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Abstract. We give several characterizations of the Besov space Bs
p
ofM-harmonic func-

tions in the open unit ball in Cn .

1. Introduction and results

In [4] Hahn and YousÆ considered the boundary behavior in the Besov spaces
Bsp of M-harmonic functions in the open unit ball B in C

n . In this paper we deal
with several characterizations of the spaces Bsp. As a consequence we have:

1) If s > n, then Bsp = As
p, where A

s
p is the weighted Bergman space.

2) If s = n, the spaces Bnp are closely related to the Hardy spaces Hp of
M-harmonic functions in B.

3) For 0 � s < n, Bsp are Besov spaces (B0p is the diagonal Besov space).

4) For �p < s < 0 the functions in the space Bsp have Lipschitz continuity of
order �s=p and thus extend continuously to the closed unit ball (see also Theorem
1.4 of [4]).

5) If s � �p then Bsp =fconstantsg.

Let B = Bn be the open unit ball in C
n and S = @B the unit sphere in

C n . We denote by � the normalized Lebesgue measure on B and by � the rotation
invariant probability measure on S.

Let e� be the invariant Laplacian on B. That is, e�f(z) = �(f Æ 'z)(0),
f 2 C2(B), where � is the ordinary Laplacian and 'z the standard automorphism
of B, 'z 2 Aut(B), taking 0 to z (see [9]).

The C2-functions f that are anihilated by e� are calledM-harmonic (f 2 M).
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De�nition 1.1. For 0 < p < 1, and s 2 R, the weighted Bergman space As
p

is de�ned as the space of M-harmonic functions f on B for which

kfkAs

p
=

�Z
B

(1� jzj2)sjf(z)jpd�(z)

�1=p
<1;

where d�(z) = (1� jzj2)�n�1d�(z) is the measure on B that is invariant under the
group Aut(B).

For f 2 C1(B), Df = ( @f@z1 ; . . . ;
@f
@zn

), denotes the complex gradient of f ,

rf = ( @f
@x1

; . . . ; @f
@x2n

), zk = x2k�1 + ix2k, k = 1; 2; . . . ; n, denotes the real gradient
of f .

For f 2 C1(B) let eDf(z) = D(f Æ 'z)(0), z 2 B, and erf(z) = r(f Æ 'z)(0),
z 2 B, be the invariant complex gradient of f and the invariant real gradient of f
respectively.

De�nition 1.2. For 0 < p < 1, and s 2 R, the M-harmonic Dirishlet space
Ds
p is de�ned as the space of M-harmonic functions f on B for whichZ

B

jerf(z)jp(1� jzj2)sd�(z) <1:

The (di�erential) Bergman metric b : B � C n 7! R is de�ned by

b(z; �) =

�
(1� jzj2)j�j2 + j hz; �i j2

(1� jzj2)2

�1=2

:

For f 2 C1(B), de�ne the functional quantity

Qf(z) = sup
j�j=1

jrf(z) � �j

b(z; �)
= sup

j�j=1

j hDf(z); �i+


Df(z); �

�
j

b(z; �)
; z 2 B:

This quantity is invariant under Aut(B), that is Q(f Æ ') = Q(f) Æ ', for all
C1-functions f in B and ' 2 Aut(B) (see [5, 6]).

De�nition 1.3. For 0 < p < 1, s 2 R, let Bsp be the space of M-harmonic
functions f on B such that

kfkp;s =

�Z
B

(Qf)p(z)(1� jzj2)sd�(z)

�1=p

<1:

Theorem 1.4. Let 0 < p <1, s > n� p=2 and f 2M. Then the following

statements are equivalent:

(i) f 2 Ds
p, (ii) f 2 Bsp, (iii)

Z
B

jrf(z)jp(1� jzj2)s+pd�(z) <1,

(iv)

Z
B

(1� jzj2)s+p(jRf(z)j+ jRf(z)j)pd�(z) <1.
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As usual, Rf(z) =
nP

j=1
zj

@f

@zj
, is the radial derivative of f and Rf(z) =

nP
j=1

zj
@f

@zj
.

