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Abstract. We find exact asymptotic behavior of positive and negative eigen-
values of the operator [, k(z — y)a(y) - dy where k is a real radial nonhomogenous
function (satisfying some aditional condition) and a is a continuous function chang-
ing sign on 2 C R™.

1. Introduction. In this paper we study the asymptotic eigenvalue behavior
of integral operators defined by kernels of the form

(*) k(x — y)aly), xz,y € Q.

Here Q2 C R™ is a bounded open set, a is a continuous function on  and k
is a sufficiently regular function. There are many results concerning asymptotic
behavior of eigenvalues of the integral operator with the kernel of the form ().
For a = 1, m = 1 Widom [16] obtained exact asymptotic behavior of eigenvalues
of the operator with kernel of the form (x) if the function K(£) = [, e k(t)dt is
bounded, nonnegative and has sufficiently regular behavior when £ — +oo (k is
not necessary homogeneous). There is a similar result in [12].

In [15] Widom found the exact asymptotic behavior of eigenvalues of the op-
erator with the kernel (x) if a is a nonnegative bounded function when k satisfies
some aditional conditions. In the case k(z) = |z|~%, a continuous strong positive
function, Kac [7] obtained the exact asymptotic eigenvalue behavior by a proba-
bilistic method using Karamata Tauberian Theorem. Cobos and Kiihn in [3] found
an upper bound on the eigenvalues of an operator with the kernel of the form

(1 +[Inflz — yll)”

, z,y € QC RN
|z — [N

K(z,y) = L(z,y)
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96 Dostanic

where L € L*°(2). Birman, Solomjak and Kostometov in [1], [2], [8] found he exact
asymptotic eigenvalues behavior of the operators with kernel of the form (x) (and
more general form) but with assumption that k is a homogeneous function. Some
estimation of singular values of the integral operator with the kernel (x) are given
in [10]. In this paper we find exact asymptotic eigenvalue behavior of the operator
generated by the kernel (x), where a is continuous (and sign changing) and k is
not a homogeneous function. The method is new and is based on a construction of
a normal operator (whose spectrum is easily detrmined ) and its connection with
the starting convolution operator. As an application of this method we give the
asymptotic formula for positive and negative eigenvalues of the following boundary
problem

=N B,
_ Z %(aija—;) = lau
ij=1 """ J
U,|3D =0

where a € C(Q) (and a is a sign changing function) and a;; = aj; € C1(9).

1. Preliminaries. Suppose H is a complex Hilbert space and T is a compact
operator on H. The singular values of T(s,(T)) are the eigenvalues of (7*T)'/?
(or (T'T*)'/?). The eigenvalues of (T*T)'/? arranged in a decreasing order and
repeated according to their multiplicity, form a sequence si, s, s3, ... tending to
zero. Denote the set of compact operators on H by C,. The operator 7' is a Hilbert

1/2
Schmidt one (T € Cs) if (Z;o:l sfl(T)) =|T|2 < oo. If T is an integral operator
on L*(Q) defined by T'f(z) = [, M(x,y)f(y)dy, x € @ C R™ and T € C; then
6] 1713 = [, [, IM(x,y)|*dzdy. Denote by [, K(x,y)-dy the integral operator on

L?(2) with the kernel K. Let N;(T) be the singular value distribution function
N(T)y= > 1 (t>0)
sn(T)>t

A positive function L is a slowly varying function on [b, c0) if it is measurable and
for each A > 0 the equality
L(\z)
im =
z—+00 L(:L’)

holds. It is well known [13] that for every v > 0 we have

lim z7L(z) = +o0, lim z77L(z) =0.
r—+00 r—+00

In what follows we need some lemmas.
LEMMA 1.  Suppose L is a continuous slowly varying function such that
p(x) =27 "L(xz) and (x) = x"L(x) (r > 0) are monotone for x > xo, and

o b L@@ )

=1.
z—+00 L(CE)
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Then
¢ (y) ~ (L(%w))l/r y = 0+,
w0~ () v
where o1, 1 are the inverses of v, 1.

