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ON THE CONVERGENCE OF A MULTICOMPONENT

ALTERNATING DIRECTION DIFFERENCE SCHEME

Bo�sko Jovanovi�c

Communicated by Gradimir Milovanovi�c

Abstract. We consider a multicomponent �nite{di�erence scheme (FDS) for solving the
heat conduction equation with several variables. Some convergence rate estimates consistent with
the smoothness of data are obtained.

We consider the �rst initial{boundary value problem (IBVP) for the heat
conduction equation

@u

@t
= �u+ f ; (x; t) 2 Q = 
 � (0; T ) = (0; 1)n � (0; T ) ;

u(x; 0) = u0(x) ; x 2 
 ;

u(x; t) = 0; x 2 � = @
 ; t 2 (0; T ) :

(1)

We assume that the generalized solution of IBVP (1) belongs to the anisotropic

Sobolev space W
s; s=2
2 (Q) ; s � 1 [1]. In this case there exist a trace ujt=t0 2

W s�1
2 (
) � L2(
) . We also assume that the solution u can be oddly extended in

space variables outside the domain 
, preserving the Sobolev class.

Let ! be a uniform mesh in 
 with the step size h. Let us set ! = !\
 ; 
 =
! n ! and !i = ! [ fx = (x1; . . . ; xn) 2 
 j xi = 0g . Let � be a uniform mesh
on [0; T ] with the step size � , � = � \ (0; T ) ; �� = � [ f0g and �+ = � [ fTg .
Finally, let Qh� = ! � � . For a function v de�ned on the mesh Qh� we introduce
the �nite{di�erence operators vxi ; v�xi ; vt and v�t in a usual manner [2]. Let us
denote v = v(x; t) and v̂ = v(x; t+ �) .

Let Hh be the set of discrete functions de�ned on the mesh !, which vanish
on 
. Let us denote

�iv =

� �vxi�xi ; x 2 !
0 ; x 2 
 and �v =

nX
i=1

�iv :
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We introduce the following discrete inner product

(v; w)! = hn
X
x2!

v(x)w(x)

and norms

kvk! = (v; v)1=2! =
�
hn
X
x2!

v2(x)
�1=2

and kvk!i =
�
hn
X
x2!i

v2(x)
�1=2

:

�i and � are linear, selfadjoint, commutative and positive operators onHh. There-
fore, the "energy" norms

kvk�i = (�iv; v)
1=2
! = kvxik!i and kvk��1i

= (��1i v; v)1=2!

can be de�ned.

With Ti and T
+
t we denote the Steklov averaging operators in space variables

xi and time variable t (see [3])

Tif(x; t) =
1

h

Z xi+h=2

xi�h=2

f(x1; . . . ; x
0
i; . . . ; xn; t) dx

0
i ;

T+
t f(x; t) =

1

�

Z t+�

t

f(x1; . . . ; xn; t
0) dt0 :

Finally, C will stand for a generic positive constant, independent of h and � .

We approximate IBVP (1) with the following alternating direction �nite{
di�erence scheme (see [4], [5])

(I + �� �i) v
i
t +

nX
j=1

�jv
j = ef � T 2

1 � � �T 2
nT

+
t f ; t 2 �� ;

vi
��
t=0

= T 2
1 � � �T 2

nu0 ; i = 1; 2; . . . ; n

(2)

where � is a free weight parameter and Iv � v . FDS (2) represents a system of
n unknown mesh functions vi. They can be determined paralelly, contrary to the
other variants of the alternating direction method, such as the factorized scheme

(I + �� �1) � � � (I + �� �n) vt + �v = f :

The errors de�ned as zi = T 2
1 � � �T 2

n u� vi satisfy the FDS

(I + �� �i) z
i
t +

nX
j=1

�jz
j = 'i ; t 2 �� ;

zi jt=0 = 0 ; i = 1; 2; . . . ; n

(3)
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where

'i = '+ ��; � = ��T 2
1 � � �T 2

nut;

' =

nX
j=1

�j�
j ; �j =

0
@Y

l6=j

T 2
l

1
A�T 2

j u� T+
t u
�
:

To prove the stability and the convergence of the FDS (2) we represent the
equation (3) in the matrix form (see also [6])

(I+ � � �) zt +E�z = � ; t 2 �� ; zjt=0 = 0 ; (4)

where z = (z1; . . . ; zn)T ; � = ('1; . . . ; 'n)T ; I = diag (I; . . . ; I) ; � =
diag (�1; . . . ; �n) and

E =

0
BB@
I I . . . I
I I . . . I
...

...
. . .

...
I I . . . I

1
CCA :

Let us also de�ne the inner product and norms of vector{functions

(z; w) =

nX
i=1

(zi; wi)! ; kzk = (z; z)1=2 ; kzk� = (�z; z)1=2 :

Applying operator � to (4) we obtain a FDS in canonical form (see [2])

Bzt +Az = 	 ; (5)

where A = �E� = A� � 0 ; B = �+ � � �2 = B� > 0 i 	 = �� . The FDS (5)
is stable for

B� 0:5 � A > 0 :

For � � n=2 we have�
(B� 0:5 � A) z; z

�
= (� z; z) + � � (� z; � z)� 0:5 � (E� z; � z)

=

nX
i=1

(�i z
i; zi)! + � �

nX
i=1

(�i z
i; �i z

i)! � 0:5 �



 nX
i=1

�i z
i



2
!

=

nX
i=1

kzik2�i
+ � (� � n=2)

nX
i=1

k�izik2! + 0:5 �

nX
i=2

i�1X
j=1

k�i zi � �j z
jk2!

