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Abstract. We study almost para-contact Finsler connections on the total space of a
vector bundle. In a vector bundle of Finsler space we define a Finsler connection compatible with
almost para-contact Finsler structure (J,n,£) if horizontal and vertical derivatives of all the three
elements vanish. We give the family of all Finsler connections compatible with (J,7,¢) and some
interesting special cases.

1. Introduction. Let EM = (E,w, M) be a vector bundle with the (n+m)-
dimensional total space E, n-dimensional base space M and the projection map =,
such that m: E — M, u € E — w(u) = x € M, where u = (z,y) and y = 7~ (x) is
the fibre of EM over . We denote by E? the local fibre of the vertical bundle V E
at u € E and by N,, the complementary space of E; in the tangent space E, at u
to the total space F.

We have
E,=N,8E,. (L.1)
A nonlinear connection on F is a differentiable distribution N:u € E — N, C
E,, with the property (1.1).
We denote by (x%,y%) the canonical coordinates of the point u € E. The

transformation of canonical coordinates (z,y) — (z',y’) of a point of E are given
by
z" ::ri’(:rl,... ,z"), y“l =Li(xt,..., 2™yt
det(Ly) # 0; 1=1,2,...n; a=1,2,...m
Let {0/0x%, 0/0y*}, {dzt, dy®} be dual natural basis and {§/dx%,0/0y*},
{dx?, 5y} the adapted dual basis on E. These bases are related by the coefficients
of nonlinear connections as follows

§/6x' = 0/dx' — N9 /oy", 6y® = dy® + Nfdx' (1.2)

AMS Subject Classification (1991): Primary 53 B 40



96 Archana Roy, S.K. Singh

For every vector field X on E there exists the unique decomposition X = X + X?;
XH ¢ N,, X! € E,, u € E, where X is called the horizontal part and X" is
called the vertical part of X.

A linear connection V on E is a Finsler connection if and only if it determines
a unique decomposition

Vxy=Viy+V%y, VX, yecX(E)

where X' (F) is F(E)-module of the vector fields on E.

The coefficients of Finsler connection V in adapted frames are denoted by
FT = (N,F,F,C,C) and are given by (1.2) and
172173

vgézké/ém] = {szk(xvy)é/&xla vdf‘f/dzka/ayb = g“bk(m,y)a/ay“,

Vo /08 = O w,)3/60', Vh,0/04" = ¢ "ol )0/ 0y",

where F(= F'jr(z,y)) and F(= F“u(z,y)) are called the coefficients of h-
1 i 2 2
connection V¥ and C(= € %j.(z,y)) and C(= C “pe(, y)) are called the coefficients
1 1 2 2
of v-connection V.

For a tensor field K, for instance of type (1.1) on E, there are four Finsler

1 0 0 1 1 0 0 1 .
tensor fields of types L 0}, L 0}, {0 1], [0 1]. Their components are

denoted by K¢;, K%, K',, K%; h- and v-covariant derivatives are given by
Ky = 6K /2% + Flpp K" — F' K,
Kij”a = 8Kij/8y“ + CihaKhj — ChjaKih,

etc.

tions on FE, then a unique system of Finsler tensor fields (A“i,?ijk,gabk,lljijc,

D %pc) is determined such that
2

—5a
N ;=N — A%,
_Z . _i . .
F'n:F"n_Bl‘ (o :Cl. _Dl.
Dk = 2k Bk { de = G ge ™ e (1.3)
—-—a —a
F o = F%%k— B "ok, Cpe =C"e — D e
2 2 3 2 3

Conversely, given the Finsler connection FTI' = (N,F,F,C,C) and a system
1727172
(A, B, B, D, D) of Finsler tensor fields, the connection FT given by (1.3) is a Finsler
17277772

connection on F.
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2. Almost para-contact Finsler connection on vector bundle

Definition 2.1. An almost para-contact structure on F is defined by the triple
(J;n,€) where

J =T (x,y)0/0x" @ da? + J%(x,y)0/0y" @ y°,
n=mda’ + 0.0y €= E5/6x +€°0/0y",
satisfying the following conditions
T b= ok =gt TG =0, Jmi=0
J I =6 — M€ JE" =0, Jna =0
where det(.J¢;) # 0 and det(J%) # 0.