2. Proof of Theorem

If 0 < r < 1, we set Er(z) = fw 2 B : j'z(w)j < rg = 'z(rB). It is easy to

see that Er(z) is an ellipsoid and its volume is given by �(Er(z)) =
r2n(1� jzj2)n+1

(1� rjzj)n+1
(see [9, p. 30]). We set jEr(z)j = �(Er(z)).

For the proof of Theorem 1.4 the following lemmas will be needed.

Lemma 2.1. [7] Let 0 < r < 1. There is a constanat C > 0 such that if

f 2M then

jTijRf(w)j � C(1� jwj2)�1=2
Z
Er(w)

jRf(z)jd�(z); w 2 B;(i)

jTijRf(w)j � C(1� jwj2)�1=2
Z
Er(w)

jRf(z)jd�(z); w 2 B;(ii)

jTijf(w)j � C(1� jwj2)�1=2
Z
Er(w)

jf(z)jd�(z); w 2 B:(ii)

Here, as usual, Tij = zi
@

@zj
� zj

@

@zi
, T ij = zi

@

@zj
� zj

@

@zi
, are tangential deriva-

tives.

Here and elsewhere constants are denoted by C which may indicate a di�erent
constant from one occurrence to the next.

Lemma 2.2. If s > 1, thenZ 1

0

dt

j1� t hz; wi js
�

C

j1� hz; wi js�1
; z; w 2 B:

Lemma 2.3. [9, p. 17] If � > 0, thenZ
S

d�(�)

j1� h�; zi jn+�
= O

�
1

(1� jzj)�

�
; z 2 B:

It is easy to see that jerf(z)j = Qf(z). Hence, Ds
p = Bsp, for all 0 < p < 1

and s 2 R.

From the inequality Qf(z) � (1�jzj2)jrf(z)j (see [4, p. 221]) it follows that
(ii) =) (iii).

(iii) =) (iv) It is easy to see that if (iii) holds thenZ
B

(1� jzj2)s+p
��� @f
@zj

(z)
���pd�(z) <1; 1 � j � n;

Z
B

(1� jzj2)s+p
��� @f
@zj

(z)
���pd�(z) <1; 1 � j � n;



38 Miroljub Jevti�c

which in turn implies thatZ
B

(1� jzj2)s+pjRf(z)jpd�(z) <1

Z
B

(1� jzj2)s+pjRf(z)jpd�(z) <1:

Thus, (iii) =) (iv).

(iv) =) (i) Assume now thatZ
B

(1� jzj2)s+p(jRf(z)j+ jRf(z)j)pd�(z) <1:

It is easy to check that jzj2jDf(z)j2 = jRf(z)j2 +
P

i<j jTijf(z)j
2: Using this

and the equality

jerf(z)j2 = 2(j eDf(z)j2 + j eDf(z)j2)

= 2(1� jzj2)(jDf(z)j2 � jRf(z)j2 + jDf(z)j2 � jRf(z)j2)

(see [8]) we �nd that

jzj2jerf(z)j2 =
2(1� jzj2)

�
(1� jzj2)(jRf(z)j2 + jRf(z)j2) +

X
i<j

jTijf(z)j
2 +

X
i<j

jTijf(z)j
2

�
:

Hence, to show that f 2 Ds
p it is suÆcient to show thatZ

B

(1� jzj2)s+p=2
�
jTijf(z)j

p + jTijf(z)j
p
�
d�(z) <1; 1 � i < j � n:

Integration by parts shows that

f(z) =

Z 1

0

�
Rf(tz) +Rf(tz) + f(tz)

�
dt:

From this we conclude that it is suÆcient to prove thatZ
B

(1� jzj2)s+p=2
�Z 1

0

jTiju(tz)jdt

�p

d�(z) <1; 1 � i < j � n;

where u is Rf or Rf or Rf or Rf or f .

