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Abstract. We give a complete classification of all the closed 3-type curves
which lie on any hyperboloid of revolution of one sheet or on a cone of revolution.

1. Introduction. The notion of submanifolds of finite type was introduced
by Chen [C] around 1980. In particular, for closed curves v in a Euclidean space
E™, the property of having finite type is equivalent to the fact that the Fourier
series expansion of v with respect to an arclength parameter is finite. It is shown
in [C] that circles are the only closed curves of finite type in E?. As an affirmative
answer to a conjecture of Blair it is shown in [CDDVV] that the only closed finite
type curves which lie on a sphere in E® are its great and small circles. Moreover, in
[DDV], closed finite type curves on quadrics in E? were also studied; in particular,
it was shown that the only quadrics which eventually admit closed finite type curves
besides the circles are ellipsoids of revolution, hyperboloids of revolution and cones
of revolution.

From the complete classification of all the closed 2-type curves in Euclidean
spaces given in [CDV], it is easy to see that there are no closed 2—type curves in
E? which lie on an ellipsoid of revolution.

A complete classification of all the closed 3-type curves in E® which lie on an
ellipsoid of revolution is given in [PVV].

We give a complete classification of all the closed 3-type curves in E® which
lie on hyperboloids of revolution of one sheet and on cones of revolution. More
precisely, in Sections 3 and 4, we proved the following results.

THEOREM 1. Let v be a closed 3-type curve in E3 which lies on a hyperboloid
of revolution of one sheet H. Assume that the eigenvalues of v are p1 < py < ps.
Then:
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(i) 2p1 = p3s — p2, and eventually by carrying out an isometry of E3, the
equation of H can be turned into the form:

P2
24y - 2 = (u—w)?,
P2ps

and the curve v can be parametrized by an arclength parameter s, such that
v(s) =

2 0
(u cos ZE-}-U) cos (@+9) , U Sin ZE-}-U) sin (IE—H‘)) , —+/P2P3UW COS (E——)) ,
r r r r p1 ro 2
where r = pau + pow; u,w € RY; 0 € [0,27];
(i) 2ps = p3s — p1, and by eventually carrying out an isometry of E3, the
equation of H can be turned into the form:

P
24y - 22 = (u—w)?,

P1ps
and the curve v can be parametrized by an arclength parameter s, such that
v(s) = (ucoslﬁ + w cos (IE +9), wsin 222 4 wsin (IE +0),
r r r r

2 0
2 e (22,
D2 T 2

where r = pau + pyw; u,w € Ry; 0 €[0,2x]. O
THEOREM 2. Let v be a closed 3-type curve in E> which lies on a cone of
revolution C. Assume that p1 < p> < p3. Then:
(i) 2p1 = p3 — p2, and by carrying out an isometry of E3, the equation of C
can be turned into the form
2
2_ P12 _ 0,

2 + y° - z
Pp2p3

and the curve v can be parametrized by an arclength parameter s, such that
~v(s) = (u (cos@ + w cos (;[2 +6)) U (sin@ +sin (1‘2 +9)) ’
r r r r

2u ps 0
—+/D2pP3 COS (— - —)),
p1 r 2

where r = u(ps +p3); u € RY; 0 €[0,27];
(i) 2ps = p3 — p1, and up to a Euclidean motion in E®, the equation of C
is of the form
P2
2 +y? - —=2-22=0,
Pips
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and the curve v can be parametrized by an arclength parameter s, such that
v(s) = (U (COS@ + w cos (@ +9)),u (sin@ +sin (@ +9))7
r r r

r
2u pas 0

—+/D1P3 COS (— - —)),

P2 r 2

where r = u(py +p3); uw € RY; 0 €[0,27]. O
In particular, these results imply the following geometrical facts.

COROLLARY 1.All the closed 3-type curves in E> which lie on a hyperboloid
of revolution of one sheet or on a cone of revolution are mass—symmetric, i.e. the
center of mass of these curves coincides with the center of mass of the hyperboloid
or of the cone. O

Remark. As a partial answer to the question stated in Problem 1 of [DDV],
we proved that there are no 3-type curves on hyperboloids of revolution of two
sheets.

