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OB OCENKAH SMEXANNOGO MODUL� GLADKOSTI

FUNKCII S PREOBRAZOVANNYM R�DOM FUR^E

M.K. Potapov, B.V. Simonov, B. Lakoviq

Abstract. Functions having mixed generalized Weyl's derivatives are considered. Some
upper and lower estimates for the module of smoothness of such derivatives by means of function's
proper module of smoothness are given.

Rez�me. Rassmatriva�ts� funkcii, ime�wie smexannye obobwennye proiz-
vodnye v smisle Ve�l�. Dl� module� gladkosti �tih proizvodnyh privedeny ocenki
sverhu i snizu qerez moduli gladkosti samo� funkcii.

1. Oboznaqeni�

Pust~ Lp (1 < p < 1) prostranstvo vseh izmerimyh funkci� dvuh
peremennyh f = f(x1; x2); 2�-periodiqeskih po ka�domu peremennomu, dl�
kotoryh

kfkp =

0
@ 2�Z

0

2�Z
0

jf(x1; x2)j
pdx1dx2

1
A
1=p

<1;

L0p (1 < p <1) mno�estvo funkci� f(x1; x2) iz Lp, dl� kotoryh

2�Z
0

f(x1; x2)dx1 = 0 dl� poqti vseh x2

2�Z
0

f(x1; x2)dx2 = 0 dl� poqti vseh x1:

!�i(f ; Æi)p (i = 1; 2) qastny� modul~ gladkosti (v metrike Lp) por�dka
�i (�i > 0) po peremenno� xi funkcii f(x1; x2) 2 Lp:

!�1(f ; Æ1)p = sup
jh1j�Æ1

k��1
h1
fkp = sup

jh1j�Æ1







1X

k1=0

(�1)k1
�
�1
k1

�
f(x1 + (�1 � k1)h1; x2)







p
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!�2(f ; Æ2)p = sup
jh2j�Æ2

k��2
h2
fkp = sup

jh2j�Æ2







1X

k2=0

(�1)k2
�
�2
k2

�
f(x1; x2 + (�2 � k2)h2)







p

gde
�
�i
ki

�
= �i(�i � 1) . . . (�i � ki + 1)=k! (i = 1; 2); !�1�2(f ; Æ1; Æ2)p - smexan-

ny� modul~ gladkosti (v metrike Lp) por�dka �1; �2 (�1 > 0; �2 > 0) po
peremennym x1; x2 sootvetstvenno funkcii f(x1; x2) 2 Lp:

!�1�2(f ; Æ1; Æ2) = sup
jh1j�Æ1;jh2j�Æ2

k��1
h1
(��2

h2
f)kp:

Vs�du ni�e my ne budem razliqat~ �kvivalentnye funkcii (otli-
qa�wies� na mno�estve dvumerno� mery nul~). Pust~

Sn1(f) =
1

�

�Z
��

f(x1 + t1; x2)Dn(t1)dt1,

S1m(f) =
1

�

�Z
��

f(x1; x2 + t2)Dm(t2)dt2,

Snm(f) =
1

�2

�Z
��

�Z
��

f(x1 + t1; x2 + t2)Dn(t1)Dm(t2)dt1dt2,

Dm(x) =
sin(m+ 1=2)x

2 sinx=2
.

Rassmotrim funkci� f 2 Lp. Togda ee r�d Fur~e mo�et byt~ za-
pisan v vide

1X
n1=0

1X
n2=0

(a(1)n1n2 cosn1x1 cosn2x2

+a
(2)
n1n2 sinn1x1 cosn2x2 + a

(3)
n1n2 cosn1x1 sinn2x2 + a

(4)
n1n2 sinn1x1 sinn2x2)

�

1X
n1=0

1X
n2=0

An1n2(x1; x2): (1)

Oboznaqim

bn1n2 = a
(1)
n1n2 + a

(2)
n1n2 + a

(3)
n1n2 + a

(4)
n1n2 ; n1; n2 = 1; 2; . . . ;

�m1m2 =
2m1�1X

n1=[2m1�1]

2m2�1X
n2=[2m2�1]

An1n2(x1; x2); m1;m2 = 0; 1; . . . ,

gde [2mi�1] = 0 dl� mi = 0 i [2mi�1] = 2mi�1 dl� mi = 1; 2; . . . .

Pust~ Mk1k2 | klass funkcii f 2 L0p, ko�fficienty Fur~e ko-
toryh neotricatel~ny i dl� dannyh neotricatel~nyh qisel k1 i k2
udovletvor��t uslovi�m: (i = 1; 2; 3; 4; n1; n2 = 1; 2; 3; . . . )

�
(1;0)
n1n2a

(i)
n1n2n

k1
1 nk22 = a

(i)
n1n2n

k1
1 nk22 � a

(i)
n1+1 n2

(n1 + 1)k1nk22 � 0,
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�(0;1)a
(i)
n1n2n

k1
1 nk22 = a

(i)
n1n2n

k1
1 nk22 � a

(i)
n1 n2+1

nk11 (n2 + 1)k2 � 0,

�(1;1)a
(i)
n1n2n

k1
1 nk22 = �(1;0)(�(0;1)a

(i)
n1n2n

k1
1 nk22 ) � 0,

a(i)n1n2n
k1
1 nk22 ! 0 (n1 !1; n2 !1);

� | klass funkcii f 2 L0p, ko�fficienty kotoryh neotricatel~ny i
ravny nul�, esli n1 6= 2m1 ili esli n2 6= 2m2 ; m1;m2 = 0; 1; . . . .

Qerez �(t1; t2) oboznaqaets� nekotora� neotricatel~na� funkci�, ko-
tora� izmerima na [0; 2�]2, summiruema na [Æ1; 2�] � [Æ2; 2�] dl� l�byh

Æ1; Æ2 2 (0; 2�);
R 2�
�

R 2�
� �(t1; t2)dt1dt2 > 0 udovletvor�et (�; �)-uslovi�, to

est~ suwestvu�t polo�itel~nye qisla �; � takie, qto

2�Z
0

2�Z
0

�(t1; t2)t
�
1t

�
2dt1dt2 <1:

Pust~ � = k1�; � = k2�, gde 0 < k1; k2; � <1. Togda

� =

(
�n1n2 =

 2�Z
1=n1

2�Z
1=n2

�(t1; t2)dt1dt2

+nk1�1

1=n1Z
0

2�Z
1=n2

�(t1; t2)t
k1�
1 dt1dt2 + nk2�2

2�Z
1=n1

1=n2Z
0

�(t1; t2)t
k2�
2 dt1dt2

+nk1�1 nk2�2

1=n1Z
0

1=n2Z
0

�(t1; t2)t
k1�
1 tk2�2 dt1dt2

!1=�

; n1; n2 = 1; 2; . . .

)

posledovatel~nost~ polo�itel~nyh qisel, postroenna� po fukcii
�(t1; t2); �(�; f) - preobrazovanny� s pomow~� �to� posledovatel~nosti
r�d (1), to est~

�(�; f) �

1X
n1=1

1X
n2=1

�n1n2An1n2(x1; x2):

Vvedem klass funkcijiM
(�)
k1k2

sledu�wim obrazom: esli 0 < � � 1, to

polo�im M
(�)
k1k2

= Mk1k2 ; esli � > 1, to M
(�)
k1k2

| klass funkci� f(x1; x2) 2

L0p, ko�fficienty Fur~e kotoryh neotricatel~ny i dl� dannyh po-
lo�itel~nyh qisel k1; k2; � i posledovatel~nosti f�n1n2g udovletvor��t
uslovi�m: (i = 1; 2; 3; 4;n1; n2 = 1; 2; . . . )

�(1;0)a(i)n1n2n
k1(�+1)
1 n

k2(�+1)
2 =��n1n2 � 0;
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�(0;1)a(i)n1n2n
k1(�+1)
1 n

k2(�+1)
2 =��n1n2 � 0;

�(1;1)a(i)n1n2n
k1(�+1)
1 n

k2(�+1)
2 =��n1n2 � 0;

a(i)n1n2n
k1(�+1)
1 n

k2(�+1)
2 =��n1n2 ! 0 (n1 !1; n2 !1):

Zametim, qto v sluqae � > 1 klass M
(�)
k1k2

sostoit ne tol~ko iz kon-

stant i spravedlivo vlo�enie M
(�)
k1k2

�Mk1k2 .