�
nX
i=1

kzik2�i
= kzk2� ;

which means that
B� 0:5 � A � � > 0 ;

and, consequently, FDS (5) is stable.
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Using energy method, multiplying (5) by 2 � zt , we obtain the a priory esti-
mate

max
t2�+

kzk2A + �
X
t2��

kztk2� � C �
X
t2��

k�k2� ;

where kzk2
A
= (Az; z) , or, in expanded form

kzk23 � max
t2�+

k
nX
i=1

�iz
ik2! +

nX
i=1

�
X
t2��

kzitk2�i
� C

nX
i=1

�
X
t2��

k'ik2�i
: (6)

Others standard a priori estimates (see [2]) do not hold because the operators A
and B do not commute.

Further

k'ik�i �
nX

j=1

k�jxj �xjxik!i + k�xi�xixik!i :

The value of �jxj �xjxi in the node (x; t) 2 !i� �� is a bounded linear functional of

u 2 W s; s=2
2 (e) , where e =

Qn
l=1(xl�2h; xl+2h)� (t; t+�) and s � 1 . Moreover,

�jxj �xjxi vanishes on the functions of the form u = x�11 � � � x�n
n t� , �1+ . . . +�n+

2� � 4 . Using the Bramble{Hilbert lemma, in the same manner as in [3], for
� � h2 , we obtain

j�jxj �xjxi j � C hs�4�n=2 juj
W

s; s=2
2

(e)
; 3 � s � 5 :

From here, by summation over the mesh, followsn
�
X
t2��

k�jxj �xjxik!i
o1=2

� C hs�3 kuk
W

s; s=2
2

(Q)
; 3 � s � 5 :

In the same manner we can estimate �xi�xixi . From these estimates and the in-
equality (6) follows

kzk3 � C hs�3 kuk
W

s; s=2
2

(Q)
; 3 � s � 5 : (7)

Remark. In same cases the assumption � � h2 can be omited. For example,
using representations

�j =
� nY
l=1

T 2
l

�1
�

Z t+�

t

Z t

t0

@u(x; t00)

@t
dt00 dt0

+
�Y
l6=j

T 2
l

�
T+
t

1

h

Z xj+h

xj�h

Z xj

x0j

(x00j � x0j)
�
1� jx0j � xj j

h

�
�

� @2u(x1; . . . ; x
00
j ; . . . ; xn; t)

@x2j
dx00j dx

0
j ;

� = � �
� nY
l=1

T 2
l

�
T+
t

@u

@t
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we directly obtain

j�jxj �xjxi j ; j�xi�xixi j � C
h2 + �p
hn �

kuk
W

5; 5=2
2

(e)
:

From here, similarly as in a previous case, follows

kzk3 � C (h2 + �) kuk
W

5; 5=2
2

(Q)
:

Another group of convergence rate estimates can be obtained in the following
way. Applying �i (I + ���i)

�1 to (3), after summation on i we obtain

zt +Az =  ; t 2 �� ; zjt=0 = 0 ; (8)

where

z = ��1
nX
i=1

�iz
i ; A =

nX
i=1

Ai =

nX
i=1

�i(I + �� �i)
�1 ;  = ��1

nX
i=1

Ai'
i :

For � � n=[2 (1� �)] ; 0 < � < 1 ; we have 0 < �I � I � 0:5 � A � I ; so
the FDS (8) is absolutelly stable.

The operators A and � satisfy the relations A � � and ��1 � A�1 . In the
case when � � h2 we also have � �i � Ai ; � � � A ; 0 < � < 1 . Using these
relations, the energy method [2] and the Fourier expansion in t (see [7]) we obtain
the a priory estimates

kzk20 � �
X
t2��




 ẑ + z

2




2
!
� C �

X
t2��

k��1 k2! ; (9)

kzk21 � max
t2�+

kzk2! + �
X
t2��




 ẑ + z

2




2
�
+ �2

X
t;t02�; t6=t0




z( � ; t)� z( � ; t0)
t� t0




2
!
(10)

� C �
X
t2��

k k2��1 ;

kzk22 � max
t2�+

kzk2� + �
X
t2��




�ẑ + z

2




2
!
+ �

X
t2��

kztk2! � C �
X
t2��

k k2! :
(11)

Further

k��1 k! �
nX

j=1

k�jk! + n k�k! ; (12)

k k��1 �
nX

j=1

�
k�jxjk!j + k�xjk!j

�
; (13)

k k! �
nX

j=1

�
k�jxj �xjk! + k�xj �xjk!

�
: (14)
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In such a way, the problem of deriving the convergence rate estimate for FDS (8),

or (2), is now reduced to estimation of �j ; � ; �jxj ; �xj ; �
j
xj �xj and �xj �xj . Using

the Bramble{Hilbert lemma, in the same manner as in the previous case, from
(9{14) we obtain

kzk0 � C hs kuk
W

s; s=2
2

(Q)
; 1 � s � 2 ; (15)

kzk1 � C hs�1 kuk
W

s; s=2
2

(Q)
; 1 � s � 3 ; (16)

kzk2 � C hs�2 kuk
W

s; s=2
2

(Q)
; 2 � s � 4 : (17)

The convergence rate estimates (7), (15{17) are consistent with the smoothnes
of data. In such a way, results for standard FDSs for parabolic problems with

solutions in the Sobolev classesW
s; s=2
2 (see [3], [7]) are extended to the new class of

multicomponent alternating direction di�erence schemes. In [4], [5] the convergence
of these schemes is proved for the problems with smooth solutions (u 2 C2k; k).
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