Proof. Directly follows from (0) by substitution. We observe the the function
L(z) =TI, (Inm, ()% (Inm,(z) =Ilnln...Inz) satisfies the conditions of Lemma

1. m;

LEMMA 2. Suppose the operator H € Cw, is such that for every € > 0 there
exists a decomposition H = H. + H!' (H., H! € C) with following properties:

1° There exists lim;_yo4 (t/L(t=/"))/"Ny(H!) = c¢(H!)
2° lim,, s 00 ﬁ;)sn(Hé’) <e.

Then there exists lim. oy C(H!) = c¢(H) and lim;_,o4 (t/L(t" ")/ " Ny(H) =
c¢(H). (L is a slowly varying function satisfying the conditions from Lemma 1).

Suppose T € Cy is a selfadjoint operator on H, {\F(T)}, {\,(T)} are the
sequences of its positive and negative eigenvalues. Denote by N (T) (t > 0) the
corresponding eigenvalue distribution functions N (T') = 2ok (1>t L

LemMA 3. Let H', H" € C, and H=H'+ H". If
. —1/r\\1/r ArE N — U
Jim (/L7 TNE () = O ()
A (H") = o(L(n)/n")

then limy o4 (t/L(t~ /" )Y/"NE(H) = CL(H').

Proof. Lemma 2 and Lemma 3 can be proved by a slight modification of the
proof of Ky-Fan theorem [6].

LEMMA 4. If H and K are positive compact operators such that
(1) sn(H — K) = o(L(n)/n")
then for 6 € (0,1)

2) sn(H’ = K°) = o((L(n)/n")?).

Proof. In [11] the following inequality

(3) > sp(H'—K")<C0,8) -nH(Zsf(H - K))o (0,8 €(0,1))
k=1
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is proved.
From (1) it follows that for any e > 0 there exist n. € N such that

sp(H — K) <eL(n)/n" for any n > n..

Then from (3) we obtain

As a consequence of the last inequality we have

r

@ (Fr) s~ K <

T R (L(k))ﬁ]9/ﬁ

(CO. BN |nes{ U — K)oy +<7 s 3

k=n:+1

Let § be a fixed number such that 0 < 8 < min{1,1/r}. From (4) we get

n@(?;))asn(m - K%) < (C(, ﬁ))l/ﬁ[ ﬂn@o e 1[3 " ( ) ]W
Since

Xn: (L]El:))ﬁ < /" (%)ﬁdx < D(if@lﬁ
k=2 |

(here D depends only on  and r) we obtain

Hm (n'/L(n))’s,(H’ - K°) < (C(6,3))"/° (" D)’/

n—o0

Because € > 0 is arbitrary, we get

lim (n"/L(n))s,(H’ — K%) = 0.

n—o0

The relation (2) is proved.

2. Main result. Suppose k and k; are even realvalued functions from
C*(R\{0}) sufficiently rapidly decreasing to infinity (for example k and k; have
compact support) satisfying the following conditions

1° k‘( )—kl*kl kal kl(l’—t)dt) k(a:)—)O, k1($)—>0$—>+00
2° The function IC(E) = [ e k(t)dt is a positive decreasing on (0, 00) and

K =¢"LEA+0(1))  (r>0).
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Let m € C[—1,1] (m(z) € R, for x € [-1,1]). Consider the operator A on L?(—1,1)
defined by

Af(z) = / k(e — y)m(y) f(w)dy.

The operator fil k(z — y) - dy is positive (by property 2°) and the operator
f — mf is selfadjoint. Hence their product (i.e. operator A) has only real eigen-
values. If m > 0 on [—1,1] then all eigenvalues of A are positive. In that case
denote by {A,} the eigenvalues sequence of A. Here the eigenvalues are repeated
according to their multiplicity.

