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TOTALLY UMBILICAL DEGENERATE

MONGE HYPERSURFACES OF R4
1

Constantin C�alin

Communicated by Mileva Prvanovi�c

Abstract. We determine all the totally umbilical lightlike Monge hyper-
surfaces of R4

1
. This is done by using the Bejancu-Duggal method [1] of studying

lightlike hypersurfaces and then integrating a system of partial di�erential equations.

Bejancu-Duggal [1] proved that a lightlike cone of the semi-Euclidian space
Rm+1
s is a totally umbilical degenerate hypersurface. We determine all totally

umbilical degenerate Monge hypersurfaces of R4
1. To this end we recall the ter-

minology and a few results from general theory of degenerate hypersurfaces of
semi-Riemannian manifolds (see [1]).

Let ( ~M; ~g) be an (m+ 1)-dimensional semi-Riemannian manifold and let M

be a hypersurface of ~M . Denote by g the induced tensor �eld on M by ~g. We say
that M is a degenerate hypersurface of ~M if rank g = m� 1 on M . Thus, both the
tangent space TxM and the normal space TxM

? are degenerate for each x 2 M .
It is easy to see that M is a degenerate hypersurface of ~M i� the vector bundle

TM? =
[
x2M

TxM
?; TxM

? = fXx 2 Tx ~M j ~g(Xx; Yx) = 0; 8 Yx 2 TxMg;

becomes a distribution of rank 1 on M .

Throughout the paper we suppose all manifolds to be paracompact and
smooth. We denote by F(M) the algebra of di�erentiable functions on M and
by �(E) the F (M)-module of di�erentiable sections of a vector bundle E over M .

The screen distribution SM onM is a complementary orthogonal distribution
of TM? in TM , that is, we have TM = SM?TM?, where ? between vector
bundles means orthogonal direct sum.
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From [1] we recall

Theorem 1. Let M be a degenerate hypersurface of ( ~M; ~g) and SM be a
screen distribution on M. Then there exists a unique vector bundle NM of rank 1
over M , such that, for any non-null section � of TM? on a coordinate neighborhood
U �M , there exists a unique local section N of NM satisfying

~g(N; �) = 1;(1)

~g(N;N) = ~g(N;X) = 0; 8X 2 �(SM):(2)

From (1) and (2) it follows that NM is a lightlike vector bundle on M , and we
have the next decompositions

(3) T ~MjM = SM?(TM? �NM) = TM �NM;

where � between vector bundles means direct sum but not orthogonal. The vector
bundle NM is called the lightlike transversal vector bundle of M . Next, suppose
~r is the Levi-Civita connection on ~M with respect to ~g and by using the last
decomposition in (3) we infer

(4) ~rXY = rXY +B(X;Y )N; 8X;Y 2 �(TM):

It is easy to see that r is a torsion-free linear connection on M , but it is not a
metric connection, because

(rXg)(Y; Z) = B(X;Y )~g(Z;N) +B(X;Z)~g(Y;N); 8X;Y; Z 2 �(TM):

The 2-form B is symmetric on U and it is called the local second fundamental form
of M . By using (1) and (4) we infer

(5) B(X;Y ) = ~g( ~rXY; �); 8X;Y 2 �(TM);

which proves that B does not depend on the screen distribution SM (cf. [1]).

Next, we say that M is a totally umbilical hypersurface, if locally, on each
U �M , there exists a smooth function � such that

(6) B(X;Y ) = �g(X;Y ); 8X;Y 2 �(TM jU):

It is proved in[1] that a lightlike cone of the semi-Euclidian space Rm+1
s is a to-

tally umbilical degenerate hypersurface with � = �1. Here we shall determine all
degenerate Monge hypersurfaces of R4

1 with the semi-Euclidian metric

~g = �x1y1 + x2y2 + x3y3 + x4y4:

Suppose that the Monge hypersurface M is given by the explicit equation

(7) x4 = F (x1; x2; x3)
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where F is a smooth function on a domain D � R3. In this case TM? is globally
spanned by

� =
@F

@x1
@

@x1
�

@F

@x2
@

@x2
�

@F

@x3
@

@x3
+

@

@x4
:

and we infer

Theorem 2. Let M be a Monge hypersurface of R4
1. Then M is degenerate

i� F satis�es the equation

(8)

�
@F

@x1

�2
=

�
@F

@x2

�2
+

�
@F

@x3

�2
+ 1:

Now we can prove a characterization theorem for all degenerate Monge hy-
persurfaces of R4

1.