We now associate to the almost para-contact Finsler structure, the following
Finsler tensor fields, called Obata operators [3]

(2.1)

¢ ’fcl = ((5ik6jl + Jiijl)/2, ¢ lfcl = (5ik5jl - Jiijl)/2,

2.2
?H/gd — (6ab6cd + JabJCd)/2, f@gd — (6ab6cd _ JabJCd)/2, ( )
Ql?cl = (Me&'07; + 0" km& — &l /2,
2% = (€% + 6% pmak” — Mo nak®) /2
with properties
o+ =1xI,
G2 1 =01 P2 =Q/2=¢2- Q=Q-P2=01 - Q=Qd1 =Q-Q
1 101 11 11
(¢2—Q)‘(¢1+g2) =(¢1+9)‘(¢2—S}) =0
Y+ =1IR1,
Yo th1 =1 P2 =Q/2=t02- Q=QV2 =91 - Q=QUY1 =Q-Q
2 2 2 22 2 2
(¢2—f22)‘(1/11+gl) =(¢1+gl)'(¢2—§22):0
LEmMMA 2.1. [3] A system of tensor equations
(1 +Q)-X=A4 (P +Q)- X =A4
! _ 2 _ (2.3)
[resp. (g2 — (12) - X = 4] [resp. (¢ — (22) - X = A]
with X as unknowns, has solutions if and only if
(p2—Q)-A=0 (s —Q)-A=0
L 2 (2.4)
[resp. (¢1 + (12) -A =0 [resp. (¢1 + (22) - A =0
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If the conditions (2.4) hold, then the general solution of the system (2.3) is
X:A+(¢2—§12)‘Y X:A+(¢2—(2))-Y
[resp. X:A+(¢1+(12)-Y] [resp. X:A+(z/;1+§2))-Y]

where Y is an arbitrary Finsler tensor field of the same type as X.

Definition 2.2. A Finsler connection V on E is called almost para-contact
Finsler connection or connection compatible with almost para-contact Finsler struc-
ture (J, 7, &) if and only if

=0, Ji, =0, Jj

jlle

:0, ‘]I?HCZO’

(2.5)
Nik =0, Mot =0, Nap =0, nyp =0

Remark. From (2.1) and (2.5), it follows that
Er=0, &p=0, &=0 &=0 (2.6)
From (2.2), (2.5) and (2.6) it follows

THEOREM 2.1. For any almost para-contact Finsler connection on E, the
operators ¢, ¢, P, ¥, Q and Q are h- and v-covariant constants.
121 2 1 2

The family of all almost para-contact Finsler connections on the total space
of vector bundle can be determined by a well known method [2] based on Lemma
2.1.

In the following the nonlinear connection N is fixed. A Finsler connection
with fixed N will be denoted by FT'(N). Let (B, B, D, D) be the difference tensors
1727172

of the pair FT, FT). Then any FT(N) on E can be expressed as (1.3) with A%; =

Requiring FT(N) to be an almost para-contact Finsler connection, we obtain
for the Finsler tensor fields B, B, D, D the following expressions:
12 172

Bk = (T ™) /24 (1) /2 + (167 enm€’) /2 + (¢ Tng Q) Y
B ok = (T ") /2 4+ € (i + oo 11)/2 4 (70 + Q78) Y gt
D'je = (T'myed ™ )/2 + € (jlie + nimm€™ 1) /2 + (¢ i Q") 7 e
D% = (I e T0) /2 + € (e + g€ 1e) 12+ (7 + Q%) Z e
where )1/', }2/', % , g are arbitrary Finsler tensor fields.
Hence we have

THEOREM 2.

20 2. The general family of the almost para-contact Finsler con-
nection FT'(N) = (

2. The
}f',g,?,g) relative to the almost para-contact Finsler structure
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(J,1,€) on the total space E of vector bundle EM is given by
?ljk = llv'ijk - (ijJim|k)/2 - §i(77j|k + Wjﬂmﬁm\k)/Q - (1 rfnj + g}r;zj) ¥mrk:

ljabk = F % = (70T g11) /2 = € (g + 1009 &% 1) /2 — (1 Top Q7)Y gk,

?ZJ'C = qijc - (Jim\|cjmj)/2 - €i(nj\|c + njnmgm\lc)/2 - (1 m?cj + glmi]) ?kmc,

gabc = gabc — ("1 0) /2 = £ (Mo)jc + mmg€%)1e) /2 — (zfggb + gggb) gdgc:

where | (resp. ||) is the h- (resp. v-) covariant derivatives with respect to an arbitrary
initial Finsler connection FT'(N) on E andY, Y, Z, Z are arbitrary Finsler tensor
172717779

fields.
If we take Yijk =0=Y % = Zijc = Z %, then we have
1 2 1 2

THEOREM 2.3. If the initial connection is FT'(N), then the following Finsler
connection