THEOREM 1. Ifm € C[-1,1], m(z) > 0 for x € [-1,1] and

sn(/k(m+y)-dy) :o(LT(L:L)) (5)
0
sn(/kl(ﬂy)-dy) =0< L,E?) (6)
then
(7) An(A) LT(:) (% / (m(2)) /" dz)

Prior to the proof of Theorem 1, we prove the following lemma.
LEMMA 5. Ifm € C[-1,1], m(z) > 0 for x € [-1,1] and (5) is valid, then

ol [ 1= pimt)-ar) ~ 2O (L [y

Proof. From [4, Theorem 1] it follows
nwy\ ="
sal [ Ka=v)-dy) ~ 20 (757
A

where A is an interval and |A] is its lenght. Divide interval [—1, 1] into N intervals

2 2
A; = [—1+N(¢—1),—1+N’], i=1,2,...N
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and denote by z; the midpoint of A;. Suppose € > 0 is given and N is large enough
such that |m(y) — m(x;)| < € for y € A;. Then

N
(8) \Z 2))xas ()| < &

for each y € [-1,1] (x4, is the characteristic function of the interval Aj;).
The operator A might be represented in the form A = By + Dy + En where

1 N

Brf) = [ bz =) Y m )xa, )] £ )y
e

Dnf(z) =Y (m(z;)xa; (@) | kz—y)f(y)dy

j=1
N

Exf(z) = 3 (m(x;)xa, (@) [ K= )7 w)dy
it

Since
m(e;)xas (@) / k(e —y) - dy : L(A;) = L(A))
Aj

then by (5) for ¢ # j it follows

Sn (m(fj)XAi () /’f(m —Y) 'dy) - O(Lygf))

A
and hence
(9) sn(En) = o(L(n)/n").
From (8) we have
(10) $u(By) < C -eL(n)/n"

where the constant C' does not depend on n and e. Let AN:L*(A;) — L*(4;)
(j =1,2,3,...,N) be a linear operator defined by

AN f(z) = m(z;) / k(e — y)f(y)dy.

A
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Then Dy is a direct sum of the operators A;-V ; hence

N
(11) Ni(Dy) =" Ni(AY)
Since -
s d)) ~m)Lm) () o o0)
then
(12) NA) ~ (g I (HEEEYT g,

From (11) and (12) it follows

i E Ny L al A
(13) Jim (o) NDN) = 2 3 m() 1A

From (9), (10), (13) and Lemma 2 we obtain

(14)
s, (k) 600 = [ oot (= g 23 i)

Puting t = s,(A) in (14) we get

sn(4) Lr 1/r
n(—L(l/(sn(A))l/’“)) o ;/(m(m)) /" da.

Let ft, = (sn(A))~'/", then we have

i~ W . (l /(m(x))l/rdm)_li.e. on(4) ~ L) (1/(m(m))1/"da:)r.

Lemma 5 is proved.
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Observe that the system {¢,}52,, where p,(z) = sinnz(1 + z)/2, is an
orthonormal basis of L?(—1,1). Let

H(z,y)= Y [k(z —y+4n) — k(z +y + 4n + 2)] (15)
Hi(z,y) = Z ki(z —y +4n) — ki (z +y + 4n + 2)] (16)

Cosider the operators B and B; acting on L?(—1,1), defined by

1 1

Bf(x) = / H(ep)f)dy,  Bif(z) = / H, (2,9) f(y)dy.

-1 -1
By a direct computation we get
Bon = K(nr/2)p,  Bipn = VE@n/2pn n=1,2,3...

and therefore B = B?.
Let K and K be linear operators on L?(—1,1) defined by

Kf(z) = / ke — ) f)dy, K f(x) = / iz — )£ (y)dy

(K and K, are positive operators because k > 0 and &, > 0, [16]).
LEMMA 6. If the functions k and ky satisfy the conditions of Theorem 1, then

(17) sn(K — K7) = o(L(n)/n")

Proof. From (5), (6), (15), (16) and the definition of the operators B and B;
it follows B = K + R; and By = K1 + R, where R; and R, are compact operators
such that

(18) sn(R;) = o(L(n)/n") i=1,2.