We also mention here, that there are no 3-type curves on paraboloids; in fact
the only finite type curves on paraboloids are circles [DDV].

2. Preliminaries. Let M be a compact submanifold of a Euclidean space
E™ and A the Laplacian of the induced metric. Then, following Chen [C], M is
said to be of finite type if the position vector z of M has a decomposition of the
form:
T=20+Tj +Tj, + 0+ Ty

where x( is a constant vector in E™, and Azj;, = Aj,ay, (¢t € {1,2,...,k}), for k
distinct eigenvalues Aj,, Aj,, ..., Aj, of A. We also say that the submanifold M is
of finite Chen type, in fact of k—type, for some natural number k.

Every closed curve v:[0,27] — E™ of length 27r in E™ can be seen as an
isometric immersion S'(r) — E™ of a circle of radius r into E™. Denote by
s the arclength parameter. Then the Laplace operator A of S'(r) is given by
A = —d?/ds®. The eigenvalues of A on S'(r) are given by \; = (¢/r)? and cor-
responding eigenspaces V; are spanned by cos(ts/r) and sin(ts/r). Hence, a closed
curve v: S*(r) — E™ has a spectral decomposition of the form

*) v(s) = Ao + Z (At cost?s + By sin ts) ,

r
t=1

for some fixed vectors Ay, By € E™, where Ay is the center of gravity or of mass of 7.
This means, that, as periodic functions of s, the coordinate functions (y1,%2, - - -, Yn)
of 74, in any Cartesian coordinate system, have a Fourier series expansion with
respect to s.

According to a definition of Chen, ~ is of finite type if and only if (%) contains
only a finite number of non-zero terms in the sum . More precisely, v is of k—type
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if and only if (x) contains exactly k& non—zero terms in the sum > . Thus, a closed
curve v, of length 27r is of k—type if and only if it can be written in the form

v(s) = A0+Z(A cos—+BS- r)’

i=1

where Ag € E™, py < py < --- < pj are natural numbers and A, Ao, ..., Ay,
By, B>, ..., By are vectors in E™ such that for each i € {1,2,...,k}, A;, B; are not
simultaneously zero.

It is proved in [C] that this last condition is equivalent to

k
(2.1) Z p2Dy; = 217
k
(I(Z)) Z pfAu +2 Z plp] ij — Z pzp] ij = =0,
5,j=1 5,j=1
2pl_l i>j i>j
Pi+pj=l pi*pj=f
(T(é)) Z p2Au +2 Z png ij — Z pzp] ij — 0
,j=1 ,j=1
2p17€ >3] i>j
pi+p;=L pi—p;=~

where

From now on, we will assume that 7 is a 3-type curve which lies on a hyperboloid
of revolution of one sheet, or on a cone of revolution. If necessary, after applying
an isometry of E3, we may assume that the hyperboloid of revolution is given by

(2.2) a(@® +y*) —cz® =1 (a,c > 0),
and the equation of the cone of revolution is given by
(2.3) a(x® +y*) —cz? =0 (a,c>0),

We call a finite type curve mass—symmetric if the center of mass of -y coincides with
the center of mass of the cone. From the equation of the hyperboloid of revolution
or of the cone of revolution it follows that 7 is mass-symmetric if and only if 4y = 0.
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It is easy to see that 7 lies on a hyperboloid of revolution if and only if

3
(2.4) M+ Dj =2,
i=1
3 3 3 3
(H(0)) Somi+ > A+2 > Ay+2 Y D=0,
i=1 i=1 i,j= i,j=
pi=L 2p;={ i]>j1 iJ>j1
pit+p;=¢ pi—pj={
3 3 3 3
— — ! !
(H(0)) oM+ Y A+2 Y A;-2 ) D=0,
z:_ll 21:1 i,j:_l i,j=1
i = pi=~ > 1>]
pi+p;=¢ Pi—Dj=