Rasmotrim ewe posledovatel~nost~ polo�itel~nyh qisel
f�(n1; n2)g:

�(0; 0) =

2�Z
1

2�Z
1

�(t1; t2)dt1dt2; �(0; n2) =

2�Z
1

2�(n2�1)Z
2�n2

�(t1; t2)dt1dt2,

�(n1; 0) =

2�Z
2�n1

2�Z
1

�(t1; t2)dt1dt2; �(n1; n2) =

2�(n1�1)Z
2�n1

2�(n2�1)Z
2�n2

�(t1; t2)dt1dt2,

n1; n2 = 1; 2; . . . .

Esli F (Æ1; Æ2) � 0 i G(Æ1; Æ2) � 0 dl� vseh Æi 2 (0; 2�] (i = 1; 2), to
zapis~ F (Æ1; Æ2) � G(Æ1; Æ2) oznaqaet, qto suwestvuet polo�itel~na� pos-
to�nna� c, ne zavis�wa� ot Æ1; Æ2 i taka�, qto F (Æ1; Æ2) � cG(Æ1; Æ2). Esli
odnovremenno F (Æ1; Æ2) � G(Æ1; Æ2) i G(Æ1; Æ2) � F (Æ1; Æ2), to budem pisat~
F (Æ1; Æ2) � G(Æ1; Æ2).

2. Formulirovka osnovnyh utver�deni�

Dl� sokraweni� zapisi vvedem sledu�wee oboznaqenie:

�(Æ1; Æ2) =

( Æ1Z
0

Æ2Z
0

�(t1; t2)!
�
k1+�1 k2+�2(f ; t1; t2)pdt1dt2

+ Æ�2�2

Æ1Z
0

2�Z
Æ2

�(t1; t2)t
��2�
2 !�k1+�1 k2+�2(f ; t1; t2)pdt1dt2

+ Æ�1�1

2�Z
Æ1

Æ2Z
0

�(t1; t2)t
��1�
1 !�k1+�1 k2+�2(f ; t1; t2)pdt1dt2

+ Æ�1�1 Æ�2�2

2�Z
Æ1

2�Z
Æ2

�(t1; t2)t
��1�
1 t��2�2 !�k1+�1 k2+�2(f ; t1; t2)pdt1dt2

)1=�

:
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Teorema 1. Pust~ max(2; p) � � < 1 i dl� nekotoryh polo�itel~-
nyh qisel k1; k2 funkci� �(t1; t2) udovletvor�et (�; �)-uslovi� so znaqeniem
� = k1�; � = k2�. Esli dl� funkcii f(x1; x2) 2 Lp r�d �(�; f) est~ r�d Fur~e
nekotoro� funkcii '(x1; x2) 2 Lp, to �(Æ1; Æ2)� !�1�2('; Æ1; Æ2)p:

Teorema 2. Pust~ 0 < � � min(p; 2) i dl� nekotoryh polo�itel~nyh
qisel k1; k2 funkci� �(t1; t2) udovletvor�et (�; �)-uslovi� so znaqeni�mi
� = k1�; � = k2�, a tak�e uslovi�m

2�Z
Æ1

2�Z
Æ2

�(t1; t2)dt1dt2 �

Æ1Z
Æ1=2

Æ2Z
Æ2=2

�(t1; t2)dt1dt2

� Æ�k2�2

2�Z
Æ1

Æ2Z
0

�(t1; t2)t
k2�
2 dt1dt2 � Æ�k1�1

Æ1Z
0

2�Z
Æ2

�(t1; t2)t
k1�
1 dt1dt2

� Æ�k1�1 Æ�k2�2

Æ1Z
0

Æ2Z
0

�(t1; t2)t
k1�
1 tk2�2 dt1dt2; 8Æ1; Æ2 2 (0; �). (2)

Esli dl� funkcii f(x1; x2) 2 Lp

2�Z
0

2�Z
0

�(t1; t2)!
�
k1k2(f ; t1; t2)pdt1dt2 <1 (3)

to suwestvuet funkci� '(x1; x2) 2 Lp s r�dom Fur~e �(�; f) i

�(Æ1; Æ2)� !�1�2('; Æ1; Æ2)p: (4)

Teorema 3. Esli funkci� f(x1; x2) 2M
(�)
k1k2

\ Lp, to

a) utver�denie teoremy 1 spravedlivo pri 1 < p � � <1;

b) utver�denie teoremy 2 spravedlivo pri 0 < � � p <1.

Teorema 4. Esli funkci� f(x1; x2) 2 � \ Lp, to

a) utver�denie teoremy 1 spravedlivo pri 2 � � <1;

b) utver�denie teoremy 2 spravedlivo pri 0 < � � 2.

Sledstvi�. Pust~ funkci� �(t1; t2) dl� nekotoryh polo�itel~nyh
qisel k1; k2 udovletvor�et (�; �)-uslovi� so znaqeni�mi � = k1�; � = k2�, a
tak�e uslovi�m (2).

a) Esli � = 2 i f(x1; x2) 2 Lp, to dl� suwestvovani� funkcii '(x1; x2)
2 L2 s r�dom �(�; f) neobhodimo i dostataqno, qtoby

2�Z
0

2�Z
0

�(t1; t2)!
2
k1k2(f ; t1; t2)2dt1dt2 <1;
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priqem 8�1 > 0, �2 > 0, �(Æ1; Æ2) � !�1�2('; Æ1; Æ2)2:

b) Esli � = p i f(x1; x2) 2 M�
k1k2

\ Lp, to dl� suwestvovani� funkcii
'(x1; x2) 2 Lp s r�dom �(�; f) neobhodimo i dostataqno, qtoby

2�Z
0

2�Z
0

�(t1; t2)!
p
k1k2

(f ; t1; t2)pdt1dt2 <1;

priqem 8�1 > 0; �2 > 0; �(Æ1; Æ2) � !�1�2('; Æ1; Æ2)p:

v) Esli � = 2 i f(x1; x2) 2 � \ Lp, to dl� suwestvovani� funkcii
'(x1; x2) 2 Lp s r�dom Fur~e �(�; f) neobhodimo i dostataqno, qtoby

2�Z
0

2�Z
0

�(t1; t2)!
2
k1k2(f ; t1; t2)pdt1dt2 <1;

priqem 8�1 > 0; �2 > 0; �(Æ1; Æ2) � !�1�2('; Æ1; Æ2)p:

3. Vspomogatel~nye utver�deni�

Lemma 1. [1] Esli 0 < � � min(p; 2) i dl� funkcii f(x1; x2) 2 Lp

2�Z
0

2�Z
0

�(t1; t2)!
�
k1k2(f ; t1; t2)pdt1dt2 <1;

to suwestvuet funkci� '(x1; x2) 2 Lp s r�dom �(�; f).

Lemma 2. [2] Pust~ f(x1; x2) 2 L0p; 1 < p < 1, i imeet r�d Fur~e
1P

n1=1

1P
n2=1

An1n2(x1; x2). Togda

kfkp �

0
@ 2�Z

0

2�Z
0

*
1X

m1=1

1X
m2=1

�2
m1m2

+p=2

dx1dx2

1
A
1=p

:

Lemma 3. [2] Pust~ f(x1; x2) 2 L0p; 1 < p < 1, i imeet r�d

Fur~e
1P

n1=1

1P
n2=1

An1n2(x1; x2), a posledovatel~nost~ qisel f�n1n2g takova,

qto j�n1n2 j �M i

2n1�1X
m1=2n1�1

j�m1n2 � �m1+1 n2 j �M;
2n2�1X

m2=2n2�1

j�n1m2 � �n1 m2+1j �M;

2n1�1X
m1=2n1�1

2n2�1X
m2=2n2�1

j�m1m2 � �m1+1 m2 � �m1 m2+1 + �m1+1m2+1j �M
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dl� vseh n1; n2 = 1; 2; . . . . Togda r�d
1P

n1=1

1P
n2=1

�n1n2An1n2(x1; x2) est~ r�d Fur~e

nekotoro� funkcii '(x1; x2) 2 L0p, priqem k'kp � Ckfkp, gde posto�nna� C
ne zavisit ot funkcii f(x1; x2).