As we have K — K? = —R; + RyB; + B1Ry — R% (because B = B?), then using
(18), equalities

sn(Bl):O(\/L(n)/n"), sn(B) :0( L(n)/n")
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and the properties of singular values from [6], we get
sn(K — K7) = o(L(n)/n"),

proving (17).
Now, we prove Theorem 1. Let M: L?(—1,1) — L?(—1,1) be a linear operator

defined by M f(x) = m(z)f(x) (Since m > 0 we have M > 0). Obviously, we have
A= KM. Then

A(A) = Mo (KM) = My (MYPKMY?) = s, (M2 K M'/?)
(because M'/?KM'/?> > 0). By Lemma 6 and Ky Fan Theorem [6] we conclude
sn(MYPKMY?) ~ sy (MY2K2MY?) = X (Ki MY?) Ky MY?) = 62 (K MY?).
So
(19) An(A) ~ 52 (K M),

Let Ly (&) = v/L(&), m1(§) = /m(§) and r1 = r/2. It can be easily verified that if
the function L(z)x~" satisfies the same conditions.
From Lemma 5 we obtain

1

sn(Ka MY/2) Ll—(”)e j(ml(x))l/“dag)” - M(l /(m(m))l/rda:)rﬂ.

nrt n’ ™

Combining this with (19) we get

(20) A (A) ~ 20 (l /(m(m))l/’"da:)r.

The theorem is proved.

Remark 1. By substituing a variable in the eigenvalue relation Ay = Ap,
from (20), we get (m > 0 on [a,b], m € C|a,b]):

b b
([ #e =) - ) ~ Z (L [ty ras)’

Remark 2. A similar asymptotic formula is valid in the case when the inte-
gration domain is some Jordan measurable set . From Lemma 2, Lemma 5 and
the asymptotic relation (19) we get

(21) ([ e =) - ay) ~ EE (L [ ngayiras)”
Q

™
Q
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(see [4, Theorem 4]), where m € ¢(2), m > 0 on 2 and k satisfies conditions of the
Theorem 1.

Let k£ and k; satisfy conditions 1° and 2° from the begining of this section.

THEOREM 2. Let m € ¢[—1,1] be a real valued function changing sign on
[—1,1] and let the functions k and ki satisfy conditions (5) and (6) of Theorem
L. Denote by A\ > A\ > ... > 0 the positive and by —A\] < —A; < ... < 0 the
negative eigenvalues of A (repeated according to their multiplicity). Then we have

N~ (2 e rae) s xz )~ B2 (L cmayira)’
Q+ Q-

where QT = {z € [-1,1]:m(z) > 0}, @~ = {z € [-1,1]:m(z) < 0}.

Before the proof of Theorem 2, we prove the following Lemma.

LEMMA 7. If Q1 and Q are measurable sets (Q; C [—1,1], i = 1,2) such that
01 N Qs =0, then the singular values of the operator C: L?(2;) — L*(Qs) defined
by

Cf@) = [ hite =)y
1951

have the following property

(22) lim /n"/L(n)s,(C) =0

n—o0

Proof. Tt is enough to prove (22) in the case when Q; and Q5 are intervals.
Then (22) follows from £; N Qs = @ and (6). Denote by P and @ orthoprojectors
on L?(—1,1) defined by

Pf(z) = xg(@)f(2), Qf(z) =xq(2)f(x), P+Q=1
and m(z); =€t 0; z et
0; z €N m—(z) = { -m(z); €N

o) = {

The functions my and m_ are continuous on [—1,1] and m = m* — m™. Denote
by M., M _ the operators acting on L?(—1,1) defined by My f(z) = m(z)f(z).
The operators My are positive and M = M, — M_. Clearly M, = PM and
M_=-QM.

LEMMA 8.
a) 5,(QKY?M_K'?P) = o(L(n)/n") ¢) sn(QK'Y2M_K'/?P) = o(L(n)/n")
b) sp(QKY2M_K'?Q) = o(L(n)/n") d) s,(PK'?M_K'/?P) = o(L(n)/n").
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Proof. We prove here a). Other equalities can be proved similarly. From
QK'PM K'Y?P = QK'Y?PMK'/?>P we get

$on(QKY My K'Y?P) < 5,(QK'/?P) - s,(MK'/*P).

Since

(B ~ (nl;r(/nQ))’“
[4, Theorem 1] it is enough to prove that
(23) 50(QK'2P) = o( VI(m)/n7).
From Lemma 6 and Lemma 4 (for # = 1/2) it follows
(24) su(K'? = K1) = o VI(m)/n").

Now, consider the operator
1

QRLPS(@) = xo- (@) [ Bie —yxer Iy GO = (@),
-1

Since QT N Q™ = (), by Lemma 7 we have

(25) sn(QK,P) = o(\/L(n) /nr).