We will show that, for �xed 1 � i < j � n,

I =

Z
B

(1� jzj2)s+p=2
�Z 1

0

jTijRf(tz)jdt

�p

d�(z) <1:

The remaining cases may be treated analogously.
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Using Lemma 2.1, Fubini's theorem and Lemma 2.2 we �nd that for any a > 0Z 1

0

jTijRf(tz)jdt � C

Z 1

0

�Z
Er(tz)

jRf(w)j(1� jwj2)a

j1� t hz; wi jn+a+3=2
d�(w)

�
dt

� C

Z 1

0

�Z
B

jRf(w)j(1� jwj2)ad�(w)

j1� t hz; wi jn+a+3=2

�
dt

= C

Z
B

jRf(w)j(1� jwj2)a
�Z 1

0

dt

j1� t hz; wi jn+a+3=2

�
d�(w)

� C

Z
B

jRf(w)j(1� jwj2)a

j1� hz; wi jn+a+1=2
d�(w):

Assume now 1 < p < 1. Applying the continuous form of Minkowski's
inequality we obtain

(2.1)

I �C

Z 1

0

(1� r)s+p=2�n�1

�

�Z 1

0

�Z
S

�Z
S

jRf(��)j(1� �)ad�(�)

j1� hr�; ��i jn+a+1=2

�p

d�(�)

�1=p

d�

�p

dr:

By H�older's inequality

(2.2)

Z
S

jRf(��)jd�(�)

j1� hr�; ��i jn+a+1=2

�

�Z
S

jRf(��)jpd�(�)

j1� hr�; ��i jn+a+1=2

�1=p�Z
S

d�(�)

j1� hr�; ��i jn+a+1=2

�1=p0

�
C

(1� r�)(a+1=2)=p0

�Z
S

jRf(��)jpd�(�)

j1� hr�; ��i jn+a+1=2

�1=p

; by Lemma 2.3.

(Here 1=p+ 1=p0 = 1).

Now we substitute (2.2) into (2.1) and use Fubini's theorem and Lemma 2.3
to get

(2.3)

I � C

Z 1

0

(1� r)s+p=2�n�1
�Z 1

0

(1� �)a

(1� r�)(a+1=2)=p0

�

�Z
S

�Z
S

jRf(��)jpd�(�)

j1� hr�; ��i jn+a+1=2

�
d�(�)

�1=p

d�

�p

dr

= C

Z 1

0

(1� r)s+p=2�n�1
�Z 1

0

(1� �)a

(1� r�)(a+1=2)=p0

�

�Z
S

jRf(��)jpd�(�)

Z
S

d�(�)

j1� hr�; ��i jn+a+1=2

�1=p

d�

�p

dr

� C

Z 1

0

(1� r)s+p=2�n�1
�Z 1

0

(1� �)a

(1� r�)a+1=2

�

�Z
S

jRf(��)jpd�(�)

�1=p

d�

�p

dr:
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A simple observation shows that it is possible to select positive parameters
a; t1; t2; t3; t4 such that

(i) a = t1 + t2 = t3 + t4,

(ii)
1

p0
< t3 � t1 <

s

p
+

3

2
�

n+ 1

p
, (iii) t2 > 1 +

s

p
�

n+ 1

p
.

Note that here again we used the assumption that s > n� p=2.

Applying H�older's inequality on (2.3) and Lemma 2.3 we obtain

I � C

Z 1

0

(1� r)s+p=2�n�1
��Z 1

0

(1� �)t1p
0

d�

(1� r�)t3p0

�p=p0

�

�Z 1

0

(1� �)t2p

(1� r�)(t4+1=2)p

�Z
S

jRf(��)jpd�(�)

�
d�

��
dr

� C

Z 1

0

(1� r)s+3p=2�n�2+(t1�t3)p
�Z 1

0

(1� �)t2p

(1� r�)(t4+1=2)p

�

�Z
S

jRf(��)jpd�(�)

�
d�

�
dr

= C

Z 1

0

�
(1� �)t2p

�Z
S

jRf(��)jpd�(�)

��Z 1

0

(1� r)s+3p=2�n�2+(t1�t3)pdr

(1� r�)(t4+1=2)p

��
d�

� C

Z
B

(1� jzj2)s+pjRf(z)jpd�(z) <1:

If p = 1, then

I �C

Z
B

(1� jzj2)s+1=2
�Z

B

jRf(w)j(1� jwj2)ad�(w)

j1� hz; wi jn+a+1=2

�
d�(z)