Lemma 4. [3, 4, 5] Pust~ f(x1; x2) 2 Lp; 1 < p <1, i imeet r�d Fur~e
(1). Togda

a) !�1�2(f ;
1

m1
;
1

m2
)p � m��1

1 m��2
2




S(�1;�2)m1m2
(f ;x1; x2)





p

+m��1
1




S(�1;0)m11 (f ;x1; x2)� S
(�1;0)
m1m2(f ;x1; x2)





p

+m��2
2




S(0;�2)1m2 (f ;x1; x2)� S
(0;�2)
m1m2(f ;x1; x2)





p

+



f(x1; x2) + Sm1m2(f ;x1; x2)� Sm11(f ;x1; x2)� S1m2(f ;x1; x2)





p

�







1X

n1=m1+1

1X
n2=m2+1

An1n2(x1; x2)







p

+m��1
1 m��2

2







m1X
n1=1

m2X
n2=1

n�11 n�22 An1n2(x1; x2)







p

+m��1
1







m1X
n1=1

1X
n2=m2+1

n�11 An1n2(x1; x2)







p

+m��2
2







1X

n1=m1+1

m2X
n2=1

n�22 An1n2(x1; x2)







p

:

b) Esli f(x1; x2) 2M��, to

!�1�2(f ;
1

m1
;
1

m2
)p �

(
1X

n1=m1+1

1X
n2=m2+1

bpn1n2n
p�2
1 np�22

+m��1p
1 m��2p

2

m1X
n1=1

m2X
n2=1

bpn1n2n
�1p+p�2
1 n�2p+p�22

+m��1p
1

m1X
n1=1

1X
n2=m2+1

n�1p+p�21 np�22 bpn1n2

+m��2p
2

1X
n1=m1+1

m2X
n2=1

np�21 n�2p+p�22 bpn1n2

)1=p

:

v) Esli f(x1; x2) 2 � , to

!�1�2(f ; 2
�m1 ; 2�m2)p �

(
2�2(m1�1+m2�2)

m1X
n1=0

m2X
n2=0

22(n1�1+n2�2)b22n12n2

+2�2m1�1

m1X
n1=0

1X
n2=m2+1

2n1�1b22n12n2 +

1X
n1=m1+1

1X
n2=m2+1

b22n12n2

+ 2�2m2�2

1X
n1=m1+1

m2X
n2=0

22n2�2b22n12n2

)1=2

:
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Lemma 5. [6] Pust~ funkci� �(t) izmerima na [0; 2�], summiruema na
[Æ; 2�] dl� l�bogo Æ 2 (0; 2�) i udovletvor�et �-uslovi�, to est~ suwest-

vuet polo�itel~noe qislo � takoe, qto
R 2�
0

�(t)t�dt <1: Togda posledova-
tel~nost~ qisel

�n =

8><
>:

2�Z
1=n

�(t)dt + nk�
1=nZ
0

�(t)tk�dt

9>=
>;

1=�

; n = 1; 2; . . . ;

gde � = k� (0 < k; � <1), imeet sledu�wie svo�stva:

a) �n � �n+1; b) �2n � �n; v)
�n
nk

�
�n+1

(n+ 1)k
.

Lemma 6. [7] Pust~ na [a; b] zadana posledovatel~nost~ izmerimyh
funkci� '1(t); '2(t); . . . . Esli suwestvuet taka� posto�nna� k, qto pri vseh
n i t budet j'n(t)j < k i esli pri vs�kom c (a � c � b) limn!1

R c
a 'n(t)dt = 0,

to dl� l�bo� summiruemo� na [a; b] fukncii f(t)

lim
n!1

bZ
a

f(t)'n(t)dt = 0:

Lemma 7. Pust~ funkci� �(t) izmerima na [0; 2�], summiruema na
[Æ; 2�] dl� l�bogo Æ 2 (0; 2�) i udovletvor�et �-uslovi�, to est~ suwest-

vuet polo�itel~noe qislo � takoe qto
R 2�
0 �(t)t�dt <1:

Togda dl� l�bogo Æ 2 (0; 2�)

0
@ 2�Z

Æ

�(t)dt+ Æ��
ÆZ

0

�(t)t�dt

1
A
0

= ��Æ���1
ÆZ

0

�(t)t�dt:

Dokazatel~stvo. Voz~mem l�bu� toqku Æ 2 (0; 2�) i zafiksiruem ee.
Dalee, voz~mem posledovatel~nost~ qisel f�Æng taku�, qto
�Æn > 0; Æ +�Æn 2 (0; 2�) (n = 1; 2; . . . ); lim

n!1
�Æn = 0. Oboznaqim

�(Æ) =

2�Z
Æ

�(t)dt + Æ��
ÆZ

0

�(t)t�dt:

Rassmotrim

�(Æ +�Æn)� �(Æ)

�Æn
=

1

�Æn

 
�

Æ+�ÆnZ
Æ

�(t)dt + Æ��
Æ+�ÆnZ
Æ

�(t)t�dt

!
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+
1

�Æn
[(Æ +�Æn)

�� � Æ��]

Æ+�ÆnZ
0

�(t)t�dt = An(1) +An(2):

Legko videt~, qto

lim
n!1

An(2) = ��Æ���1
ÆZ

0

�(t)t�dt:

Rassmotrim funkci�

'n(t) = �(Æ;Æ+�Æn)(t)

��
t

�

��

� 1

�
1

�Æn
:

Togda

An(1) =

2�Z
Æ

�n(t)�(t)dt;

j'n(t)j = �(Æ;Æ+�Æn)(t)
t� � Æ�

Æ��Æn
= (Æ < � < t < Æ +�Æn)

= ����1
t� �

(Æ��Æn)�(Æ;Æ+�Æn)(t)
:

Esli � � 1, to j'n(t)j �
�(2�=Æ)�

2�
. Esli 0 < � < 1, to j'n(t)j � �Æ�2�+1.

Takim obrazom, dl� l�bogo n = 1; 2; . . . imeem

j'n(t)j < �max

�
(2�=Æ)�

2�
; Æ�2�+1

�
+ 1:

Pust~ c takovo, qto Æ < c � 2�. Togda

lim
n!1

cZ
Æ

'n(t)dt = lim
n!1

0
@Æ��

Æ+�ÆnZ
Æ

t�dt�

Æ+�ÆnZ
Æ

dt

1
A 1

�Æn

= lim
n!1

(� + 1)�1Æ��[(Æ +�Æn)
�+1 � Æ�+1]

�Æn
� 1 = 0;

to est~ posledovatel~nost~ 'n(t) udovletvor�et uslovi�m lemmy 6, v
sootvetstvii s kotoro� limn!1 An(1) = 0. Dalee, voz~mem posledova-

tel~nost~ qisel f�Æng taku�, qto �Æn < 0, Æ+�Æn 2
�
Æ=2; Æ

�
(n = 1; 2; . . . ),

lim
n!1

�Æn = 0. Togda ocenki dl� j'n(t)j budut sledu�wimi: esli � � 1, to

j'n(t)j � �=Æ; esli �e 0 < � < 1, to j'n(t)j � �21��=Æ. Takim obrazom, v
�tom sluqae dl� l�bogo n = 1; 2; . . . imeem

j'n(t)j < �Æ�1max (1; 21��) + 1:
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Pust~ c takovo, qto Æ=2 � c < Æ. Togda

lim
n!1

cZ
Æ

'n(t)dt = lim
n!1

0
@Æ��

Æ+�ÆnZ
Æ

t�dt�

Æ+�ÆnZ
Æ

dt

1
A 1

�Æn

= lim
n!1

1

�Æn

�
Æ��

� + 1
((Æ +�Æn)

�+1 � Æ�+1)��Æn

�
= 0:

Primen�� lemmu 6, poluqim, qto lim
n!1

An(1) = 0.

Tem samym dokazano, qto �0(Æ) = ��Æ���1
ÆZ

0

�(t)t�dt.