Lk = {Wijk — (I3 T ) 12 = € g + njmm€™ 1) /2,
Yo = F ok — (ST g11) /2 = £ (Mogie + m6m9E% 1) /2,
2
2.7)
ch :?ljc_ ( ch )/2_ (n]||c+n]nm€m\|c)/27

“be = C e = (T e d?6) /2 = € (M)jc + momg€%)1c) /2,

s an almost para-contact Finsler connection

k ok ok
The Finsler connection KT'(N) = ( ,F,C’,C) given by (2.7) is the almost
2 2

1
para-contact connection on E derived from FT'(N). We may call it Kawaguchi
connection on E.

Next we find an interesting particular case, if we take Yijk =0=Y % =
1 2

Z'je = 7 “. and the initial condition FT'(N) as F?(N), where
1

cr

S E N

i i Ta — 9N, /oY TP o~ Ta
]k—lfgk, 127bk— k/OY", ?;c—C]c; gbc

);

I
w0
2

o>

Then the following Finsler connection Ff‘(N) = (Jg‘, Jg‘, Cq’,
17271

wQ.q

=
~.

— (I3 T ) — E g + 0imm €™ 1k) /2,

F = B = (00 ga) 2 = € (g + oo €° ) /2,
?q'ijc = ?m'ijc = (S e ™) /2 = E e + 1inmE™ 1) /2,
é‘“bc = ?abc — (S e ?6) /2 = € (m)jc + momg€%)1c) /2,
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is an almost para-contact Finsler connection, where | (resp. ||) is h- (resp. v-)
m q
covariant derivative with respect to F' T'(N) on E. The connection F T'(N) will be
m
called canonical almost para-contact Finsler connection derived from F T'(N) on E.
We can obtain interesting results as follows.
THEOREM 2.4. If the initial Finsler connection FT'(N) is an almost para-

contact Finsler connection, then the general family of the almost para-contact
Finsler connection FT'(N) is given by

= i ri ri m i mi mi k
Ifjk—lfjk_(l mj + 8 mj)11/ Tk Clie = ( K+ k])% mes

1 1

—i
T
e a a a c ik a a a d
oo =F"n — ('legcb_‘_ggcb)}; gks G be ¢ be — (Zlbgdb+glgdb)§ g
(2.8)
where Y, Y, Z and Z are arbitrary Finsler tensor fields.
17271 2

Equations (2.8) give the transformations of almost para-contact Finsler con-

0 =
nections having common nonlinear connection. Let t: FT(N) — F T'(INV) be a trans-
formation of this form; then we can obtain this transformation law by appropriate
changes in (2.8). Now we have

THEOREM 2.5. The set of the transformations t of the almost para-contact
Finsler connections obtained by appropriate changes of (2.8) is an abelian group,
relative to the product of mappings, which is isomorphic to the additive group of

Finsler tensor fields [(¢1 + Sll) )17, (1 + (22) 127, (p1 + gl) 15, (Yr + (22) 22]

3. A particular set of Finsler connections

Here we determine the family of Finsler connections FT'(N) with the property
KT(N) = FT'(N). So we consider the set F = {FT(N): K[(N) = FTI'(N)}. Let

(B, B, D, D) be the difference tensors of the pair (FT'(N), Ff‘(N)) Then
1212

i g i i L i
fjk— jk—l?jk, Qjc— jc_ll)jCa

F =
2

e ST ST

“ok =Bk,  C"be = C e — D %,
2 2 2
writing the h- and v-convariant derivatives of both J%; and J?%, with respect to

q
FT'(N). Noticing that FT'(N) is almost para-contact Finsler connection and pro-
ceeding in the same way as in [3], we get

THEOREM 3.1. All Finsler connections FT' from the set F are given by

117ijk =F'+2(E5) + ;& mm&™ e — (2 i Sllifnj) 11/mhk;

Wy ~he

g‘abk “oi + 2(E Meyk) + ME N2k — (2 e — Sga‘fw) 32’ ok
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) ) . ‘h ‘h
e +20E5)1e) i MmE™ e — (2 ‘mi — Slllmj) 1thc’

“pe 4 2(E Mpe) + ME NEY e — (2 “, = gafw) gdgc,

where Y, Y, Z, Z are arbitrary Finsler tensor fields.
172717 2
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