(t=1,2,....2ps3; 0,5 =1,2,3; 7 > j), where

Mz, = 4[Ai)AU]7 M; = 4[Bi)AU]> M = 2[A07 AO]:
Ay =[Ai, Aj] = [Bi, Bj],  Dj; = [Ai, Aj] + [Bi, By,
A; =[Ai, Bj] +[A4;,B], Dj; =[A;,Bj] - [4;,Bi,

ij =
and [., .] is defined by [u,v] = auiv; + ausvy — cusvs, and u = (uy, us,uz), v =
(v1,v2,v3). Throughout the rest of the paper, we will put A; = (us, v, w;), B =
(u}, vi,w}), Ag = (ug, v, wp) . Finally, we recall some examples of 3-type curves on

hyperboloids of revolution from [DDV]. Let 4 be the curve in E® given by
11 = (weos 22 4 woos (2246, usin 22 1 wsin (222 49),
r r r r

2 pas 0
2 cos (22 - 9)),
D2 r 2

where p; < pa < p3 are three natural numbers such that 2ps = ps—p1, r = upz+wp,
(u > 0,w > 0). Then ~, is a 3-type curve which lies on the hyperboloid of revolution

p
2?4yt - 22t = (u—w)?.

p1ps3

Let ¥ be the curve in E® given by
s s s s
Yo = (ucospi + w cos (pi +0), wsin 222 + wsin (pi +0),
r r r r

2 (pls 0))
—/DP2p3uw COS{ — — o} |,
D1 r 2

where p; < p2 < ps are three natural numbers such that 2p; = p3s—p2, r = ups+wp:
(u > 0,w > 0). Then 7, is a 3-type curve which lies on the hyperboloid of revolution
2 P,

2 +y? — 22 = (u—w)?.
p2p3
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In the next section, we will show that these examples are essential in the sense that
they represent all 3-type curves lying on a hyperboloid of revolution.

Concerning parameters p; < py < p3, we will distinguish the following 22
cases, which give a complete classification of all cases when some of indices p1, p2,

p3, 2p1, 2p2,2ps, p1 + p2, p1 + p3, P2 + P3, P2 — P1, P3 — P1, P3 — P2 coincide or
they are all distinct. The distinction of these cases seems to be essential, since the
system we have to solve is different in each case.

(1) p2 # 2p1,3p1; p3 # 2p1, 3p1, 2p2, 3p2, 1 + P2, P1 + 2p2, 2p1 + P2, 2p2 — p1.-

(2)  p2 =2p1, p3 # 3p1,4p1, 5p1, 6p1 -

(3) p2=2p1, p3 =3p1.

(4) p2=2p1, p3 =4p1.

(5) p2 =2p1, p3 = 5p1.

(6) p2=2p1, p3 =6pr.

(7)  p2 = 3p1, p3 # 4p1, 5p1, 6p1, 7p1,9p1 -
(8) p2=3p1, p3 =4p1.

(9) p2=3p1, p3 =5p1 .

(10) p2 = 3p1, ps = 6p1 -

(11) p2 =3p1, p3 = Tp1 -

(12) p2 =3p1, p3 = 91 -

(13) p2=3p1/2 (p=2m) (= p2# 2p1,3p), ps =2p1.
(14)  p2 # 3p1/2,2p1,3p1; p3 = 2p1 -

(15) p2=3p1/2 (# 2p1,3p1); p3 = 3p1.
(16) p2 # 3p1/2,2p1,3p1; p3 = 2p2 .

(17)  p1 # 3p1/2,2p1, 3p1; p3 = 3p1 -

(18)  p2 # 2p1,3p1; ps = 3p2.

(19) p2 #2p1,3p1; p3 = 2p2 +p1 -

(20) p2 # 2p1,3p1; p3 =p2 +2p1.

(21)  p2 #3p1/2,2p1,3p1; p3 = 2p2 —p1.
(22) p2 #2p1,3p1; p3 =p1 +p2.