Lemma 8. Posledovatel~nost~ qisel f�n1n2g imeet sledu�wie svo�-
stva: dl� l�byh n1; n2 = 1; 2; . . .

a) �n1n2 � �n1 n2+1; �n1n2 � �n1+1 n2;

b)
�n1n2
n1k1

�
�n1+1 n2
(n1 + 1)k1

;
�n1n2
n2k2

�
�n1 n2+1
(n2 + 1)k2

,

v) �2n1n2 � �n1n2 ; �n12n2 � �n1n2;

g)
�m1m2

�2n12n2
�M;

�2n12n2

�m1m2

�M; 2n1�1 � m1 < 2n1 ; 2n2�1 � m2 < 2n2;

d) ��12n12n2

2n1�1X
m1=2n1�1

2n2�1X
m2=2n2�1

j�m1m2 � �m1+1 m2 � �m1 m2+1 + �m1+1 m2+1j �M ,

�2n12n2

2n1�1X
m1=2n1�1

2n2�1X
m2=2n2�1

j��1m1m2
� ��1m1+1 m2

� ��1m1 m2+1
+ ��1m1+1 m2+1

j �M ;

e) ��12n12n2

2n1�1X
m1=2n1�1

j�m1m2 � �m1+1 m2 j �M ,

�2n12n2

2n1�1X
m1=2n1�1

j��1m1m2
� ��1m1+1 m2

j �M; 2n2�1 � m2 < 2n2 ;

�) ��12n12n2

2n2�1X
m2=2n2�1

j�m1m2 � �m1 m2+1 �M ,

�2n12n2

2n2�1X
m2=2n2�1

j��1m1m2
� ��1m1 m2+1

j �M; 2n1�1 � m1 < 2n1.

Dokazatel~stvo. Poka�em spravedlivost~ punkta a). Ispol~zu�
lemmu 5, imeem
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��n1n2 =

2�Z
1=n1

2
64

2�Z
1=n2

�(t1; t2)dt2 + nk2�2

1=n2Z
0

�(t1; t2)t
k2�
2 dt2

3
75 dt1

+ nk1�1

1=n1Z
0

tk1�1

2
64

2�Z
1=n2

�(t1; t2)dt2 + nk2�2

1=n2Z
0

�(t1; t2)t
k2�
2 dt2

3
75 dt1 �

�

2�Z
1+1=n1

2
64

2�Z
1=n2

�(t1; t2)dt2 + nk2�2

1=n2Z
0

�(t1; t2)t
k2�
2 dt2

3
75 dt1

+ (n1 + 1)k1�
1+1=n1Z
0

tk1�1

2
64

2�Z
1=n2

�(t1; t2)dt2 + nk2�2

1=n2Z
0

�(t1; t2)t
k2�
2 dt2

3
75 dt1

= ��n1+1 n2 :

Analogiqno prover��ts� ostal~nye neravenstva punktov a), b), v),
g). Proverim punkt d). Pust~ � 6= 1. Dl� prostoty zapisi vvedem sle-
du�wee oboznaqenie

�(t1; n2) =

2�Z
1=n2

�(t1; t2)dt2 + nk2�2

1=n2Z
0

�(t1; t2)t
k2�
2 dt2:

Ispol~zu� teoremu Lagran�a, kotoru� my mo�em primenit~ v silu
spravedlivosti lemmy 7, a tak�e svo�stva posledovatel~nosti f�n1n2g
iz punktov a), v), g) �to� lemmy, budem imet~:

j(�m1m2 � �m1+1 m2)� (�m1 m2+1 � �m1+1 m2+1)j

=

�����
" 2�Z

1=m1

�(t1;m2)dt1 +mk1�
1

1=m1Z
0

�(t1;m2)t
k1�
1 dt1

!1=�

�

 2�Z
1+1=m1

�(t1;m2)dt1 + (m1 + 1)k1�
1+1=m1Z
0

�(t1;m2)t
k1�
1 dt1

!1=�#

�

" 2�Z
1=m1

�(t1;m2 + 1)dt1 +mk1�
1

1=m1Z
0

�(t1;m2 + 1)tk1�1 dt1

!1=�
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�

 2�Z
1+1=m1

�(t1;m2 + 1)dt1 + (m1 + 1)k1�
1+1=m1Z
0

�(t1;m2 + 1)tk1�1 dt1

!1=�#�����
=
� 1

m2 + 1
< �m2 <

1

m2

�

=
� 1

m2
�

1

m2 + 1

������1�
 2�Z
1=m1

�(t1; �
�1
m2

)dt1 +mk1�
1

1=m1Z
0

�(t1; �
�1
m2

)tk1�1 dt1

!1=��1

" 2�Z
1=m1

��k2��1m2
(�k2�)

�m2Z
0

�(t1; t2)t
k2�
2 dt2dt1

+mk1�
1

1=m1Z
0

��k2��1m2
(�k2�)

�m2Z
0

�(t1; t2)t
k2�
2 tk1�1 dt2dt1

#

�
1

�

 2�Z
1+1=m1

�(t1; �
�1
m2

)dt1 + (m1 + 1)k1�
1+1=m1Z
0

�(t1; �
�1
m2

)tk1�1 dt1

!1=��1

" 2�Z
1+1=m1

��k2��1m2
(�k2�)

�m2Z
0

�(t1; t2)t
k2�
2 dt2dt1

+ (m1 + 1)k1�
1+1=m1Z
0

��k2��1m2
(�k2�)

�m2Z
0

�(t1; t2)t
k2�
2 tk1�1 dt2dt1

#�����
=(a1a2 � b1b2) = a1(a2 � b2) + b2(a1 � b1)

=k2

� 1

m2
�

1

m2 + 1

������
 2�Z
1=m1

�(t1; �
�1
m2

)dt1 +mk1�
1

1=m1Z
0

�(t1; �
�1
m2

)tk1�1 dt1

!1=��1

(" 2�Z
1=m1

��k2��1m2

�m2Z
0

�(t1; t2)t
k2�
2 dt2dt1 +mk1�

1

1=m1Z
0

��k2��1m2

�m2Z
0

�(t1; t2)t
k2�
2 tk1�1 dt1dt2

#

� ��k2��1m2

" 2�Z
1+1=m1

�m2Z
0

�(t1; t2)t
k2�
2 dt2dt1

+ (m1 + 1)k1�
1+1=m1Z
0

�m2Z
0

�(t1; t2)t
k2�
2 tk1�1 dt1dt2

#)
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+ ��k2��1m2

" 2�Z
1+1=m1

�m2Z
0

�(t1; t2)t
k2�
2 dt2dt1

+ (m1 + 1)k1�
1=1+m1Z
0

�m2Z
0

�(t1; t2)t
k2�
2 tk1�1 dt2dt1

#

( 2�Z
1=m1

�(t1; �
�1
m2

)dt1 +mk1�
1

1=m1Z
0

�(t1; �
�1
m2

)tk1�1 dt1

!1=��1

�

 2�Z
1+1=m1

�(t1; �
�1
m2

)dt1 + (m1 + 1)k1�
1+1=m1Z
0

�(t1; �
�1
m2

)tk1�1 dt1

!1=��1)�����

�
� 1

m1
< �(1)m1

; �(2)m2
<

1

m1 + 1

�
�

k1�k2

� 1

m1
�

1

m1 + 1

�� 1

m2
�

1

m2 + 1

� 2�Z
1=m1

�(t1; �
�1
m2

)dt1 +mk1�
1

1=m1Z
0

�(t1; �
�1
m2

)tk1�1 dt1

!1
�
�1

�(1)�k1��1m1
��k2��1m2

�(1)
m1Z
0

�m2Z
0

�(t1; t2)t
k1�
1 tk2�2 dt1dt2

+ k1k2�
���1
�
� 1
���� 1

m1
�

1

m1 + 1

�� 1

m2
�

1

m2 + 1

�
�(2)�k1��1m1

��k2��1m2

" 2�Z
1+1=m1

�m2Z
0

�(t1; t2)t
k2�
2 dt2dt1 + (m1 + 1)k1�

1+1=m1Z
0

�m2Z
0

�(t1; t2)t
k2�
2 tk1�1 dt2dt1

#

 2�Z
�
(2)
m1

�(t1; �
�1
m2

)dt1 + �(2)�k1�m1

�(2)
m1Z
0

�(t1; �
�1
m2

)tk1�1 dt1

!1=��2 �(2)
m1Z
0

�(t1; �
�1
m2

)tk1�1 dt1

�
1

m1

1

m2
�m1m2 :
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Pri � = 1 vykladki uprowa�ts�, tak kak 1=� � 1 = 0. Togda imeem

��12n12n2

2n1�1X
m1=2n1�1

2n2�1X
m2=2n2�1

j�m1m2 � �m1+1m2 � �m1m2+1 + �m1+1m2+1j

� ��12n12n2

2n1�1X
m1=2n1�1

2n2�1X
m2=2n2�1

1

m1

1

m2
�m1m2

� ��12n12n2�2n12n2

2n1�1X
m1=2n1�1

2n2�1X
m2=2n2�1

1

m1

1

m2
�M:

Pervoe neravenstvo punkta d) dokazano. Vtoroe neravenstvo �togo punk-
ta dokazyvaets� analogiqno, tol~ko izmen��ts� pokazateli stepeni: ��1

zamen�ets� na ���1.