Theorem 3. Let M be a Monge hypersurface of R4
1 given by (7). Then the

hypersurface M is degenerate i� F is given by

F (x1; x2; x3) =

Z x
1

x1
0

1

cos v(t; x20; x
3
0)
dt+

Z x
2

x2
0

cosu(x1; t; x30) tan v(x
1; t; x30)dt

+

Z x
3

x3
0

sinhu(x1; x2; t) tan v(x1; x2; t)dt+ �;(9)

where � is a real constant, (x10; x
2
0; x

3
0) are the cartesian coordinates of a �xed point

x0 from D and u; v are two smooth functions on D satisfying the partial di�erential
equations

cosu
@v

@x3
� sinu

@v

@x2
= cos v

@u

@x1
;

(sinu
@v

@x3
+ cosu

@v

@x2
) sin v =

@v

@x1
;(10)

(cosu
@u

@x2
+ sinu

@u

@x3
) sin v =

@u

@x1
:

Proof. Suppose M is a Monge degenerate hypersurface of R4
1. By using (8) it

follows that there exist two smooth functions u and v such that

(11)
@F

@x1
=

1

cos v
;

@F

@x2
= cosu tan v;

@F

@x3
= sinu tan v;

There exists a smooth function F on a domain D � R3, i�

@

@x2
(

1

cos v
) =

@

@x1
(cosu tan v)

@

@x2
(sinu tan v) =

@

@x3
(cosu tan v)

@

@x1
(sinu tan v) =

@

@x3
(

1

cos v
)
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which is equivalent with

sin v
@v

@x2
=

@v

@x1
cosu�

1

2

@u

@x1
sinu sin 2v

sin v
@v

@x3
=

@v

@x1
sinu+

1

2

@u

@x1
cosu sin 2v(12)

sin v
@v

@x2
+

1

2

@u

@x2
cosu sin 2u =

@v

@x3
cosu�

1

2

@u

@x3
sinu sin 2v

By eliminating @v

@x1
from the �rst equation from (12) we obtain the �rst equation of

(10), and by eliminating @u

@x1
from the same equation we obtain the second equation

of (10). Finally the last equation of (10) is obtained by eliminating @v

@x2
and @v

@x3

from all equations of (12). Then with the help of (11) we deduce

(13) dF (x1; x2; x3) =
1

cos v
dx1 + cosu tan vdx2 + sinu tan vdx3:

Because (10) holds, then (9) follows from (13). Conversely, suppose F is given by
(9) and u and v satisfy (10). By direct calculation and by using (10) we deduce
that F satis�es (11) and consequently (8) is veri�ed. The proof is complete.

Next we consider a particular screen distribution onM . Let V = @F

@x1
@

@x1
+ @

@x4

be the vector �eld de�ned on M such that g(V; �) 6= 0, and consequently V is not
tangent to M . Now, take SM such that it is orthogonal to spanfV; �g and obtain

SM = spanfX1 = �
@F

@x3
@

@x2
+

@F

@x2
@

@x3
; X2 =

@

@x1
+

@F

@x1
@

@x4
g:

It is easy to check that SM is a complementary distribution to TM? in TM .
According to [1] we call it the canonical screen distribution on M . Next we have