�C

Z 1

0

(1� r)s+1=2�n�1
�Z 1

0

(1� �)a
�Z

S

jRf(��)jd�(�)

�

�

�Z
S

d�(�)

j1� hr�; ��i jn+a+1=2

�
d�

�
dr

�C

Z 1

0

(1� r)s�n�1=2
�Z 1

0

(1� �)a

(1� r�)a+1=2

�Z
S

jRf(��)jd�(�)

�
d�

�
dr

=C

Z 1

0

(1� �)a
�Z

S

jRf(��)jd�(�)

��Z 1

0

(1� r)s�n�1=2

(1� r�)a+1=2
dr

�
d�

�C

Z
B

(1� jwj2)s�njRf(w)jd�(w) <1:

(We may assume that a > maxfs� n; 0g.)

For the case 0 < p < 1 the following lemma will be needed.

Lemma 2.4. Let 0 < r < 1 and 0 < p <1. There is a constant C such that

if f 2 M then

(i)
jRf(w)jp

j1� hz; wi jp
� C

Z
Er(w)

jRf(�)jp

j1� hz; �i jp
d�(�); z; w 2 B
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(ii)

�
jRf(w)j

j1� hz; wi j

�p

� C

Z
Er(w)

�
jRf(�)j

j1� hz; �i j

�p

d�(�); z; w 2 B

Note that the constant C is independent of z and w.

We will prove (i). The proof of (ii) is similar. By the formula (1.3) in [1]

Rf(w) =

Z
S

Rf('w(��))d�(�)

1� h��; wi
; w 2 B; 0 < � < 1:

Multiplying this equality by 2n�2n�1(1��2)�n�1h(�)d�, where h is a radial function
which belongs to C1(B) with compact support in B such that

R
B h(z)d�(z) = 1,

then integrating from 0 to 1 and using the invariance of the measure �, we get

Rf(w) =

Z
B

h('w(z))
Rf(z)

1� h'w(z); wi
d�(z) =

Z
B

h('w(z))
1� hz; wi

1� jwj2
Rf(z)d�(z)

by Theorem 2.2.5 [9, p. 28]. By a suitable choice of a function h we obtain

jRf(w)j � C

Z
Er(w)

jRf(�)jd�(�); w 2 B; for some 0 < r < 1:

Since j1� hz; wi j ' j1� hz; �i j, if � 2 Er(w), we have

jRf(w)j

j1� hz; wi j
� C

Z
Er(w)

jRf(�)j

j1� hz; �i j
d�(�);

and consequently,�
jRf(w)j

j1� hz; wi j

�p

� C

Z
Er(w)

�
jRf(�)j

j1� hz; �i j

�p

d�(�); z; w 2 B

(see [8]).

To �nish the proof of Theorem 1.4 assume that 0 < p < 1. Applying Theorem
3.2 (iii) [3] to the function

F (w) =

�
jRf(w)j

j1� hz; wi ja+n+1=2

�p=2

; w 2 B (z 2 B - �xed)

and replacing p, r, k, q by 2, 2=p, 2=p, p(a + n + 1) � n respectively and using
Lemma 2.4 we �nd that�Z

B

jRf(w)j(1� jwj2)ad�(w)

j1� hz; wi ja+n+1=2

�p

� C

Z
B

jRf(w)jp(1� jwj2)p(a+n+1)�n�1d�(w)

j1� hz; wi jp(a+n+1=2)
:

Thus, assuming that a > s=p� n,

I � C

Z
B

(1� jzj2)s+p=2
�Z

B

jRf(w)jp(1� jwj2)p(a+n�1)�n�1d�(w)

j1� hz; wi jp(a+n+1=2)

�
d�(z)

= C

Z
B

jRf(w)jp(1� jwj2)p(a+n+1)�n�1
�Z

B

(1� jzj2)s+p=2�n�1d�(z)

j1� hz; wi jp(a+n+1=2)

�
d�(w)

� C

Z
B

(1� jwj2)p+sjRf(w)jpd�(w) <1:
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This �nishes the proof of Theorem 1.4.
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