Punkt d) dokazan polnost~�. Netrudno proverit~ spravedlivost~
punktov e), �). Lemma 8 dokazana polnost~�.

4. Dokazatel~stvo teoremy 1

Rassmotrim ��(Æ1; Æ2) = I1+ I2+ I3+ I4. Pust~ n1; n2 | natural~nye
qisla takie, qto 2�ni+1 � Æi < 2�ni ; i = 1; 2. Ocenim I4. Primen�� lemmu
4 p. a), budem imet~

I4 �

1X
�1=n1

1X
�2=n2

2��1�(k1+�1)2��2�(k2+�2)�(�1 + 1; �2 + 1)



S(k1+�1;k2+�2)2�1�1 2�2�1 (f)




�
p

+
1X

�1=n1

1X
�2=n2

2��1�(k1+�1)�(�1 + 1; �2 + 1)



S(k1+�1;0)2�1�11 (f)� S

(k1+�1;0)
2�1�1 2�2�1(f)




�
p

+

1X
�1=n1

1X
�2=n2

2��2�(k2+�2)�(�1 + 1; �2 + 1)



S(0;k2+�2)1 2�2�1 (f)� S

(0;k2+�2)
2�1�1 2�2�1(f)




�
p

+

1X
�1=n1

1X
�2=n2

�(�1+1; �2+1)



f�S1 2�2�1(f)�S2�1�11(f)+S2�1�1 2�2�1(f)




�
p

= I5 + I6 + I7 + I8.

Ocenim snaqala I8. Na osnovanii lemmy 2

I8 �

1X
�1=n1

1X
�2=n2

 2�Z
0

2�Z
0

*
1X

m1=�1

1X
m2=�2

�2
m1+1m2+1�

2
� (�1+1; �2+1)

+p=2

dx1dx2

!�=p

.

Uqitiva�, qto � � p i � � 2 i primen�� p�t~ raz obobwennoe neravenstvo
Minkovskogo, poluqaem

I8 �

 2�Z
0

2�Z
0

"
1X

�1=n1

1X
�2=n2

*
1X

m1=�1

1X
m2=�2

�2
m1+1m2+1
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�2=�(�1 + 1; �2 + 1)

+�=2#p=�
dx1dx2

!�=p

�

 2�Z
0

2�Z
0

"
1X

�1=n1

 
1X

m2=n2

*
m2X

�2=n2

(
1X

m1=�1

�2
m1+1m2+1

�2=�(�1 + 1; �2 + 1)

)�=2+2=�!�=2#p=�
dx1dx2

!�=p

�

 2�Z
0

2�Z
0

"
1X

�1=n1

 
1X

m2=n2

*
1X

m1=�1

(
m2X

�2=n2

�
�2
m1+1m2+1

�
2
� (�1 + 1; �2 + 1)

��=2)2=�+!�=2#p=�
dx1dx2

!�=p

�

 2�Z
0

2�Z
0

"
1X

m1=n1

 
m1X

�1=n1

*
1X

m2=n2

(
m2X

�2=n2

j�m1+1m2+1j
�

�(�1 + 1; �2 + 1)

)2=�+�=2!2=�#p=2
dx1dx2

!�=p

�

 2�Z
0

2�Z
0

"
1X

m1=n1

 
1X

m2=n2

 
m1X

�1=n1

m2X
�2=n2

j�m1+1m2+1j
�

�(�1 + 1; �2 + 1)

!2=�#p=2
dx1dx2

!�=p

=

 2�Z
0

2�Z
0

"
1X

m1=n1

1X
m2=n2

�2
m1+1m2+1�

2
2m12m2

#p=2
dx1dx2

!�=p

.

Ispol~zu� svo�stva posledovatel~nosti f�n1n2g iz lemmy 8, ubedims�,
qto posledovatel~nost~

�n1n2 =
�2m12m2

�n1n2
; 2m1 � n1 � 2m1+1; 2m2 � n2 < 2m2+1;

udovletvor�et uslovi�m lemmy 3. Togda, primen�� lemmy 3, 2, 4 p. a),
poluqaem ocenku

I8 �







1X

m1=2n1

1X
m2=2n2

�m1m2Am1m2(x1; x2)







�

p

� !��1�2('; 2
�n1 ; 2�n2)p.

Analogiqnymi rassu�deni�mi na�dem ocenki dl� I5; I6; I7:

Ii � !��1�2('; 2
�n1 ; 2�n2)p; i = 5; 6; 7:
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V rezul~tate, ob�edin�� ocenki dl� I5; I6; I7; I8, imeem:

I4 � !��1�2('; 2
�n1 ; 2�n2)p:

Pri naho�denii ocenok sverhu dl� I1; I2; I3 provedem rassu�deni�,
analogiqnye tem, kotorye delalis~ pri ocenivanii I4. V rezul~tate
poluqim

Ii � !��1�2('; 2
�n1 ; 2�n2)p; i = 1; 2; 3:

Ob�edin�� poluqennye ocenki dl� vseh slagaemyh v vyra�enii dl�
��(Æ1; Æ2) i pol~zu�s~ svo�stvami smexannogo modul� gladkosti, budem
imet~, qto

�(Æ1; Æ2)� !�1�2('; Æ1; Æ2)p:

�to zaverxaet dokazatel~stvo teoremy 1.

5. Dokazatel~stvo teoremy 2

Pust~ dl� funkcii f(x1; x2) 2 Lp vypolneno uslovie (3). Togda iz
lemmy 1 sleduet, qto suwestvuet funkci� '(x1; x2) 2 Lp s r�dom Fur~e
�(�; f). Poka�em teper~, qto spravedliva ocenka (4).

Pust~ n1; n2 | natural~nye qisla takie, qto 2�(n1+1) � Æ1 < 2�n1 ;

2�(n2+1) � Æ2 < 2�n2. Soglasno lemme 4 p. a)

!�1�2('; Æ1; Æ2)p � !�1�2('; 2
�n1 ; 2�n2)p �







1X

�1=2n1

1X
�2=2n2

��1�2A�1�2(x1; x2)







p

+ 2�n1�1







2n1�1X
�1=1

1X
�2=2n2

��11 ��1�2A�1�2(x1; x2)







p

+ 2�n2�2







1X

�1=2n1

2n2�1X
�2=1

��22 ��1�2A�1�2(x1; x2)







p

+ 2�n1�12�n2�2







2n1�1X
�1=1

2n2�1X
�2=1

��11 ��22 ��1�2A�1�2(x1; x2)







p

= B1 + 2�n1�1B2 + 2�n2�2B3 + 2�n1�12�n2�2B4:

Iz lemmy 8 sleduet, qto posledovatel~nost~ B�1�2 =
�n1n2

�2m1+12m2+1

; 2m1 �

n1 < 2m1+1; 2m2 � n2 < 2m2+1, udovletvor�et uslovi�m lemmy 3. Togda,
primen�� lemmy 3 i 2 i uqityva� uslovie (2), poluqaem, qto

B1 �







1X

m1=n1+1

1X
m2=n2+1

�m1m2�2m12m2







p

�
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�

 2�Z
0

2�Z
0

"
1X

m1=n1+1

1X
m2=n2+1

�2
m1m2

 2�m1Z
2�(m1+1)

2�m2Z
2�(m2+1)

�(t1; t2)dt1dt2

!2=�#p=2
dx1dx2

!1=p

�

�

 2�Z
0

2�Z
0

"
1X

m1=n1+1

1X
m2=n2+1

�2
m1m2

 
2�m1(k1+�1)2�m2(k2+�2)

1X
�1=m1

1X
�2=m2

�(�1 + 1; �2 + 1)2��1�(k1+�1)2��2�(k2+�2)

!2=�#p=2
dx1dx2

!1=p

.

