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ON THE CONVERGENCE OF A MULTICOMPONENT
ALTERNATING DIRECTION DIFFERENCE SCHEME

Bosko Jovanovié
Communicated by Gradimir Milovanovié

Abstract. We consider a multicomponent finite-difference scheme (FDS) for solving the
heat conduction equation with several variables. Some convergence rate estimates consistent with
the smoothness of data are obtained.

We consider the first initial-boundary value problem (IBVP) for the heat
conduction equation

Wmdutf,  @HEQ=2x(0,7)=0,1)" % (0,7),
u(z, 0) =ug(z), @€, (1)
u(z, t) =0, rel=0R, te(0,T).

We assume that the generalized solution of IBVP (1) belongs to the anisotropic
Sobolev space W3"*/2(Q), s > 1 [1]. In this case there exist a trace ul,_, €
W3 1(02) C Ly(2) . We also assume that the solution u can be oddly extended in
space variables outside the domain (2, preserving the Sobolev class.

Let @ be a uniform mesh in 2 with the step size h. Let us set w = TN, v =
O\w and w; = wU{x = (1, ..., 7,) € v| x; = 0}. Let 6 be a uniform mesh
on [0, T] with the step size 7, # =8N (0, T), 8~ = U {0} and 87 = U {T}.
Finally, let Q,,, = © x 0. For a function v defined on the mesh @, we introduce
the finite—difference operators v, , vz, , v+ and v; in a usual manner [2]. Let us
denote v =wv(z, t) and o =v(z, t + 7).

Let Hy, be the set of discrete functions defined on the mesh w, which vanish
on 7. Let us denote

—Vpz,, TEW -~
Aw :{ o and Ao =) Aw.
0, TEYy =
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We introduce the following discrete inner product

(v, w), =h" Z v(z) w(x)

TEWw
and norms

olle = 0, 0)7 = (0 Y 0?@) " and olle, = (103 @)

rTEW TEW;

1/2

A; and A are linear, selfadjoint, commutative and positive operators on Hy. There-
fore, the ”energy” norms

[0lla; = (A, 0)/* = lJve, |

, and ||| -1 = (A; v, v)1/2

i

can be defined.

With T; and TtJr we denote the Steklov averaging operators in space variables
x; and time variable ¢ (see [3])

1 xi+h/2
Tif(:n,t):—/ flxe, ..., 2}, ..., oy, t)da) |
h :ti—h/Q
t+7
Tt+f(m7 t) = ; f(xla <o Tn, tl) dt’ .

t

Finally, C will stand for a generic positive constant, independent of h and 7.

We approximate IBVP (1) with the following alternating direction finite—
difference scheme (see [4], [5])

(I—l—UTAi)vf-{—ZAjvj:fETf---TT%ij, teo, )
j=1

i _ 2 2 -
U|t:0—T1---Tnu0, 1=1,2,...,n

where o is a free weight parameter and Iv = v. FDS (2) represents a system of
n unknown mesh functions v?. They can be determined paralelly, contrary to the
other variants of the alternating direction method, such as the factorized scheme

(I+ot)--(T+ormA)v+ Av=f.

The errors defined as 2zt = T2 -T2 u — v’ satisfy the FDS

(I—l—UTAi)zf-i—ZAjzj:(pi, tedg—,
=1 (3)

i _ _
2 =0, i=1,2,...,n
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where
¢ =+ Ax, X =o7T} - Tug,
0= Z A, = H T? | (T?u—T;fu).
j=1 I#]

To prove the stability and the convergence of the FDS (2) we represent the
equation (3) in the matrix form (see also [6])

I+o07AN)z:+EAz=0, ted™; z|,_,=0, (4)
where z = (2%, ..., 2", & = (o', ..., o), I = diag(l,...,I), A =
diag (A, ..., 4,) and

1 ... 1
1 ... 1
E=1. . . .
I 1 ... 1

Let us also define the inner product and norms of vector—functions

n

(zw) =Y (L w)e, = (22", |zl = (Az, 2)"/>.

i=1
Applying operator A to (4) we obtain a FDS in canonical form (see [2])
Bz;+Az=17, (5)

where A=AEA=A*">0, B=A+07A2=B*>01i ¥ =A®. The FDS (5)
is stable for
B-057A>0.

