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Abstract. From equivalent forms of Tauberian conditions of Hardy-Littlewood [1] and
C.V. Stanojevi¢ [2] new structural information is obtained for the Taylor, respectively Fourier
coefficient. Consequently new Tauberian theorems are established.

1. Introduction. Various Tauberian conditions such as Hardy-Littlewood
[1], Schmidt [2], C.V. Stanojevi¢ [3] and D. Grow and C.V. Stanojevi¢ [4], deter-
mine the structure of Taylor coefficients of power series and Fourier coefficients of
series in L. Of particular interest is Hardy-Littlewood Tauberian condition

(1.1) Va(lal, p) Zk”laklp =0(1), n—oo, p>1,

and its analogue in [4]

(1.2) Va(Afl,p) = kalAf )P =0(1), n—o0, pe(L,2].

|k|<n

The condition (1.1) implies the existence of a function h € H", r > 2, such that
the Taylor coefficients {a,} of

(1.3) f2) =S anem, o<1,
n=0

are equal to the Taylor coefficients {b,} of h. The condition (1.2) implies the
existence of a function h € L7, r > 2, such that Af(n) = h(n), n € Z. The
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purpose of this paper is to show that there are equivalent forms of (1.1) and (1.2)
which provide more structural information about Taylor and Fourier coefficients.

2. Structure of Taylore Coefficients. Consider (1.3) and denote S, (a) =
R([An])
— R(n)
A > 1. If {R(n)} is O-regularly varying sequence {log R(n)} is slowly varying i.e.
— R([An])

m—— =

n _
> ag. A positive sequence { R(n)} is O-regularly varying [5,6] if lim < 00,
k=0 "

THEOREM 2.1. For p € (1,2] let (1.1) hold, and let
1 n
- P
(2.1) - > ISk(@)” =0(1), n— oo.
k=0
Then: (i) there exists h € H", r > 2, such that
1 n
Sn(a) = ~ > kb
k=1
where {b,} is the sequence of Taylor coefficients of h; and

(ii) the sequence {Sp(a)/n} is of bounded variation.

Proof. As shown in [7], the condition (1.1) is equivalent to each of the following
statements

(An]
NN e p—1|, |P
(2.2) )\Erlr}rohm Z P ag|” < oo,
k=n+1
(2.3) {exp (Z kp1|ak|p> } is O-regularly varying.
k=0

From the inequalities below

1 <& 1 &
C1Va(lal,p) + 025 1; |Sk(a)? < - 1; |A(kSk(a))|?

n

1
< CaVillal,p) + o Y ISk(@)]”
k=1

and from the condition (2.1) it folows that (1.1) is equivalent to

n

% > AESk(@)P = O(1), n - oco.
k=1

Hence, for some O-regularly varying sequence {R(n)},

S IAGSUDE _
k=1
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Therefore,
> A(ESk ()| < oo.
k=1

For p € (1, 2], from F. Riesz’s Theorem [8] it folows that there exists h € H?,
1/p+1/q = 1, such that A(nS,(a)) = b, where {b,} is the sequence of Taylor
coefficients of h. Finally

1 n
Sn(a) =~ > kby.
k=1

To prove (ii) notice that

Sn(a) _ Snt1(a)
n n+1

n

bal 1
<t - E
-~ n + n(n+1) 1 i

o0 o0 n
where both series ) % and > (m > |bk|) are convergent. Thus the se-
n=1 n=1 k=1

quence {Sp(a)/n} is of bounded variation.

3. Structure of Fourier Coefficients of Functions in L' and Conver-
gence of Fourier Series in L'-norm. For f € L(T), T = R/27Z, let

[An]
. . p—1 iy P
Akﬂohénkg +1Ikl |Af(R)P < oo, pe(L,2]

~

It was shown in [3] that there exsists h € L9, 1/p+ 1/q = 1, such that Af(n) =
h(n), n € Z, and that the Fourier series of f converges to f € L'-norm if and only
if

f()logn| = o(1), |n| = oo.
The following theorem is an analogue to Theorem 2.1.

THEOREM 3.1. Let f € LY(T) and let (1.2) hold. Then:
(i) there exists h € LY, 1/p+1/q = 1, such that

~ 1 ~
fln) =~ ,;nkh(k) +Ci,

where Cy is an absolute constant;
(i) the Fourier series of f converges to f in L'-norm if and only if

-~

f(n)log|n| = o(1), |n| = oco.

Proof. After the following inequalities
~ 1 ~ 1 ~
CsVu(|Aflp) + Co Yo k)P < - > IAKRFR)IP

|k|<n |kI<n

< CVa(IATl,p) + Coe S TP

|kI<n
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are established, the proof of (i) follows along the lines of the proof of (i) in Theorem
2.1. The proof of (ii) requires appropriate slight modifications of the proof given in
[4].

4. Additional Remarks. From the conclusion of Theorem 2.1 we have that

1 n
n:bn O| - b ) — )
a + (n; k) n [ee)

and from the conclusion of Theorem 3.1

Af():ﬁ ( Zh ) n — oo.

In the above asymptotic relations we see the measure of improvements of the rep-
resentations of sequences {a,} and {Af(n)} in terms of corresponding Taylor and
Fourier coefficients of functions in A% and LY respectively.

In [7] the modulo of regularity of a complex sequence {Q(n)} is defined as

and the sequence {Q(n)/n} is defined to be regularly varying in (C,1)-mean if for
some p > 1

LS pP = 0(1), ns oo,

|k|<n
Consequently, Theorem 2.1 and Theorem 3.1 can be reformulated in the following
way.

THEOREM 4.1. For some p € (1,2] let (2.1) hold. If
nSn(a) >
n|———-——-1)=0(1), n— oo,
(on® .

then the conclusions of Theorem 2.1 hold.

THEOREM 4.2. For some p € (1,2] let {f(n)} be (C,1)-regularly varying in
mean, and let

1 ~
- > IkIAf(R)] =0(1), n— .
[k|<n
Then the conclusions of Theorem 3.1 hold.
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