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ON THE ESTIMATES OF THE CONVERGENCE
RATE OF THE FINITE DIFFERENCE SCHEMES
FOR THE APPROXIMATION OF SOLUTIONS
OF HYPERBOLIC PROBLEMS, II part

Bosko Jovanovié

Abstract. Some new estimates of the convergence rate for hyperbolic initial-boundary
value problems are obtained using the interpolation theory of the function spaces.

1. Introduction

For the finite difference arproximation to the solution of vibrating string equa-
tion, in [1] fractional order convergence rate estimates are obtained, e.g.

- 2(5-
Zlle,wp,) <C R +m)3CV lugllwy,  1<s<4

(see also [4]). Here we show how the similar estimates in the other discrete norms

can be obtained.

In the sequel we use the notations introduced in [1]. When we quote a formula
from [1] we add roman I to the corresponding number, e.g. (I.3).

As the model problem we consider the first initial-boundary value problem
(IBVP) for the vibrating string equation, in the domain ¢ = (0,1) x (0,77 :
0*u/ot* = 8%u/0x?, (z,t) € Q,
(1) U(O,t) = u(]-:t) =0, te [Oat]v
u(z,0) = up(x), Ou(z,0)/0t =0, xz € (0,1).

In the sequel, we assume that wug(z) € W$(0,1), s > 0, and can be oddly
extended for z < 0 and z > 1, preserving the class.
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Let us note that the formula (I.3) holds for k¥ = 0. Indeed, let us multiply
the equation (1) by the function

w(w,t)Zw/ol/jU(n,t)dndﬁ—/Om/ogum,t)dndf,

satisfying the conditions

0%w
92z = —u(z,t), w(0,t) = w(1,t) = 0.
Integrating the obtained equation, after some simple transformations, we obtain:
0%w |2 9 N
ma; — + ||u ) = ||u
2% (|57 .+ W) = ol
and
(2) lulle(ra) < lluollz, -

Let @y, be a uniform mesh on [0, 1] with the step—size h, and @, — a uniform
mesh on [—7/2,T] with the step—size 7. In addition to the norms defined in [1], let
us set:

Wil = {0 3 [12 30 3 v -0 3 o)}

TEW, {EwWn nﬂeéugh nnESw;
1/2
vllwz, = (I0IF +1lwalli + llvazlli) 5 Iolle,we,) = max (-5 Dllwz, »
wr
[ollen (2o = max [[o(, Do s (0l e =7 D 0Dl -
Ewr tEwr

Finally, let C' be the positive generic constant, independent of h and 7.

2. Estimates in the second order norm

Let us aproximate the IBVP (1) with the standard symmetric weighted finite—
difference scheme (FDS) [2]

(3) vg=[o0+ (1 —20)v+ 00,7, rE€wp, tEwr,
(4) v(0,t) = v(1,t) =0, tew,,
(5) 00 = v! = up(2), x Ewp.

Using the energy method we easilly obtain the equality:

2 —
(N2(v)” = [veally + 7% (0 = 0.25) [Jveazlli, + 0ozl = llvzzl7 -
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The expression N»(v) is the norm for ¢ > 1/4, while for ¢ < 1/4 it is the norm if

1-— Co
< = .
T<h T ig co = const € (0,1)
Further,
T+h E—=x 2y1/2 2
lodalle = ozl = {1 3= [3 [ (1= 55 w004} < i,
TEWHh
and
(6) max Ny (v) < C luollwz -
TEWS
The error z = u — v satisfies the conditions
(7) zg=[024+(1—20)z+ 0Z]sz + 1, rEw,, tEwr,
(8) z(0,t) = z(1,t) = 0, tew,,
(9) 20 =2 = wu(z,7/2) — uo(x), T € wp,
where Y=uz—[ot+(1—-20)u+0iyz.
The a priori estimate
(10) max Na(2) < llzpzlln + —= e llr - (Lo
tEw, \/_

holds, where ¢ =1 for o > 1/4, and c¢= ¢ for o < 1/4.

Using the representations of z° and ¢ obtained in [1] we easily obtain:

o 1 /xm-i-h/T/?/ |m;§| A (amQ)d dt dé

Yz (z,t) =
z+h € n+htt+r

T T Ten-52) 02 20 v

z—h z n t—T1
z+h€+ht+T €

e T T fen 6o 52 ) 2

z—h & t—7 t
z+h&+ht+r

T T 6 s

z—h £ t—T

and
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Consequently
11 0 <C H ‘
(11) lz2zlln < O 7 treno [0,7] Il 9t20x2
and
12 < C(h+7)> H ‘
( ) ||:1/}-T||L1,1—(L2,h) —_ ( + T) tIEI[l[E)j:T] 61_3 at2 L2 0 1)

From the inequalities (10)—(12) and (I.3) we immediatly obtain the following
convergence rate estimate:

(13) max No(z) < C (h+71)2 lluollws -

tEwr
On the other hand, from

max Na(z) < max Naz(u) + max Na(v),
tEw, tEws tEwr

max Na(u) < C (H

tewy

and (6) follows

<C >
atc’)mHo(Lz H@aﬁ H Lz)) lluollwsz »

(14) max Ny (2) < C [luolywz -
tEws

Let D denote the space of functions defined on the mesh @) x @W,, with the
norm max,. - N(-), and let R be the linear mapping uo — 2. From the relations
(13) and (14) it follows that R is a bounded operator from W3 into D, as well as
from W into D. Using the interpolation theory of function spaces [3] we conclude
that R is a bounded linear operator from (W2, W3)g.2 into D (0 < § < 1), and

max Ny (z) < C (h+71)%¢ ||U0||(W22,

W5 o -
tewr 2)e.

