
3 4 4 3

Ri
5

ie.,

1 1, 1.
3 4 1 3 2 3 4 2" 3

_|_

N = DN

( ;m|n - ;n\m + gin]\n - ;Lj|m + gqugzxn - @C’Zﬁim + gfrtng;wz - ggjggm)
3 4 4 3

Substituting (0.6) in (5.1) we get

) _ i
]E’%jmn - ‘Zgjmn +

(djmn - 1/}nm + djmn - djnm)
1 2 2 1

— DN =

) 1.
(5.2) + 500 (Vjn + Yin) = 50, Vjm + Yjm)-
2 1 2 27 2
Denoting tj, = 3(4jn + ¥jn), we can write (5.2) in the form
12 1 2
(53) ?;mn = ]S%ijmn + 6; ("/}mn - djnm) + 6;n 1/Jjn - 6; 1/ij-
12 12 12 12

Eliminating ¢, from (5.3), analogously to previous cases, we get
12

i _ i
E _gjmn’

5 Jmn
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where we denoted

5 1+N 7% 6’”(ng,%j”+15%”j)_5n(N15%jm+]5%mj)]'

N2—1[

The magnitude ?ijmn is an invariant of the ETG mapping. In contrast to the

previous cases, when lgf?’jmn (0 =1,...,4) are not tensors, the magnitude ]é?ljmn is

a tensor. We call it ET-projective curvature tensor.
If GRN(GRy) reduces to Ry (Ry), then the magnitudes gi- 0=1,..5)

jmn
reduce to Weil’s tensor (0.6').
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