3. The classification of 3-type curves on hyperboloids of revolution.
In this section, we study 3-type curves which lie on a hyperboloid of revolution of
one sheet that, after a suitable Euclidean transformation, satisfies the equation
az® + ay® — cz? = 1, with @ > 0, ¢ > 0. First, we give some lemmas. Their proofs
are more or less long, but we omit almost all the proofs, trying to make this paper
maximally short.

LemMA 3.1. We always have A3 = (us,v3,0), Bs = e(vs, —us,0) (e =
+ 1), thus As,Bs C Ozy, ||A4s|| = ||Bs|| end A5 L Bs. If we denote Ay =
mAs +nBs + wee (e = (0,0,1)), then Bo = —nAs + mBs + whe.
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Remark. In the sequel, we shall always denote § = ||A4s|| = ||Bs||, hence
0= |’LL3| > 0.

LEMMA 3.2. Ingl = Zgl = 0, then A1 = (Ul,’Ul,’LUl), B, = (6U1,—6U1,U)’1),
where € is from Bs.

LEMMA 3.3. If A11 = le = A31 = Zgl = 0, then A1 = (Ul,’l)l,O), B, =
e(vy, —uy,0), where € is related to Bs.

Remark. If A2_2 = Ayy =0, then Ay = (uz,v9,0), By = (€vs, —€uy,0) . In fact,
we can get Ass = Ass = 0, and next we can use a similar procedure as in Lemma
3.3.

LEMMA 3.4. If A11 = le = Alll = lel = 0, then

Al = (ulvvlao)v B, = (¢U1,—¢U1,0) (¢ = :tl)'

LEMMA 3.5. The case
(3.1) Ayy = Ay = Az = A31 = D33 = D3y =0

s impossible.

COROLLARY 3.6. The case
(32) A22 = ZQQ = D32 = 532 =0

s impossible.
LeEMMA 3.7. The cases (1), (2), (6), (7), (8), (10), (14), (15), (16), (17), (18)

and (22) are impossible.

B Proof. In the cases (1), (2), (7), (8), (14), (17) and (22), we find by I(2ps),
I(2p>), I(p1) and I(p;) that

Asz = Azy = D3y = D35 =0,

which is impossible by Corollary 3.6.

In the cases (10), (15) and (16), we also find (3.1) by the relations I(2ps),
1(2p2), I(p2), and I(ps).

Finally, in the cases (6) and (18), by the relations I(2p;), I(2p1), I(p1 + p3),
I(py + p3), I(ps — p1) and I(p3 — p1) we find

All = le = A31 = Z31 = D3 = E31 = 0;

which is impossible by Lemma 3.5. O

LeEMMA 3.8. If M} = M; = 0, then A9 = (0,0,7). Moreover, if also
M{ :Mll = Mé :M; = 0, then AO =0 or Al,Bl,AQ,BQ € Oa:y.
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LEMMA 3.9. The cases (12) (p2 = 3p1,ps = 9Ip1), (13) (p2 = 3p1/2,p1 =
2m, ps = 2p1), (21) (p2 # 1.5p1,2p1,3p1; ps = 2p2 — p1), and (3) (p2 = 2p1,p3 =
3p1), are impossible.

LEMMA 3.10. In the case (4) (p2 = 2p1; ps = 4p1, ps = 2p1 + p2), we have

Ap =(0,0,0), a/c =8,

A; =wie, B;=uwje,

Ay =mAs +nBs, Bo = —nAs + mBs,
w? — w) 2wy w]

T 322 0 T 3282

S =w?+w?=23256+1/Va).

2

LEMMA 3.11. In the case (9) (p2 = 3p1; ps = 5p1, (p3 = 2p1 + p2)), we have

A; =wie, B; =uwie,

Ay =mAs +nBs, Bs= —nAs+ mBs,
w? — w2 2w w)

6002 0 "7 6007

S =w? +w? =606 +1/v/a), ajc = 15.

