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Abstract. From equivalent forms of Tauberian conditions of Hardy{Littlewood [1] and
�C.V. Stanojevi�c [2] new structural information is obtained for the Taylor, respectively Fourier
coeÆcient. Consequently new Tauberian theorems are established.

1. Introduction. Various Tauberian conditions such as Hardy{Littlewood
[1], Schmidt [2], �C.V. Stanojevi�c [3] and D. Grow and �C.V. Stanojevi�c [4], deter-
mine the structure of Taylor coeÆcients of power series and Fourier coeÆcients of
series in L1. Of particular interest is Hardy{Littlewood Tauberian condition

(1.1) Vn(jaj; p) =
1

n

nX
k=1

kpjakj
p = O(1); n!1; p > 1;

and its analogue in [4]

(1.2) Vn(j� bf j; p) = 1

n

X
jkj�n

kpj� bf(k)jp = O(1); n!1; p 2 (1; 2]:

The condition (1.1) implies the existence of a function h 2 Hr; r � 2, such that
the Taylor coeÆcients fang of

(1.3) f(z) =

1X
n=0

anz
n; jzj < 1;

are equal to the Taylor coeÆcients fbng of h. The condition (1.2) implies the

existence of a function h 2 Lr; r � 2, such that � bf(n) = bh(n); n 2 Z. The
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purpose of this paper is to show that there are equivalent forms of (1.1) and (1.2)
which provide more structural information about Taylor and Fourier coeÆcients.

2. Structure of Taylore CoeÆcients. Consider (1.3) and denote Sn(a) =
nP

k=0

ak. A positive sequence fR(n)g is O-regularly varying [5,6] if lim
n

R([�n])

R(n)
<1,

� > 1. If fR(n)g is O-regularly varying sequence flogR(n)g is slowly varying i.e.

lim
n

R([�n])

logR(n)
= 1.

Theorem 2.1. For p 2 (1; 2] let (1.1) hold, and let

(2.1)
1

n

nX
k=0

jSk(a)j
p = O(1); n!1:

Then: (i) there exists h 2 Hr; r � 2, such that

Sn(a) =
1

n

nX
k=1

kbk

where fbng is the sequence of Taylor coeÆcients of h; and

(ii) the sequence fSn(a)=ng is of bounded variation.

Proof. As shown in [7], the condition (1.1) is equivalent to each of the following
statements
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P <1;

(2.3)
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is O-regularly varying:

From the inequalities below

C1Vn(jaj; p) + C2
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p

and from the condition (2.1) it folows that (1.1) is equivalent to

1

n

nX
k=1

j�(kSk(a))j
p = O(1); n!1:

Hence, for some O-regularly varying sequence fR(n)g,
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j�(kSk(a))j
p

k
= logR(n):
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Therefore,
nX

k=1

j�(kSk(a))j
p <1:

For p 2 (1; 2], from F. Riesz's Theorem [8] it folows that there exists h 2 Hq ,
1=p + 1=q = 1, such that �(nSn(a)) = bn where fbng is the sequence of Taylor
coeÆcients of h. Finally

Sn(a) =
1

n

nX
k=1

kbk:

To prove (ii) notice that����Sn(a)n
�
Sn+1(a)

n+ 1

���� � jbnj

n
+

1

n(n+ 1)

nX
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where both series
1P
n=1

jbnj
n

and
1P
n=1

�
1

n(n+1)

nP
k=1

jbkj
�
are convergent. Thus the se-

quence fSn(a)=ng is of bounded variation.

3. Structure of Fourier CoeÆcients of Functions in L1 and Conver-
gence of Fourier Series in L1-norm. For f 2 L1(T ), T = R=2�Z, let

lim
�!1+0

lim
n

[�n]X
jkj�n+1

jkjp�1j� bf(k)jp <1; p 2 (1; 2]:

It was shown in [3] that there exsists h 2 Lq; 1=p+ 1=q = 1, such that � bf(n) =bh(n); n 2 Z, and that the Fourier series of f converges to f 2 L1-norm if and only
if bf(n) log jnj = o(1); jnj ! 1:

The following theorem is an analogue to Theorem 2.1.

Theorem 3.1. Let f 2 L1(T ) and let (1.2) hold. Then:

(i) there exists h 2 Lq; 1=p+ 1=q = 1, such thatbf(n) = 1

n

X
jkj�n

kbh(k) + C4;

where C4 is an absolute constant;

(ii) the Fourier series of f converges to f in L1-norm if and only ifbf(n) log jnj = o(1); jnj ! 1:

Proof. After the following inequalities

C5Vn(j� bf j; p) + C6
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are established, the proof of (i) follows along the lines of the proof of (i) in Theorem
2.1. The proof of (ii) requires appropriate slight modi�cations of the proof given in
[4].

4. Additional Remarks. From the conclusion of Theorem 2.1 we have that

an = bn +O

 
1

n

nX
k=1

bk

!
; n!1;

and from the conclusion of Theorem 3.1

� bf(n) = bh(n) +O

 
1

n

nX
k=1

bh(k)! ; n!1:

In the above asymptotic relations we see the measure of improvements of the rep-

resentations of sequences fang and f� bf(n)g in terms of corresponding Taylor and
Fourier coeÆcients of functions in hq and Lq respectively.

In [7] the modulo of regularity of a complex sequence fQ(n)g is de�ned as

�(n) = n

�
Q(n)

Q(n+ 1)
� 1

�
;

and the sequence fQ(n)=ng is de�ned to be regularly varying in (C; 1)-mean if for
some p > 1

1

n

X
jkj�n

j�(k)jp = O(1); n!1:

Consequently, Theorem 2.1 and Theorem 3.1 can be reformulated in the following
way.

Theorem 4.1. For some p 2 (1; 2] let (2.1) hold. If

n

�
nSn(a)

(n+ 1)Sn+1(a)
� 1

�
= O(1); n!1;

then the conclusions of Theorem 2.1 hold.

Theorem 4.2. For some p 2 (1; 2] let f bf(n)g be (C; 1)-regularly varying in

mean, and let
1

n

X
jkj�n

jkjj� bf(k)j = O(1); n!1:

Then the conclusions of Theorem 3.1 hold.
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