
PUBLICATIONS DE L'INSTITUT MATH�EMATIQUE
Nouvelle s�erie, tome 55 (69), 1994, 23{28

A NOTE ON SKEW POLYNOMIAL RINGS

Michael G. Voskoglou

Abstract. Let R be a ring of prime characteristic and let D be a �nite set of derivations of
R. We obtain results connecting the D-simplicity of R with the simplicity of the skew polynomial
ring over R de�ned with respect to D. A similar result was quoted, without proof, by the author
in an earlier paper.

1. Skew polynomial rings in �nitely many variables. All the rings
considered in this paper are with identities. Let R be a ring, let H = ff1; . . . ; fng
be a �nite set of monomorphisms ofR and letD = fd1; . . . ; dng be a set of mappings
from R to R, such that di is a fi-derivation of R (cf.[8, section 1]), for each i =
1; . . . ; n. Assume further that di Æ dj = dj Æ di, fi Æ fj = fj Æ fi and fi Æ dj = dj Æ fi
for all i; j = 1; . . . ; n and consider the set Sn of all polynomials in n variables,
say x1; x2; . . . ; xn, over R. De�ne in Sn addition in the usual way and de�ne
multiplication by the relations xir = fi(r)xi + di(r), xixj = xjxi, for all r 2 R

and all i; j = 1; . . . ; n. Then Sn becomes a ring denoted by R[x;H;D] and called
a skew polynomial ring over R, while Si is a skew polynomial ring over Si�1, for
each i = 1; 2; . . . ; n, with S0 = R (cf.[8, Theorem 2.4]). When n = 1, we write
S1 = R[x1; f1; d1].

Notice that under these conditions fi extends to a monomorphism of Sn
by fi(xj) = xj and di extends to an fi-derivation of Sn by di(xj) = 0, for all
i; j = 1; . . . ; n (cf.[8, Theorems 2.2 and 2.3]).

We can also de�ne the skew polynomial rings S�n = R[x;D], when fi is the
identity map of R and S0n = R[x;H ] if di is the zero derivation of R for each
i = 1; . . . ; n. Moreover, if H is a set of automorphisms of R, then the quotient
ring of S0n with respect to the Ore subset A = fxa11 xa22 . . .xann , with a1; . . . ; an non-
negative integersg of S0n is denoted by Tn = R[x; x�1; H ] and called a skew Laurent
polynomial ring over R (cf.[9, section 2]).

In earlier papers we have obtained necessary and suÆcient conditions under
which the rings Sn and Tn are simple (cf.[7] and [9] respectively) and we have
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examined relations among the prime (simiprime) ideals of R and those of Sn (or
Tn) in a more general context (cf.[10], [11] and [12]; see also [1], [2], [3] and their
references).

2. Simple skew polynomial rings of prime characteristic. In order
to simplify our notation in this section we denote by Sn the skew polynomial ring
R[x;D], where D is a set of n commuting derivations of R. Then an ideal I of R
is called D-ideal, if di(I) � I for all di in D and R is called a D-simple ring, if it
has no nonzero proper D-ideals (when n = 1 we write d1-ideal and d1-simple ring
respectively).

Every D-simple ring contains the �eld F0 = C(R)\
T
i2D ker di, where C(R)

denotes the center of R, and therefore R is either of characteristic zero, or of a
prime number, say p.

In [7], assuming that ch (R) = 0, we have connected the D-simplicity of R
with the simplicity of Sn (Theorems 3.3 and 3.4) and we have also quoted, without
proof, a corresponding result when ch (R) = p (Theorem 3.5). Here we are going
to prove a similar result, but �rst we need the following two lemmas.

Lemma 2.1 Let I be a nonzero ideal of Sn. Write the elements of I as
polynomials in xn with coeÆcients in Sn�1 and denote by A(I) the set of leading
coeÆcients of the elements of I of minimal degree together with zero. Set Ii =
A(Ii+1) for each i = 0; 1; . . . ; n�1, where In = I. Then Ii is a fdn; dn�1; . . . ; di+1g
-ideal of Si for each i = 0; 1; . . . ; n� 1, Ii 6= 0.

Proof. Notice �rst that A(I) = In�1 is a nonzero dn-ideal of Sn�1 and that
A(In�1) = In�2 is a nonzero dn�1-ideal of Sn�2 (cf.[5, Lemma 1.3])

Next, given 0 6= f in In�2, there exists 0 6= g in In�1 of minimal degree, say
k, with respect to xn�1 and the leading coeÆcient f . Then dn(g) = dn(f)X

k
n�1

+ terms of lower degree with respect to xn�1 (since dn(xn�1) = 0) and therefore
dn(f) belongs to In�2. Thus In�2 is a fdn; dn�1g-ideal of Sn�2. The result follows
by successive applications of the same argument.

Lemma 2.2 Let R be aring of nonzero characteristic, say p, and let s =
vpk, fore some integers v � 1 and k � 0. Consider the ring Sn. Then xsi r =Pv

j=0

�
v
j

�
d
jpk

i (r)x
(v�j)pk

i , for all r in R and each i = 1; . . . ; n (where d0i denotes

the identity map of R).