Then (23) follows from (24), (25) and the properties of the singular values [6].
By Lemma 8, a) and c) we get

|>\n(QK1/2M+K1/2P 4 (QK1/2M_K1/2P)*)

26
( ) |>\n(QK1/2M_K1/2P+(QK1/2M_K1/2P)*)

|=o
|=o
Let

S — QK1/2M+K1/2P + (QK1/2M+K1/2P)* + QK1/2M+K1/2Q
— PK'Y?M_K'?P — (QK'?M_K'?P)* — QK'?M_K'/?P,

The operator S is selfadjoint. From (26) and Lemma 8 b) and d) it follows

(27) A ()] = o(L(n)/n")

If {\(S)} and {—A,, (S)} are sequences of positive and negative eigenvalues
of S(\F > Af >...>0,A\] >A; >...>0) then from (27) it follows

(28) A5 ()] = o(L(n)/n").
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Proof of Theorem 2. The operator A = KM and the selfadjoint operator
Ay = KY? M K'/? have the same positive and negative eigenvalues. Since P+ Q =
I, then

Al — K1/2M+K1/2 _ KI/QM_KI/Q
=(P+Q)KY?M K'*(P+Q)— (P+Q)K'?M_K'?M_K'*(P + Q).

After simplification we get
(29) Ay = PK'PM_ KY?P — QK'?M_K'?Q + S.
From (28) and (29) and Lemma 3 we get
. 4 t 1/r
tl—l>r(§l+M (Al)( - ))

t

o Ur ot 1/2 1/2 1/2 1/2
_tg%l+(m) NEPKYV2MKY?P — QK'\?PM_K'?Q).

Since N5 (A) = NiF(A;) and the operators PK'/2M K'/2P and QK2 M _K'/?Q
are positive and orthogonal, we get

i t Ve i 3 Lr 1/2 1/2
Jim (pm) MW = i () MPRYMLE2P)
. t . Yy t Yr 1/2 1/2
Jim (s ) N =l (fmr) M@K MK Q)

Applying Lemma 1, we see that positive (negative) eigenvalues of A have the
same asymptotic behavior as the eigenvalues of the operator

PK'?M_K'?P  (QK'?M_K'?Q).

Eigenvalues of the operator PK /2 M, K'/?P are equal to eigenvalues of the
operator K'/2M, K'/?: L2(Qt) — L*>(Q1). The operator K/2 M K'/? is positive
and its eigenvalues are equal to the eigenvalues of the operator KM, :L?(Q%) —
L2(QF). So, A (A) ~ A\p(KMy) and from Theorem 1 (Remark 2) we obtain

(KM ) ~ 20 (1 /(m+ (a:))l/Tda:)r.

n” \w

Therefore
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Similarly

o (4) ~ (1 /(—m(a:))l/rda:)r.

o
Theorem 2 is proved.
Multidimensional case. Let kg and k} be functions from C*° (0, 0o) rapidly

enough decreasing on infinity and tending to zero (or having compact support). Let
k(t) = ko(||t]l), h(t) = K§(||t]]) and k = hx h (t € R™). Tt is well known [14] that

izy Qﬂ- m/2 m/2

R™

where .Jy is the Bessel function. Suppose that the function

27‘(’ m/2
Ko(§) = sl / Ko(0)e™ 2 21 (06
is positive decreasing and
L
Ko =6 E2 0 ko), g0 o,

where L is a slowly varying function from Lemma 1. Then

/ e h(t)dt = /Ko (&) (because k = h * h).
Rm
Let I = [-1,1] and a € C(I™). Now, consider the operator A: L?>(I™) —
L?(I™) defined by
Af@) = [ Ko~ pa)sw)dy
Im
THEOREM 3. If

(30)
(a) Sn( / ko(\/(l‘l:|:y1)2+---+(1'm:i:ym)2) 'dy) :0(

[0,2]™

L(nl/m))

nr/m

(b) Sn( / ké(\/(ﬂfliy1)2+“‘+(l’miym)2)'dy):0< %)

[0,2]™
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holds for all the combinations of + and — except for the one with all signs —, then

ol [ o1 ) ()

I

Furthermore, if a(x) > 0 (x € I™), then

/

m

1/m
where dy :%(F(l-{—%)) .
Before the proof of Theorem 3, we prove the following Lemma.