AO = (07 0)0)7

LEMMA 3.12. In the case (20) (p2 # 2p1,3p1; p3 = 2p1 + p2), we have

2p2(2p1 + p2)

, where A = 3
p1

)

a A
Ay =(0,0,0), ~ =3
A; =wie, Bi =uwje,
Ay =mAs+nBs, By = —nAsz+mBs,
w? — w2 wyw}

oA 0 T As

S =w? +w? =2A8(6 +1/\/a).

m =

LEMMA 3.13. In the case (5) (p2 = 2p1; ps = 5p1; ps = p1 + 2p2), we have

Ap = (0,0,0),
Ay =pAs+qBs, By = —qAs +pB;,
As = wse, By =wje, ajc=5/4,

wE — wy? _ 2wyw

1002 47 1052
S =56(8 £ 1/v/a) = wi + wy>.
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LEMMA 3.14. In the case (11) (p2 = 3p1,p3 = Tp1; p3 = p1 + 2p2), we have

Ay =(0,0,0), a/c =T7/9,

A1 =pAs +qBs, Bi = —qA; +pBs,
Ay = wse, By = whe,

w2 — wy? 2waw}

2807790 T T4y’

, 2
w3 4wy’ = 386(6ﬂ:1/\/5).

Proof. By equations H (py), H(p1), H(ps), H(ps), H(p3) and H(ps), we have
M{ =DM, =My=My=M;=M;=0,

whence Ag = (0,0,70), and v9 =0 or Ay, By, A2, B> € Ozy.

Next, by the equations I(py + ps), I(p1 + ps), H(p1 + ps), H(p1 + ps3), we
have A31 = Z31 = AI31 = Z,31 = 0, Whence, if Al = pA3 + qB3 + wi€e, Bl =
p' A3 +¢'Bs +wie, we easily get p' = —q and ¢’ = p, thus By = —¢qA3 +pBs +wie.

Next, by the equations I(2p2), 1(2p2), H(2p=2), H(2p2), we get
10 — 10 — — —
Ap= -5 An, Am= -5 An, A= -2Dy, A, = 2Dy,.

Since we easily find that Az, = Az = 0, from above relations we get we = wh =0
and p = ¢ = 0. Hence A; = wie, By = wie, Ay = mAsz + nBs, By =
—nAs +mBs.

Since Ay # 0 or By # 0, we necessarily have that Ag = (0,0,0). Equations

I(p1 + p2), I(p1 + p2), H(p1 + p2), H(p1 + p2) are then satisfied identically.
Now, using equations I(2p;), I(2p1), H(2p1), and H(2p;), we get
A11 = 6D21 + 30D32, le = — 6521 — 30532,
— —/ —/
Al = = 2Dy —2D3,, Ay =2Dy; +2D5,,
whence we easily find that a/c = 15, and

1
w%—wf
m=————,

6002

_ 2ww)
6042

3
By equation 2[4y, Ao] + Y ([4i, Aj] + [Bs, Bi]) = 2 we finally get

i=1

w? +w? =608 £1/\/a). O
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LEMMA 3.15. In the case (19) (p2 # 2p1,3p1; p3 = p1 + 2p2), we have
Ay =pAs +qBs, Bi= —qAs3+pBs,
Ay = wse, By = whe,
a _pi(pi+2p) A

AO = (07070)7 - )
c 3 2

’
w3 — wy? _ wowh

~oay 0 1T A
! ].
> P =2A6(0+—).
w5 + Wo ( \/5)
Proof of Theorem 1. Collecting all previous results, we conclude that if + is

a closed 3-type curve on the hyperboloid of revolution of one sheet a(z? + y?) —
cz? = 1, then Ay = (0,0,0), A3 = (us3,v3,0), B3 = (evs, —eus,0), (e = *1),

d = ||43]| = ||Bs]| > 0 and only two cases are possible: (i) 2p; = p3 — po, (i)
2py = p3 — p1-
In the case (i), we have:

a _ Pp2p3

Pl

Al = (0,0,1[)1), Bl = (anywll))
Ay =mAs +nBs, Bs= —nAs+ mBs,
w? — w;? 2w w)
m=———— n=—-=,
2A62 2A62
S =w? +w? =2A88 +1/va),
2pops _ 2a
pi c
In this case, we find that r = dps + (§ £ 1/+/a)p2. If we put § = u > 0,
d+1/v/a=w >0and a = ﬁ, then we obtain that r = upsz + wps and
U —w