Further [3], we have
(W2, W) = W3 0-01550 —posa

Setting 36+ 2 = s we finally obtain the required convergence rate estimate for the
FDS (3)-(5):

(15) max No(2) < C (A +7)5C7D |lugllwy,  2<s<5.
tEwr

From (15) we also obtain

(16) I2lle, (wz,) < C(h+7)3 " ugllwy,  2< s <5,
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3. Estimate in Ls-norm

To obtain the error estimate in the case of less smooth solutions let us ap-
proximate the initial conditions with the average values:

(17) v® = 0! = S,uo,

where S, is the Steklov smoothing operator [1]. The FDS (3), (4), (17) satisfies
the relation

2 —
(18)  (No(v)” = lloellfy 1 + 7 (o = 0.25) fleelli + l[7ll; = 110”17 < [luollZ, -

The expression Ny(v) is a norm if o satisfies the previous conditions (in section 2).

For s < 1/2 the solution of the IBVP (1) may not be continuous, so we define
the error by:
z=S,u—v.

Such defined error satisfies the conditions (7) and (8), with
Y ="S{ug—loa+(1-20)u+0ulz},

and the initial conditions

(19) 2% =2 = S,u(-,7/2) — Spuo.
The a priori estimate
1
20 max Ny(z) < [|2°||n + —= 7 —1.
(20) max No(2) < 120+ 727 3 el

holds, where, as before, ¢ =1 for ¢ > 1/4, and ¢ = ¢y for o < 1/4.
From the equality (19) we easily obtain

o_ z+h/2 T/2 n 62
z dC dn d¢
z—h/2 / / at2

(21) 12 < o722 s, <O ol

wherefrom we get

The expression M}“”W{i can be represented as

ooz = 1M + plln < 1M1 + gl

where

M=Mt) =S (h Y W)

TEW,

z+h pz+h/2 t— 93 ’
5> / / / / (1 2y TUE X gy g
t—7 m+h/2

zEwh
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and
2
cp:Sm[aﬂ—l-(l—Qa)u—l-Ua] —SE[W]
M e t+T _ [t=d]\ 2%u(®,)
=2 d¢dnd
z—h/2 / /t T ) 6t261' C g E
e+h/2 C+h 83
/ / / / d d¢ dndg
z—h/2
Y It—nl Su (€, x)
| / [ (-1 2N iy acanae
/“h/ / /t” It—xl) (c, X gy d¢ dyde
z+h/2Jz+h/2 Jt
From these representations and (I.3) follows
max |M| < C b Ha 3H < O 1 [luollws ,
tEwr
2
mas lielh < €07 (551, Hatzach(Lz ) <00+ ol
and
(22) max [[i)]ly < C (h+7) [luollwg -

tEwr

Finally, from (20)—(22) we obtain the following estimate of the convergence
rate for the FDS (3), (4), (17):

(23) max [|Z]|, < max No(z) < C (h+ )2 ||u0||W23 .

tEwr tEwr
On the other hand, from evident inequality

max ||Z||n < max ||7]|n + max ||Szul|n,
z tCw, wr

wr

and estimates (18) and (2) we obtain

max [|7]ln < max No(v) = [[v°[|n = [|Seuolln < lluollz. ,
tEw, tEwr

and
max |[Syul|, < max x [|Szulln < max luflz, < [luollz, -
tEwr tEw tefo, T

Consequently

(24) max ||Z[|n < 2|uollz, -

wT
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From (23) and (24) by interpolation we obtain the following convergence rate
estimate for the FDS (3), (4), (17):

(25) IZlle- (2s,) = max [[Zlln < C (h+7)5" [luollws ,  0<s<3.
t

Ewr

4. Fourth-order scheme

For 7 < h, in the same way for the fourth-order difference scheme (I.21),
(I.5), (1.22) we obtain the following convergence rate estimates:

max Ny(2) < Chs D ugllwy,  2<s<7,
tEwr
l2lle.wz,) < O h3(=2 l|uollws 2<s<7,
and .
IZllc, (£s,) < Ch5% [uollws , 0<s<s.

In the last case, initial condition (I.22) should be replaced by

2
W0 =0l =S up + 3 (Sz0)ez -

The obtained results could be extended, without difficulties, to the case of
IBVP with nonhomogeneous second initial condition.
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