LEMMA 9. Consider all possible numbers Y. ," , n;, where n;, € N U {0},
k=1,2,...m. If we arrange these numbers in a nondecreasing order \| < X, <
AL < ... then

\ n2/m " o am/2
A T ()

Proof of Lemma 9. Let N be some fixed positive integer. Denote by r; and
72 the smallest and the largest values n such that A/, = N2. It is known [9] that

7rm/2Nm 7rm/2Nm

:ero(Nm), rz:ero(Nm).

1

Since 1y < n < rg, we get

7rm/2Nm

" ety

N'™),
and therefore N ~ C;l/ "pl/m  The statement of Lemma 9 then follows from
A\, = N2

Proof of Theorem 3. Introduce the function H(z,y) (x = (z1,-.- ,Zm), y =
(y1,---,ym)) by the following system of recurent relations

k‘l(tl,... ,tm—l) = Z [k(tl,tQ,... s tm—1,Tm — Ym +4nm)

o &4 _k(t17t27"' >tm717mm+ym+4nm+2)]
k?(tla--- 7tm—1) = Z [kl(tla'-' stm—2,Tm—1 — Ym—1 +4nm—1)
nm-1€Z _kl(tly--- ;tm72>xm71>ymfl +4nm71 +2)]

km—1(t1) = Z [km—2(t1, T2 — y2 + 4n2) — ko (t1, T2 + Y2 + 4no + 2)]
no€Z
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H(x,y) = Z [k‘m_l(ah -y + 4TL1) — k‘m_l(im +y1 +4ng + 2)]
ni1€Z

The functions ko and k§ are chosen so that all these series converge. By a direct
computation we get

T
/ H(z,Y)n1ns...n,, (y)dy = Ko (5\/"% +n3+... n%n)QOnmz-.-nm (z)
Im

where N
. nm(l+x
Pnins..nm (CU) = llj[l sin ¢ ( 5 l)

(31) Sn(/k(w—y)-dy) ~sn(/H(w,y)-dy)

Singular values of the operator [,, H(z,y)dy are

T
K[)(g\/n% +n3 +...+nfn) = Sn,.nm

and therefore 9 2

(K, ' is the inverse function of Kj).

Let the sequence {$n,n,...n,, } be arranged in a nonincreasing order s; > s3 >

s3> .... Put A\, = (%Ko_l(sn)) . From Lemma 9 we obtain \, ~ ¢/ ™" n?/™ ie.
K(;l(sn) -~ gc;bl/mnl/m

r 1/m
2 ) ™) prom (31) it

’/T_d[) nr/m

ol [ =) ~ () e
/

The first part of Theorem 3 is proved.

Since Ko(&) ~ L(&) - €77 (£ = +00) we get s, ~ (

follows

Remark 3. By substitution as in the one-dimensional case we get

s / ke = 0) - dy) ~ (%)L/jn’”)

[_a7a]m
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If A is some cube in R™ then

|A|r/m L(nl/m)
sl [ k(z—y)-dy) ~ s )
=

(,”do)r nr/m

where |A| denotes the measure of A. Analogously as in Theorem 1 (see [4, Theorem
4]) we get (for a € C(A), a(z) > 0 on A):

([ k= vpatw) ) ~ (m}O)r (/ (ala)yrds) " H)

nr/m
A A

and more generaly

([ ko = vpatw) - dy) ~ (m}O)r ([ (@w)mras) r/m Ln!/m)
Q

nr/m
Q

where  is a Jordan measurable set in R™ (a € C(2), a > 0 on Q).

We formulate now a multidimensional variant of Theorem 2. (The proof is
carried out in the same way as in Theorem 2). Assume that a € C(I™) and that a
changes sign.