where A =

2
‘- p—l. The equation of the hyperboloid then reads:
a

 pops
1 2 2 Vi 2
—— @ +y) - ————= =" =1,
R R T
that is
P2
2?4yt - 2t = (u—w)?.
P2ps3
Since S = w? 4+ w,2, there is an angle #/2 € [0,7] such that w; = v/S cos(6/2),

wi =+/S sin(f/2) . Hence

VS = 2/p1, /D2pzuw = A,

Ay =(0,0,Acos(6/2)), By =(0,0,Asin(0/2)),

w wo,

m = — cosf, n=—sinf.
u u
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Consider the system {e1,e2,es} in which e; = Az/||A4s]|, e2 = Bs/||Bs||,
es = (0,0,1). The equation of the hyperboloid remains the same, and A3 = de; =
ue; = (u,0,0), Bs = dey = ues = (0,u,0). It is easily seen that the equation of the

curve (s) in this system reads:
0
v(s) = (u cos 222 4w cos (12 +9) , wsin P33 | psin (12 +9), A cos (@ — 5)) .
T r r T

In the case (ii), we have:

@ _pps
c  p}’
Ay =pA3+qB3, By = —qAs3+pBs,
Ay =(0,0,w3), Bz =1(0,0,w}),

2 12 _ 2wowh

_ Wy — Wy
P=79As » 17 2as

S =w? +w? =2A8(6 +1//a).

2 2
where A = p12pg = 2% In this case, we find that r = dps + (6 £ 1//a)p:. If we
c

P>
put 6 =u>0,d+1/\/a=w >0, then u # w, and
1 c 2
4= -—-5, T =1up3+wpi, -
(u—w) a  pip3

The equation of the hyperboloid then reads:

2
2 P2 22 = (u—w)?.

2> +y

p1p3
Since S = w2 + w,?, there is an angle #/2 € [0,7] such that wy, = v/S cos(6/2),
wh = +/S sin(f/2), whence

2
A= ‘/_ = p_ VDPi1p2uw ,
1

Ay = (0,0, cos(6/2)),

w wo,
p=—cos#, q=— sinf.
u u

By = (0,0, \sin(4/2)),

In the same system {ej, es,e3}, we find that the equation of 7(s) reads:
0

v(s) = (u cos 222 4w cos (IE +0), u sin 222 pwsin (IE +0), A cos (@ ——)) .
T T r r r 2

This completes the proof of the Theorem 1. O
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Remark 1. For the above curves, it is known that they are 3-type curves.
Hence, these two kinds of curves which depend on parameters u,w > 0, (u # w),
0, p1, P2, p3 are all 3-type curves on hyperboloids of revolution of one sheet.

Remark 2. There are no 3-type curves on any hyperboloid of revolution of
two sheets,

(3.3) ar® +ay® —cz? = — 1 (a,c¢>0).

It can be seen from the proof of Theorem 1. We can proceed a similar proof as for a
hyperboloid of revolution of one sheet. The system of equations for the hyperboloid
(3.3) differs from the corresponding system for the hyperboloid of revolution of one
sheet only in the equation

(3.4) A= -2,

where A = 2[Ag, Ao] + 23: ([Ai,Ai] + [Bi,Bi]). We see that all Lemmas 3.1, 3.7,
3.9, remain true also inltlllis case, since they do not use equation (3.4). Equation
(3.4) is used only in the last 6 subcases (Lemmas 3.10 — 3.15).

S
(535 ~
reads 2(1(i — 6)2 = — 2, which is a contradiction again. [

2A6

In these subcases, we get that A = 2a 6)2, and the equation (3.4)

4. The classification of 3-type curves on cones of revolution. In
this section, we study 3-type curves which lie on a cone of revolution that, after a
suitable Euclidean transformation satisfies the equation

az® +ay® —cz> =0 (a,c > 0),
in fact the equation

(4.1) Yy —d?* =0 (d > 0).