Uqitiva�, qto � � 2 i � � p, prodol�im ocenivanie, ispol~zu� neraven-
stvo Minkovskogo snaqala dl� summ, a potom dl� integralov i summ:

B1 �

 2�Z
0

2�Z
0

"
1X

m1=n1+1

(
1X

�2=n2+1

 
�2X

m2=n2+1

*
1X

�1=m1

�(�1 + 1; �2 + 1)2���(k1+�1)

2��2�(k2+�2)2m1�(k1+�1)2m2�(k2+�2)j�m1m2 j
�

+2=�!�=2)2=�#p=2
dx1dx2

!1=p

� (

2�Z
0

2�Z
0

"
1X

m1=n1+1

(
1X

�2=n2+1

 
1X

�1=m1

*
�2X

m2=n2+1

f�(�1 + 1; �2 + 1)2��1�(k1+�1)

2��2�(k2+�2)2m1�(k1+�1)2m2�(k2+�2)j�m1m2 j
�g2=�

+�=2!)2=�#p=2
dx1dx2

!1=p

� (

2�Z
0

2�Z
0

"
1X

�1=n1+1

(
�1X

m1=n1+1

 
1X

�2=n2+1

*
�2X

m2=n2+1

�
2
� (�1 + 1; �2 + 1)2�2�1(k1+�1)

2�2�2(k2+�2)22m1(k1+�1)22m2(k2+�2)�2
m1m2

+�=2!2=�)�=2#p=�
dx1dx2

!1=p

� (

2�Z
0

2�Z
0

"
1X

�1=n1+1

1X
�2=n2+1

(
�1X

m1=n1+1

�2X
m2=n2+1

�
2
� (�1 + 1; �2 + 1)

2�2�1(k1+�1)2�2�2(k2+�2)22m1(k1+�1)22m2(k2+�2)�2
m1m2

)�=2#p=�
dx1dx2

!1=p

�

 
1X

�1=n1+1

1X
�2=n2+1

 2�Z
0

2�Z
0

"
�1X

m1=n1+1

�2X
m2=n2+1

�
2
� (�1 + 1; �2 + 1)
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2�2�1(k1+�1)2�2�2(k2+�2)22m1(k1+�1)22m2(k2+�2)�2
m1m2

#p=2
dx1dx2

!�=p!1=p

�

 2�n1Z
0

2�n2Z
0

�(t1; t2)!
�
k1+�1 k2+�2(f ; t1; t2)pdt1dt2

!1=�

.

Ocenim teper~ B2. Primenenie to� �e posledovatel~nosti rassu�deni�,
kotora� byla primenena pri poluqenii ocenki sverhu dl� B1, dokazyvaet
spravedlivost~ sledu�we� cepoqki neravenstv:

B2 �

 2�Z
0

2�Z
0

"
n1X

m1=1

1X
m2=n2+1

�2
m1m2

�22m1�12m2 2
2m1�1

#p=2
dx1dx2

!1=p

�

 2�Z
0

2�Z
0

"
n1�1X
m1=0

1X
m2=n2+1

�2
m1+1m2

 
m1X
�1=0

1X
�2=m2

�(�1; �2 + 1)

2�1��12��2�(k2+�2)

!2=�

22m2(k2+�2)

#p=2
dx1dx2

!1=p

�

 2�Z
0

2�Z
0

"
n1�1X
m1=0

(
1X

�2=n2+1

 
m1X
�1=0

*
�2X

m2=n2+1

f�(�1; �2 + 1)

2�1��12���2(k2+�2)2�m2(k2+�2)j�m1+1m2 j
�

)2=�+�=2!)2=�#p=2
dx1dx2

!1=p

�

 
n1�1X
�1=0

1X
�2=n2+1

 2�Z
0

2�Z
0

"
n1�1X
m1=�1

�2X
m2=n2+1

�
2
� (�1; �2 + 1)

22�1�12�2�2(k2+�2)22m2(k2+�2)�2
m1m2

#p=2
dx1dx2

!�=p!1=�

�

 2�Z
2�n1

2�n2Z
0

�(t1; t2)t
���1
1 !�k1+�1 k2+�2(f ; t1; t2)pdt1dt2

!1=�

.

Analogiqnim obrazom dokazyvaets� spravedlivost~ ostal~nyh ocenok
dl� B3; B4:

B3 �

 2�n1Z
0

2�Z
2�n2

�(t1; t2)t
���2
2 !�k1+�1 k2+�2(f ; t1; t2)pdt1dt2

!1=�

;

B4 �

 2�Z
2�n1

2�Z
2�n2

�(t1; t2)t
���1
1 t���22 !�k1+�1 k2+�2(f ; t1; t2)pdt1dt2

!1=�

:
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Teper~, ob�edin�� ocenki dl� B1; B2; B3; B4, netrudno poluqit~ spraved-
livost~ neravenstva (4).

Teorema 2 dokazana polnost~�.

6. Dokazatel~stvo teoremy 3a)

Pust~ natural~nye qisla m1;m2 takovy, qto
1

m1 + 1
� Æ1 <

1

m1
,

1

m2 + 1
� Æ2 <

1

m2
.

��(Æ1; Æ2)�

1X
�1=m1+1

1X
�2=m2+1

�1(�1; �2)!
�
k1+�1 k2+�2

�
f ;

1

�1
;
1

�2

�
p

+m��1�
1

m1X
�1=1

1X
�2=m2+1

�1(�1; �2)�
�1�
1 !�k1+�1 k2+�2

�
f ;

1

�1
;
1

�2

�
p

+m��2�
2

1X
�1=m1+1

m2X
�1=1

�1(�1; �2)�
�2�
2 !�k1+�1 k2+�2

�
f ;

1

�1
;
1

�2

�
p

+m��1�
1 m��2�

2

m1X
�1=1

m2X
�2=1

�1(�1; �2)�
�1�
1 ��2�2 !�k1+�1 k2+�2

�
f ;

1

�1
;
1

�2

�
p

= B5 +B6 +B7 +B8,

gde

�1(1; 1) =

2�Z
1

2�Z
1

�(t1; t2)dt1dt2; �1(1; �2) =

2�Z
1

(�2�1)
�1Z

��12

�(t1; t2)dt1dt2,

�1(�1; 1) =

(�1�1)
�1Z

��11

2�Z
1

�(t1; t2)dt1dt2; �1(�1; �2) =

(�1�1)
�1Z

��11

(�2�1)
�1Z

��12

�(t1; t2)dt1dt2;

�1 = 2; 3; . . . ; �2 = 2; 3; . . . :

Ocenim B5. Tak kak f 2Mk1k2 , to mo�no primenit~ lemmu 4 p. b):

B5 �

1X
�1=m1+1

1X
�2=m2+1

�1(�1; �2)

"
�
�(k1+�1)p
1 �

�(k2+�2)p
2

�1X
n1=1

�2X
n2=1

bpn1n2n
(k1+�1+1)p�2
1 n

(k2+�2+1)p�2
2

#�=p
+

+
1X

�1=m1+1

1X
�2=m2+1

�1(�1; �2)

"
�
�(k1+�1)p
1

�1X
n1=1

1X
n2=�2+1

np�22 bpn1n2n
(k1+�1+1)p�2
1

#�=p

+
1X

�1=m1+1

1X
�2=m2+1

�1(�1; �2)

"
�
�(k2+�2)p
2

1X
n1=�1+1

�2X
n2=1

bpn1n2n
p�2
1 n

(k2+�2+1)p�2
2

#�=p
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+

1X
�1=m1+1

1X
�2=m2+1

�1(�1; �2)

"
1X

n1=�1+1

1X
n2=�2+1

bpn1n2n
p�2
1 np�22

#�=p

= B9 +B10 +B11 +B12.

Ocenim B12. Poskol~ku � � p, to, primen�� obobwennoe neravenstvo
Minkovskogo, poluqaem

B12 �

 
1X

n1=m1

1X
n2=m2

bpn1+1n2+1(n1 + 1)p�2(n2 + 1)p�2

"
n1X

�1=m1

n2X
�2=m2

�1(�1; �2)

#p=�!�=p

�

 
1X

n1=m1+1

1X
n2=m2+1

bpn1n2�
p
n1n2n

p�2
1 np�22

!�=p

.