THEOREM 4. The following

ol [ ol ETERTT G E ) ) = o S0
[0,2]m

Sn( / ktl)(\/(ml Ty )24+ (T iym)2) ) dy) = O( %)
[0,2]™

holds for all the combinations of + and — except for the one with all signs —, when

3t ~ ([ ) )

(mdo A nr/m
3~ (| (—aa)mras)”" HD),
J

Here QT = {z € I"™:a(z) > 0}, Q@ = {z € ["™:a(z) < 0} and A\ (A) and

A;, (A) have the same meaning as in Theorem 2.

Remark 4. The similar asymptotic formulas are valid if I™ is substituted by
some Jordan measurable set 2 C R™.
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3. An example. The function

o B 2(27m7a)/2 K(m—a)/2(|m|)
a(x) - m/ZI‘(a) |m|(mfoz)/2
& 2

(K, is McDonald function) satisfies the following conditions [14]

(x € R™, a>0)

1° Go € L'(R) and / TGy (t)dt = (1 + |x)?) ™/,
RMm

F(%)/Qaﬂ'mﬂf(%)kﬁ amm 0<a<m
Go(z) ~ 1/2m’17rm/2I‘(%) In |916—|; a=n for = — 0"
r(ez)/2mr(3); a>m

(a—m—1)/2
Go(x) ~ 1 e

2(m+a—1)/2(m-1)/2T %

and

—|=|

for |z| = +o0.

Let m = a = 2, k(z) = Ga(z) ( - LKO(m))h(x) = G\ (x). Since

2m

1
1+ |zf?

/ et Gy (t)dt
R2

then Ko(€) = 1/(1+ &) ~ 1/€% (£ = +00). The functions G and G satisfy the
conditions of Theorem 4.

If Q C R? is a Jordan measurable set, a € ¢(Q) and a changes sign, then by
Theorem 4 (Remark 4) we get

5 ([ 6o = atdy) ~ 1 [ atwyis
Q

a ([ Gate = pawy) ~ o [ (—ateis
o) Q-
(QF ={z € Q:a(z) >0}, 2 ={z € Q:a(zx) <0}).
Since Ko(z) = —Inz + ¢1(z) Inz + p2(z) [14], where ¢; and ¢, are even
entire functions and ¢4 (0) = 0, from theorem of Birman and Solomjak [2] and Ky

Fan follows
—In|x —y 1
/\;(/ #a(y)dy) ~ — [ a(z)dz

2T 4mn
(33) o) o+
([ FREE Y agan) ~ 1 [ at.

Q Q-
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Now, as an ilustration, we show how the asymptotic behavior of the positive and
negative eigenvalues for an eliptic boundary problem, can be deduced from (33).

Let D be a bounded simple conected domain in R? with smooth boundary
and a;; = a;; € C*(D). Assume that the differential expresion

_Z 8a:l( ”(93:)

i,j=1

is uniformly eliptic on D. Let 0 < pf < pf < ... and 0> —pu; > —pu; > ... be

the positive and negative eigenvalues for the following boundary problem

_Z 3%( Ulpw ) a(z)u, ulsp =0

i,j=1

THEOREM 5. [5] The following asymptotic formula is valid

oot 1 la(z)] -
W G | @) en@)]”
O lan(z)  agn(z)

where @t = {x € D:a(z) > 0} and Q= = {z € D:a(z) < 0}.

Proof. Applying the procedure for the reduction of elliptic differential expre-
sion to the canonical form, it is obviously enough to find the asymptotic behavior
of eigenvalues for the following boundary problem

(34) —Au = \a - u, ulop = 0.

To prove Theorem 5 it is enough to prove that the problem (34) has the
following asymptotic behavior of eigenvalues

(35) (557" ~ o [ la(@lda.
O+

Firstly, consider the case when D is the unit disc.

Then, (34) can be written in integral form

(36) ~) / G w(E)dA(E)

where G(z,£) = 5= 1n ‘ 255

disc; dA(§) = dpdq, & = p+igq. Since the operator

is Green function for the Laplace operator on the unit

/—ln|1 — 2€dA®E) (= L*(D,dA))

D
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is a nuclear one, then

sn(/— In |l — =& - dA(f)) = o(n™h)

D

and (35) follows from (33), (34) and Ky Fan Theorem.

The general case, when D is an arbitrary domain, is reduced to the just

considered one by a conformal mapping into the unit disc.

11.

12.

13.
14.

15.

16.
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