Proof of Theorem 2. In this case we can preceed a quite similar method as in
Chapter 3. The corresponding system of equations for the curve on a cone differs
from the corresponding system of equations in Chapter 3, only in the equation:

(4.2) A =2[Ag, Ao] + Y ([4s, 4] + [Bi, Bi]) = 0.

i=1

All Lemmas (3.1, 3.7, 3.9) remain true for the 3-type curve on a cone, since they
do not use the equation (4.2). In the last 6 subcases (Lemmas 3.10 — 3.15), we get

A= Q(Tié - 6)2, so that the equation (4.2) reads Q(Tié - 6)2 =0, thus

(4.3) S =278
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Collecting all these results, we get that if v(s) is a closed 3-type curve which
lies on a cone of revolution (4.1), then 4y = (0,0,0), A3 = (us,vs,0), By =
€ (vs, —u3,0) (e = £1), d = ||A3]|| = ||B3|| > 0, and only two cases are possible:

(i) 2p1=ps—p2; (i) 2p2=ps—p1.
In the case (i) , we have:
p
pap3’
A =(0,0,w1), Bi=(0,0,w)),
A2 :mA3—|—nB3, B2: —TLA?, —+—mB3,

d=

. w} — w’12 . 2wy w
2A62 T 2A627

S =wi + w112 =2A4%,

2 2
where A = — = p22pg.
d p1
§=u>0, we get 7 = u(ps + p3).

In this case we can find that r = dps + dp3, and if we put

The equation of the cone then reads:

2
(4.4) 2 +y? — Ty -
P2ps
Next, we have:
4 4
S =2ay = P2 TP,
D D

)

whence

Since S = w? 4+ w,2, there is an angle /2 € [0,7] such that w; = v/S cos(6/2),
w) = /S sin(8/2).

Hence,
A; =(0,0,Acos(0/2)), Bi =(0,0,Asin(f/2)), m =cosf, n =sinf.

In the system {e1,e2,e3}, where ey = A3/||As]|, e2 = Bs/||Bs||, es = (0,0,1), we
have
A3 = 561 = ueq, Bl = 562 = ues,

and the equation of the curve 7(s) in this system reads:
~v(s) = (u(cos@ + w cos (@ +0)), u(sinzE + wsin (12 +0)) ,
r r r r

2 (pls 0 ))
— \/P2p3uCosS { — — — .
D1 r 2

(@)
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In the case (ii), we have:

p1p3
Ay = pAs +qBs, B = —qA3 +pBs,
Az = (0,0,ws), Bz =(0,0,w}),

w2 — wy? _ 2wyw

P="9a57 » 17 a5
S = w} 4+ wy? = 2A4%,

2 2
where A = i p12pg. In this case, we find that » = dp; + dps, and putting
b3
d =u>0, we find r = u(p1 + p3) (u>0). The equation of the cone then reads:
P2
(4.5) > +y? - —2-22=0.
b1ps

4 4 2,/ ,
Next, S = 2A6% = p12pg 62 = p12pg u?, /S = SVPPs )\ Since S = wi +wy?,
D3 25 D2
there is an angle /2 € [0,7] such that wy = V/Scos(8/2), wy, = V/Ssin(6/2),
whence Ay = (0,0, Acos(0/2)), B2 = (0,0, Asin(8/2)), p = cosf, ¢=-sinb.
In the same system {ej,eq2,e3} we find that the equation of the curve v(s)
reads:

~v(s) = (u(cos@ + w cos (12 +0)), u(sinzE + wsin (12 +0)),
T T T T

2 (-3))
— \/P1P3uUCOS { — — — .
p2 r 2

(8)

This completes the proof of Theorem 2. O

Remark. The curves of types (a) and (8) give all 3-type curves which lie on
cones of revolution. They all depend on parameters u > 0, /2 € [0, 7], p1,p2,Ps €
N (p1 <p2 <p3).
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