Theorem 4. Let M be a Monge hypersurface of R4
1 given by (7). M is totally

umbilical i� F satis�es the partial di�erential equations

�
@2F

@(x1)2
+

�
@F

@x2

�2
@2F

@(x3)2
+

�
@F

@x3

�2
@2F

@(x2)2
� 2

@F

@x2
@F

@x3
@2F

@x2@x3
= 0;

@F

@x2
@2F

@x1@x3
=

@F

@x3
@2F

@x1@x2
:

Proof. BecauseB(X; �) = 0 for anyX 2 �(TM), we have to calculateB(X;Y )
for any X;Y 2 �(SM). Choose SM as a canonical screen distribution on M and
by direct calculation, using (5) we deduce

(14)

B(X1; X1) = �2
@F

@x2
@F

@x3
@2F

@x2@x3
+

�
@F

@x2

�2
@2F

@(x3)2
+

�
@F

@x3

�2
@2F

@(x2)2
;

B(X1; X2) =
@F

@x2
@2F

@x1@x3
�

@F

@x3
@2F

@x1@x2
; B(X2; X2) =

@2F

@(x1)2
:
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By straightforward calculation, and using (5) we obtain
(15)

g(X1; X1) =

�
@F

@x2

�2
+

�
@F

@x3

�2
; g(X1; X2) = 0; g(X2; X2) =

�
@F

@x1

�2
� 1:

Finally, our assertion follows from (6), (14) and (15).

From Theorem 4, by using (11) and the last relation of (10) we obtain

Corollary 1. A degenerate Monge hypersurface M of R4
1 is totally umbilical

if u and v from Theorem 3 satisfy the partial di�erential equations

(16)

@v

@x1
cos v + (

@u

@x2
sinu�

@u

@x3
cosu) sin2 v = 0;

cosu
@v

@x3
= sinu

@v

@x2
:

Next we determine all functions u and v which satisfy the relations (10) and
(16) and consequently all totally umbilical degenerate Monge hypersurfaces of R4

1.
From the �rst equation of (10) and the last equation of (16) we deduce @u

@x1
= 0

and this introduced in the last equation of (10) implies

(17) cosu
@u

@x2
+ sinu

@u

@x3
= 0:

Therefore, u must be given by an implicit equation of the form

(18) x2 sinu� x3 cosu = �(u);

where � is an arbitrary smooth function. By using the fact that @u

@x1
=0, and the

�rst equation (16) we obtain

(19)
@v

@x1
cos v = �

sin2 v

cosu

@u

@x2
:

Next from the last equation of (10), (17), (19) and the second equations of (16) we
infer

(20)

cos v

sin v

@v

@x2
= �

cosu

sinu

@u

@x2

cos v

sin v

@v

@x3
= �

sinu

cosu

@u

@x3
:

Integrating (20) we derive

(21) sin v =
�(x1; x3)

sinu
=
�(x1; x2)

cosu
:
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From (19) and (21) we deduce

(22) �(x1; x3) = h(x3)�
x1

sinu

@u

@x2
; �(x1; x2) = k(x2)� x1

cosu

sinu

@u

@x2
;

where h and k are smooth functions satisfying

(23) h(x3) cosu = k(x2) sinu:

Finally we deduce

v = arcsin

�
h(x3)

sinu
�

x1

sinu

@u

@x2

�
= arcsin

�
k(x2)

cosu
�

x1

sinu

@u

@x2

�
;

with h and k satisfying (23). Thus, we can state

Theorem 5. A degenerate Monge hypersurface of (R4
1; g) given by the equa-

tion (7) is totally umbilical if and only if F is given by (9) and u and v are expressed
as in (18), (22) and (23).

Remark. If instead of (7) we consider one of the next equations x2 =
F (x1; x3; x4), x3 = F (x1; x2; x4), x4 = F (x1; x2; x3), we obtain the same results.
If �(u) = 0 and h(x3) = k(x2) = 0, we obtain the lightlike cone of R4

1. By other
choices of functions �; h and k we obtain other totally umbilical degenerate Monge
hypersurfaces of R4

1.
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