Proof. Given r in R we have that xir = rxi + di(r), for each i = 1; . . . ; n.

Furthermore an easy induction shows that xvi r =
Pv

j=0

�
v

j

�
d
j
i (r)x

v�j
i , for all integers

v � 1. But the subring of Sn generated by R and x
pk

i is isomorphic to the skew

polynomial ring S = R[z; dp
k

i ] (with z corresponding to xp
k

i ) and therefore the result
follows by writting down the previous equation for the ring S.
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At this point we recall that a derivation d of R is called an inner derivation
of R induced by r in R, if d(s) = rs� sr, for all s in R. We are ready now to prove

Theorem 2.3 Let R be a D-simple ring of prime characteristic, say p.

Assume that no derivation of the form d =
Pm

k=0 ckd
pk

i , with m a non-negative
integer and ck in

Tn

j=k ker dj , is an inner derivation of Si�1 induced by an element

of
Tn

j=k ker dj , for all i = 1; . . . ; n. Then Sn is a simple ring.

Proof. Assume that Sn is not a simple ring and let I be a nonzero proper
ideal of Sn. Then, following the notation of Lemma 2.1, we have that I0 is a D-ideal
of R and therefore I0 = R. Thus there exists a monic polynomial, say f1 = f1(x1),
of minimal degree in I1. If deg f1 = 0, then I1 = S1 and therefore there exists
a monic polynomial, say f2 = f2(x2), of minimal degree in I2. If the fi's keep
having degree zero, then we proceed in the same way. We will �nally �nd a monic
polynomial, say fn�1 = fn�1(xn�1) in In�1, with deg fn�1 = 0, since otherwise we
would have I = R, a contradiction to our hypothesis.

Therefore, without loss of generality we may assume that f1(x1) = xs1 +Ps�1
i=0 aix

i
1, with s 6= 0 and ai in R for each i = 0; 1; . . . ; s� 1. Then, for all r in R,

f1r = rxs1 + [sd1(r) + as�1r]x
s�1
1 + terms of lower degree

and the polynomial f1r � rf1, wich is also in I1, has degree less than s. Thus

f1r = rf1: (1)

Now, if p does not divide s, our proof is similar to that of Theorem 3.4 of
[7]. In fact, on comparing the coeÆcients of xs�11 in the equation (1) we get that
sd1(r) + as�1r = ras�1, for all r in R. But 0 6= s1R is in F0 and therefore s�1 is in
C(R). Thus the previous relation gives that d1(r) = (�s�1as�1)r � r(�s�1as�1)
for all r in R and therefore d1 is an inner derivation of R induced by �s�1as�1.
But, by Lemma 2.1, I1 is a fd2; d3; . . . ; dng-ideal of S1, while, since dj(x1) = 0,
dj(f1) has degree less than s and therefore dj(f1) = 0, for each j = 2; 3; . . . ; n.
Thus,

dj(ai) = 0 (2)

for each i = 0; 1; . . . ; s� 1 and therefore �s�1as�1 is in
Tn

j=1 ker dj , a fact which

contradicts our hypothesis (set m = 0 and a0 = 1).

Thus we may assume that
s = s0pl (3)

for some positive integer l, where p does not divide s0. In this case let i = i(k)
be the greatest integer less than s, such that pk divides i, while pk+1 does not, for
each k = 0; 1; . . . ; l. Therefore we can write i = v(k)pk , for some positive integer
v(k), such that p does not divide v(k). Then, because of Lemma 2.2, given r in R,
i1(k) = i(k)�pk = [v(k)�1]pk is the greatest integer less than i, such that aix1i1r

can have a nonzero coeÆcient for xi11 .
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Set t = maxk i1(k); then we are going to compare the coeÆcients of xt1 in
equation (1). For this, observe �rst that atx

t
1r = atrx

t
1 + terms of lower degree.

From the other hand it is clear that, if i(k) = t, then i is the unique integer of
the form v(k)pk, where p does not divide v(k), such that aix

i
1r can have a nonzero

coeÆcient for xt1, while, if i(k) < t, then there is no integer with this property.
Thus, in order to calculate the coeÆcient of xt1 in f1r, we only need to look at the
terms of the form arx

c
1x, with s � c > t. Because of the relation (3) we can write

c = qpk for some integers q � 1 and k, 0 � k � l, such that p does not divide q.

Then, by Lemma 2.2, xc1r =
Pq

j=0

�
q
j

�
d
jpk

1 (r)x
(q�j)pk

1 and therefore acx
c
1r can have

a nonzero coeÆcient for xt1 if, and only if, t = bpk for some non-negative integer
b. Then, since i(k) = v(k)pk � c > t = bpk � i1(k) = [v(k) � 1]pk, we get that
b = v � 1 and therefore c = i(k), 0 � k � r and t = i1(k).

Thus, by Lemma 2.2 again,

acx
c
1r = ai(k)x

v(k)pk

1 r = ai(k)

v(k)X
j=0

�
v(k)

j

�
d
jpk

1 (r)x
[v(k)�j]pk

1 : (4)

But c = i(k) > t, the fact which clearly implies that i1(k) = [v(k)� 1]pk = t,
and therefore, in order to reach the coeÆcient of xt1 in (4), we must take j = 1.