For o > n/2 we have

(B-057A)z,2z) =(Az,2)+07(Az, Az) —0.57(EAz, Az)

= Xn:(/lz 2t zi)w + aTXn:(Ai 2t A zi)w — 057 H 2”: A 2t
i=1 i=1 i=1

2
w

n

n n i—1
=D NG + 70 —n/2) Y A2+ 057> > |lAizt — A5 272
i=1 =1

=2 j=1
n
>3+
i=1

A=zl

which means that
B-057A>A>0,

and, consequently, FDS (5) is stable.
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Using energy method, multiplying (5) by 27z;, we obtain the a priory esti-

mate
max ||z][3 +7 Y llzll3 <C7 > 123,
teft
teo— tef—

where ||z||% = (A z, z), or, in expanded form

n n n
213 = gelgfllzflﬂ’lli +y my ez, <C Y 7y e
i=1

=1  teh- =1 tefh-

A ©

Others standard a priori estimates (see [2]) do not hold because the operators A
and B do not commute.

Further

i
||(P | Wi + ||Xﬂhfzwz

wi *

n
A; S Z ||n;]f]wl
j=1
The value of niﬂm in the node (z, t) € w; x @~ is a bounded linear functional of
u € W;’S/Q (e), where e =[], (z; —2h, z;+2h) X (t, t+7) and s > 1. Moreover,
n;ﬂjm vanishes on the functions of the form u = 2" -+ z% % a; + ... +a, +

23 < 4. Using the Bramble-Hilbert lemma, in the same manner as in [3], for
T ~ h?%, we obtain

j —4—n/2
172,200 < Ch? n/ |u|W;,s/2(e), 3<s<5.
From here, by summation over the mesh, follows
J 1/2 s—3
(T el ) OB ey, 3<s<5.

teo—
In the same manner we can estimate xg,z;z; - From these estimates and the in-
equality (6) follows

llzlls < C b Jlull ys.er2 3<s<5. (7)

(@7

Remark. In same cases the assumption 7 ~ h? can be omited. For example,
using representations

; - L[ [ Qu(x, t)
J_ T2\ = 0 L dq at!

’ (zl;[Tl2) Ttﬁ/;j /:j(a:; —x;)(l_ L;W)X
! ’ j

’
2
8u(w1,--- L “.’mn’t)dl‘lldl"

x x> I
j
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we directly obtain

h+T
<OZ 2l

From here, similarly as in a previous case, follows

J
|nz]‘ijmi ) |X$ifi$i

llzlls < C (B +7) l[ull 3,572 ) -

Another group of convergence rate estimates can be obtained in the following
way. Applying A; (I +o74;)"t to (3), after summation on i we obtain

2z + Az =, tef ; 2zl =0, (8)
where
p=ATTY A, A=Y A=) M(T+orA)T, =AY Al
i=1 i=1 i=1 i=1

For 0 >n/[2(1—a)], 0<a <1, wehave 0<al <IT-057A<I, so
the FDS (8) is absolutelly stable.

The operators A and A satisfy the relations A < A and A™' < A™'. In the
case when 7 ~ h? we also have B84; < A;, BA< A, 0 < B < 1. Using these
relations, the energy method [2] and the Fourier expansion in ¢ (see [7]) we obtain
the a priory estimates

Z+ 22 _
le3 = <Cr Y AR, (9)
2
teo— ¢ teo-
2422 z2(-,t)—z(-,t") 2
BT Pl Lasd R S
tef+ 2 lia - t—t
tep— t,t' €0, t£t’ 110)
<0r Y Wl
teg—

2 _ 2 A2 +z)2 2 <o 2
12> = max l2[[3 + 7 > 5 || tT Dozl <o D Il
teo- Y teo- teo-

(11)
Further
n .
1A < S 7l + nlIx (12)
j=1
n .
lar <30 (s + I sy ) (13)
j=1

NgERL

Wl <

J

(12, o + 111 ) - (14)
1
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In such a way, the problem of deriving the convergence rate estimate for FDS (8),
or (2), is now reduced to estimation of 77, x, nﬁ;j y Xaj o Uijjj and Xg,z; . Using
the Bramble—Hilbert lemma, in the same manner as in the previous case, from
(9-14) we obtain

lzllo < C 1 llullys. 2 g 1<s<2, (15)
lelh < OB Mlullyrorzgy . 1<s<3, (16)
lells € O 2 lullyysorn gy, 2<5 <4 (17)

The convergence rate estimates (7), (15-17) are consistent with the smoothnes
of data. In such a way, results for standard FDSs for parabolic problems with

solutions in the Sobolev classes W, o2 (see [3], [7]) are extended to the new class of
multicomponent alternating direction difference schemes. In [4], [5] the convergence
of these schemes is proved for the problems with smooth solutions (u € C2*-*).
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