Vvedem opredelenie \monotonno�" posledovatel~nosti qisel. Po-
sledovatel~nost~ qisel fCn1n2g nazyvaets� \monotonno�", esli ona udov-
letvor�et uslovi�m �(1;0)Cn1n2 � 0; �(0;1)Cn1n2 � 0; �(1;1)Cn1n2 � 0:

Rassmotrim dve posledovatel~nosti qisel: (i = 1; 2; 3; 4)

(
a
(i)
n1n2n

k1(�+1)
1 n

k2(�+1)
2

��n1n2

)
;
n
n
�k1(�+1)
1 n

�k2(�+1)
2 ��+1n1n2

o
:

Perva� posledovatel~nost~ \monotonna" v silu togo, qto f 2 M
(�)
k1k2

.
Mo�no neposredstvenno proverit~, qto vtora� posledovatel~nost~ tak�e
\monotonna". Togda ih proizvedenie

a(i)n1n2n
k1(�+1)
1 n

k2(�+1)
2 ���n1n2n

�k1(�+1)
1 n

�k2(�+1)
2 ��+1n1n2 = a(i)n1n2�n1n2

to�e \monotonno". A �to znaqit, qto ' 2 M00. Primen�� lemmu 4 p.
b), imeem B12 � !��1�2('; Æ1; Æ2)p. Ocenim B11. I v �tom sluqae vnov~
primen�em obobwennoe neravenstvo Minkovskogo, tak kak � � p,

B11 �

1X
�1=m1

��11 �1Z
��11

(m2�1)
�1Z

0

�(t1; t2)t
k2�
2 dt1dt2

"
m��2p
2

1X
n1=�1+1

m2�1X
n2=1

bpn1n2n
(k2+�2+1)p�2
2 np�21

#�=p

+

 
1X

n1=m1

1X
n2=m2

bpn1+1n2(n1 + 1)p�2n
(k2+�2+1)p�2
2

"
n1X

�1=m1

1X
�2=n2

�1(�1; �2)�
��(k2+�2)
2

#p=�!�=p
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�

 
1X

n1=m1

m2�1X
n2=1

"
n1X

�1=m1

(m2�1)
�1Z

0

�(t1; t2)t
k2�
2 dt1dt2

(n1 + 1)p�2m��2�
2 b�n1n2(n

(k2+�2+1)p�2
2 )�=p

#p=�!�=p

+

 
1X

n1=m1

1X
n2=m2

bpn1+1n2(n1 + 1)p�2np�22 �pn1n2

!�=p

�

 
m��2p
2

1X
n1=m1

m2�1X
n2=1

bpn1+1n2(n1 + 1)p�2n
(�2+1)p�2
2 �pn1n2

+

1X
n1=m1

1X
n2=m2

bpn1+1n2(n1 + 1)p�2np�22 �pn1n2

!�=p

.

Primen�� lemmu 4 p. b), imeem B11 � !��1�2('; Æ1; Æ2)p. Analogiqno polu-
qaem spravedlivost~ sledu�wih neravenstv

B9 � !��1�2('; Æ1; Æ2)p; B10 � !��1�2('; Æ1; Æ2)p

Analogiqno prover�ets� ocenka sverhu dl� B5; B6; B7:

Bi � !��1�2('; Æ1; Æ2)p; i = 5; 6; 7:

Ob�edin�� poluqennye ocenki dl� B5; B6; B7; B8, budem imet~

�(Æ1; Æ2)� !�1�2('; Æ1; Æ2)p:

to est~ spravedliva ocenka (4).

Punkt a) teoremy 3 dokazan polnost~�.

Dokazatel~stvo punkta b) teoremy 3 provodits� analogiqno.

Teorema 4 dokazyvaets� tak �e, kak teorema 3, tol~ko vmesto lemmy
4 p. b) nado vospol~zovat~s� lemmo� 4 p. v).

7. Zameqani�

1. Pust~

�(1) =

=

(
�n1 =

 2�Z
1=n1

2�Z
1

�(t1; t2)dt1dt2 + nk1�1

1=n1Z
0

2�Z
1

�(t1t2)t
k1�
1 dt1dt2

!1=�

; n1 = 1; . . .

)
;

�(2) =

=

(
�n2 =

 2�Z
1

2�Z
1=n2

�(t1; t2)dt1dt2 + nk2�2

2�Z
1

1=n2Z
0

�(t1t2)t
k2�
2 dt1dt2

!1=�

; n2 = 1; . . .

)
;
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�(�(1); f); �(�(2); f) | r�dy, preobrazovannye iz r�da (1) s pomow~� �tih
posledovatel~noste� �(1); �(2), to est~

�(�(1); f) =

1X
n1=1

1X
n2=0

�n1An1n2(x1; x2); �(�(2); f) =

1X
n1=0

1X
n2=1

�n2An1n2(x1; x2);

�(Æ1) =

(
Æ�1�1

2�Z
Æ1

2�Z
1

�(t1; t2)t
��1�
1 !�k1+�1(f ; t1)pdt1dt2

+

Æ1Z
0

2�Z
1

�(t1; t2)!
�
k1+�1(f ; t1)pdt1dt2

)1=�

;

�(Æ2) =

(
Æ�2�2

2�Z
1

2�Z
Æ2

�(t1; t2)t
��2�
2 !�k1+�1(f ; t2)pdt1dt2

+

2�Z
1

Æ2Z
0

�(t1; t2)!
�
k2+�2(f ; t2)pdt1dt2

)1=�

.

Togda v terminah qastnyh module� gladkosti budut verny teore-
my, analogiqnye teoremam, sformulirovnnym v osnovnom utver�denii,
a imenno:

Teorema 1d. Pust~ max (2; p) � � <1 i dl� nekotoryh polo�itel~-
nyh qisel k1; k2 funkci� �(t1; t2) udovletvor�et (�; �)-uslovi� so znaqeni�mi
� = k1�; � = k2�. Esli dl� nekotoryh funkci� f(x1; x2) 2 Lp r�dy �(�(1); f),
�(�(2); f) est~ r�dy Fur~e nekotoryh funkci� '(�(1))(x1; x2) 2 Lp,
'(�(2))(x1; x2) 2 Lp sootvetstvenno, to �(Æi)� !�i('

(�(i)); Æi)p; i = 1; 2.

Teorema 2 d. Pust~ 0 < � � min(p; 2) i dl� nekotoryh polo�itel~-
nyh qisel k1; k2 funkci� �(t1; t2) udovletvor�et (�; �)-uslovi� so znaqe-
ni�mi � = k1�; � = k2�, a tak�e uslovi�m (2). Esli dl� funkcii f(x1; x2) 2
Lp

2�Z
1

2�Z
0

�(t1; t2)!
�
k2(f ; t1)pdt1dt2 <1;

2�Z
0

2�Z
1

�(t1; t2)!
�
k1(f ; t1)pdt1dt2 <1;

to suwestvu�t funkcii '(�(i))(x1; x2) 2 Lp (i = 1; 2) s r�dami Fur~e �(�(i); f)
(i = 1; 2) sootvetstvenno i �(Æi)� !�i('

(�(i)); Æi)p; i = 1; 2.

Teorema 3 d. Esli funkci� f(x1; x2) 2M
(�)
k1k2

\ Lp, to

a) utver�denie teoremy 1 d) spravedlivo pri 1 < p � � <1;

b) utver�denie teoremy 2 d) spravedlivo pri 0 < � � p <1.

Teorema 4 d. Esli funkci� f(x1; x2) 2 � \ Lp, to

a) utver�denie teoremy 1 d) spravedlivo pri 2 � � <1;
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b) utver�denie teoremy 2 d) spravedlivo pri 0 < � � 2.

Sledstvi�. Pust~ funkci� �(t1; t2) dl� nekotoryh polo�itel~nyh
qisel k1; k2 udovletvor�et (�; �)-uslovi� so znaqeni�mi � = k1�; � = k2�,
a tak�e uslovi�m (2).