Let m be the maximal k such that i1(k) = t; then, if k > m, is i1(k) < t

and therefore we must take c = i(k), 0 � k � m. Thus, using the relation (4) and
comparing the coeÆcients of xt1 in the equation (1), we get that

rat = atr +

mX
k=0

ckd
pk

1 (r) (5)

with ck = v(k)ai(k) if i(k) > t and ck = 0, if i(k) � t (cm 6= 0, since t = i1(m) <
i(m)).

Furthermore x1f1 � f1x1 =
Ps�1

i=0 d1(ai)x
i
1 is in I1 and has degree less than

s; therefore d1(ai) = 0, for each i = 0; 1; . . . ; s� 1. But we have already seen that
dj(ai) = 0 for each j = 2; 3; . . . ; n (see the relation (2)) and therefore ai(k) and at
are in

Tn

j=1 ker dj . Therefore the equation (5) contradicts our hypothesis and this
completes the proof.

The previous theorem has the following converse.

Theorem 2.4 If Sn is a simple ring of prime characteristic, say p, then R is

a D-simple ring and there is no inner derivation of R of the form d =
Pm

j=0 ajd
pj

i ,

with m � 0 and aj in F0 for each j, induced by a nonzero element r of
T
di2D

kerdi,
for all i = 1; . . . ; n.

Proof. Since Sn is a simple ring, R is a D-simple ring and no element of
D can be an inner derivation of R induced by some 0 6= r in

T
di2D

ker di (cf.[7,

Theorem 3.3 ]).
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Assume now that there exists an inner derivation of R the form d =Pm

j=0 ajd
pj

i with m > 0 and aj in F0 for each j, induced by a nonzero element

r of
T
di2D

kerdi. Consider the polynomial f(xi) =
Pm

j=0 ajxip
j�r and let s be in

R. Then, since aj is in the center of R for each j, applying Lemma 2.2 for v = 1,
we get

f(xi)s =
mX
j=0

h
ajsx

p
j

i + ajd
p
j

i (s)
i
� rs = s

0
@ mX

j=0

ajx
p
j

i

1
A+ d(s)� rs = sf(xi):

Furthermore

xkf(xi) =
mX
j=0

xkajx
pj

i � xkr =
mX
j=0

[ajxk + dk(aj)]x
pj

i � [rxk + dk(r)]

=

mX
j=0

(ajxiP
j)xk � rxk = f(xi)xk for all k = 1; . . . ; n

(since r is in
T
di2D

kerdi and aj is in F0). Thus f(xi) is in the center of Sn. But

am, being in the �eld F0, is a regular element of R and therefore f(xi) is not a unit
of Sn, because otherwise, by Lemma 3.2 of [7], we would have that m = 0. Thus
f(xi)Sn is a nonzero proper ideal of Sn, a contradiction to our hypothesis.

Remarks (i) The following example illustrates the construction of t and of
the derivation d in the proof of Theorem 2.3. Assume that ch (R) = 3 and let
s = 54 = 2 � 33. Then i(0) = 53; i(1) = 51; i(2) = 45 and i(3) = 27; therefore
i1(0) = 52; i1(1) = 48; i1(2) = 36 and i1(3) = 0. Thus t = 52, m = 0 and therefore
d = c0d1 = v(0)ai(0)d1 = a53d1.

(ii) In the statement of Theorem 3.5 in [7] we have assumed that the ck's of

the derivation d =
Pm

k=0 ckd
pk

i (cf.Theorem 2.3 above) are in

Fk�1 = C(Sk�1) \
� n\
j=k

ker dj
�
:

For the derivation d constructed in the proof of Theorem 2.3 we have shown that
the ck's are in

Tn

j=k ker dj , but it remains to show that ck is in C(R). To show

this, since ck = v(k)ai(k) when i(k) > t, it suÆces to show that ai(k) is in C(R)
(Fk�1 is a subring of Sk�1. At the �rst glance we thought that this turns out on

comparing the coeÆcients of x
i(k)
1 in the equation (1), but this does not look quite

obvious to us now. For instance, reconsider example (i) and compare the coeÆcients
of x511 in f1r = rf1. Since xc1r = rxc1 + terms of lower degree, you must look to
xc1r for c = 52; 53; 54. Thus ra51 = a51r + 52a52d(r) +

�
53
2

�
a53d

2(r)(
�
54
3

�
d3(r) = 0,

since 3 divides
�
54
3

�
) fact which shows that a51 is not in the center of R (this is not

a counter example since 51 < t).

(iii) Theorems 2.3 and 2.4 above for n = 1 give a result due to Jordan (cf.[5]
or [7, Corollary 3.6 (ii)]).
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(iv) After quoting Theorem 3.5 in [7], Malm gave a proof di�erent from ours
above, considering the case n = 1 and applying induction on n (cf.[6, Theorem 4]).
He also proved in a di�erent way Theorems 3.3 and 3.4 of [7] (cf.[6, Theorem 2]),
i.e. the case where R is of characteristic zero.
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