Dl� sokraweni� zapisi vvedem sledu�wie oboznaqeni�:

I(1; �; p) =

2�Z
0

2�Z
1

�(t1; t2)!
�
k1(f ; t1)pdt1dt2;

I(2; �; p) =

2�Z
1

2�Z
0

�(t1; t2)!
�
k2(f ; t2)dt1dt2:

a) Esli � = 2 i f(x1; x2) 2 L2, to dl� suwestvovani� funkci�

'(�(1))(x1; x2) 2 L2; '(�(2))(x1; x2) 2 L2 s r�dami �(�(1); f); �(�(2); f) soot-
vetstvenno neobhodimo i dostataqno, qtoby I(1; 2; 2) < 1; I(2; 2; 2) < 1,
priqem 8�1 > 0; �2 > 0

�(Æ1) � !�1('; Æ1)2; �(Æ2) � !�2('; Æ2)2:

b) Esli � = p i f(x1; x2) 2M
(�)
k1k2

\Lp, to dl� suwestvovani� funkci�

'(�(1))(x1; x2) 2 Lp; '(�(2))(x1; x2) 2 Lp s r�dami �(�(1); f); �(�(2); f) soot-
vetstvenno neobhodimo i dostataqno, qtoby I(1; p; p) < 1; I(2; p; p) < 1,
priqem 8�1 > 0; �2 > 0

�(Æ1) � !�1('; Æ1)p; �(Æ2) � !�2('; Æ2)p:

v) Esli � = 2 i f(x1; x2) 2 � \ Lp, to dl� suwestvovani� funkci�

'(�(1))(x1; x2) 2 Lp; '(�(2))(x1; x2) 2 Lp s r�dami �(�(1); f); �(�(2); f) soot-
vetstvenno neobhodimo i dostataqno, qtoby I(1; 2; p) < 1; I(2; 2; p) < 1,
priqem 8�1 > 0; �2 > 0

�(Æ1) � !�1('; Æ1)p; �(Æ2) � !�2('; Æ2)p:

2. Vvedem po analogii s rabotami [1,8] sledu�wie klassy funkci�.

Oboznaqim

I(1; 2; �; p) =

2�Z
0

2�Z
0

�(t1; t2)!
�
k1k2(f ; t1; t2)pdt1dt2:

SB(p; �)-klass Besova | klass funkci� f(x1; x2) 2 Lp takih, qto

I(1; �; p) <1; I(2; �; p) <1; I(1; 2; �; p) <1;

SW (p; �) | klass Ve�l� | klass funkci� f(x1; x2) 2 Lp, dl� kotoryh

suwestvu�t funkcii '(x1; x2) 2 Lp; '(�(1))(x1; x2) 2 Lp; '(�(2))(x1; x2) 2 Lp

s r�dami �(�; f); �(�(1); f); �(�(2); f) sootvetstvenno.
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Pust~ 	(Æ; �) | nepreryvna� i neotricatel~na� na [0; 2�]2 funkci�,
oblada�wa� svo�stvami

	(Æ1; �)� 	(Æ2; �); 0 � Æ1 � Æ2 � 2�; 	(2Æ; �)� 	(Æ; �); 0 � Æ � �;

	(Æ; �1)� 	(Æ; �2); 0 � �1 � �2 � 2�; 	(Æ; 2�)� 	(Æ; �); 0 � � � �:

Oboznaqim qerez SWH(p; �) | klass Ve�l�-Nikol~skogo | klass
funkci� f(x1; x2) 2 SW (p; �) takih, qto

!�1�2('; Æ1; Æ2)p � 	(Æ1; Æ2);

!�1('
(�(1)); Æ1)p � 	(Æ1; 2�); !�1('

(�(2)); Æ2)p � 	(2�; Æ2);

SBH(p; �) | klass Besova-Nikol~skogo | klass funkci� f(x1; x2) 2
Lp takih, qto �(Æ1; Æ2)� 	(Æ1; Æ2); �(Æ1)� 	(Æ1; 2�); �(Æ2)� 	(2�; Æ2).

Togda iz teorem i sledstvi�, sformulirovannyh v punkte 2, mo�no
poluqit~ spravedlivost~ sootvetstvu�wih vlo�eni� klassov SWH(p; �)
i SBH(p; �). A imenno,

1) Esli max(2; p) � � <1, to SWH(p; �) � SBH(p; �).

2) Esli 1 < p � � <1, to M
(�)
k1k2

\ SWH(p; �) �M
(�)
k1k2

\ SBH(p; �).

3) Esli 2 � � <1, to � \ SWH(p; �) � � \ SBH(p; �).

Pust~ funkci� �(t1; t2) udovletvor�et uslovi�m (2). Togda spraved-
livy i takie vlo�eni�:

4) Esli 0 < � � min(p; 2), to SBH(p; �) � SWH(p; �).

5) Esli 0 < � � p <1, to M
(�)
k1k2

\ SBH(p; �) �M
(�)
k1k2

\ SWH(p; �).

6) Esli 0 < � � 2, to � \ SBH(p; �) � � \ SWH(p; �).

7) Klassy SWH(2; 2) i SBH(2; 2) sovpada�t.

8) Klassy M
(�)
k1k2

\ SWH(p; p) i M
(�)
k1k2

\ SBH(p; p) sovpada�t.

9) Klassy � \ SWH(p; 2) i � \ SBH(p; 2) sovpada�t.

3. Pust~ 0 < � � min(p; 2) i dl� nekotoryh polo�itel~nyh qisel
k1; k2; �1; �2 funkci� �(t1; t2) udovletvor�et (�; �)-uslovi� so znaqeni�mi
� = (k1 + �1)�; � = (k2 + �2)�. Pust~, dalee,

� =

(
�n1n2 =

 
n���1 n��2�2

2�Z
n�11

2�Z
n�12

�(t1; t2)t
��1�
1 t��2�2 dt1dt2

+n
(k1+�1)�
1 n��2�2

n�11Z
0

2�Z
n�12

�(t1; t2)t
(k1+�1)�
1 t��2�2 dt1dt2
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+n��1�1 n
(k2+�2)�
2

2�Z
n�11

n�12Z
0

�(t1; t2)t
��1�
1 t

(k2+�2)�
2 dt1dt2

+n
(k1+�1)�
1 n

(k2+�2)�
2

n�11Z
0

n�12Z
0

�(t1; t2)t
(k1+�1)�
1 t

(k2+�2)�
2 dt1dt2

!1=�

; n1; n2=1; 2; . . .

)
,

�(1) =

(
�n1 =

 
n��1�1

2�Z
n�11

2�Z
1

�(t1; t2)t
��1�
1 dt1dt2+

+n
(k1+�1)�
1

n�11Z
0

2�Z
1

�(t1; t2)t
(k1+�1)�
1 dt1dt2

!1=�

; n1 = 1; 2; . . .

)
,

�(2) =

(
�n2 =

 
n��2�2

2�Z
1

2�Z
n�12

�(t1; t2)t
��2�
2 dt1dt2+

+n
(k2+�2)�
2

2�Z
1

n�12Z
0

�(t1; t2)t
(k2+�2)
2 dt1dt2

!1=�

; n2 = 1; 2; . . .

)
.

Esli funkci� f(x1; x2) 2 Lp takova, qto

2�Z
0

2�Z
0

�(t1; t2)!
�
k1+�1k2+�2(f ; t1; t2)pdt1dt2 <1;

2�Z
0

2�Z
1

�(t1; t2)!
�
k1+�1(f ; t1)pdt1dt2 <1;

2�Z
1

2�Z
0

�(t1; t2)!
�
k2+�2(f ; t2)pdt1dt2 <1;

to suwestvu�t funkcii '1(x1; x2) 2 Lp; '
(�(1))
1 (x1; x2) 2 Lp; '

(�(2))
1 (x1; x2) 2

Lp s r�dami Fur~e �(�; f); �(�(1); f); �(�(2); f) sootvetstvenno i

!�1('
(�(1))
1 ; Æ1)p � �(Æ1); !�2('

(�(2))
1 ; Æ2)p � �(Æ2); !�1�2('1; Æ1; Æ2)p � �(Æ1; Æ2):

4. Esli funkci� f(x1; x2) 2 M
(�)
k1+�1 k2+�2

\ Lp, to treti� punkt zame-
qani� spravedliv pri vseh �, le�awem v predelah 0 < � � p <1.

5. Esli funkci� f(x1; x2) 2 � \ Lp, to treti� punkt zameqani�
spravedliv pri vseh �, le�awem v predelah 0 < � � 2.

6. Klass SWH(p; �) iz punkta 2 zameqani� mo�no opredelit~ ne
s pomow~� posledovatel~noste� �; �(1); �(2), a s pomow~� posledova-
tel~noste� �; �(1); �(2) i dokazat~ spravedlivost~ vlo�eni�, sootvet-
stvu�wih vlo�eni�m 4), 5), 6) privedennyh v �tom punkte.
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