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TRACE FORMULA FOR NONNUCLEAR PERTURBATIONS
OF SELFADJOINT OPERATORS

Milutin Dostanié

Abstract. The trace formulas for the operator ¢(H1) — ¢(Hp) are deduced when Hy — Hy
is a nonnuclear operator and ¢ is an enough wide class of functions.

1. Introduction. Suppose B(H) is the algebra of all bounded operators
over the Hilbert space H. Denote by C), and | - |, the Neumann-Schatten class of
operators and their norm [2]. For an operator W € Cy by det2(I + W) we denote
its regularized determinant.

Let Hy and Hy be selfadjoint operators (possibly unbounded) on a Hilbert
space H. If H — Hy =V is a nuclear operator and ¢ is an element in a sufficiently
large class of functions, then Krein [3,4] proved that ¢(H;) — ¢(Hp) is a nuclear
operator and that

trace (i (F) = o (Fo)) = [ €090 (L1)
R

where ¢ is the real function in L'(R) uniquely determined by Hy and H;. Usually,
the relation (1.1) is called the trace formula.

Krein also proved the following relation between the function and the pertur-
bation determinant:

det (I +V(Hy—2)"") =exp /%dk , Imz #0.
R

Koplienko [5] extended the trace formula (1.1) to the case when Hy; — Hy
is not a nuclear operator. The trace formula was deduced when ¢ is a rational
function with the poles in C\R and |¢(00)| < oc.
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In this paper we prove regularized trace formulas for a nonnuclear perturba-
tion of selfadjoint operators in the case when ¢ is not an analytic function. Our
method is different from the method given in [6]. The following theorem is a result
of Koplienko:

THEOREM 1.1 Let Hy, V be selfadjoint operators, V€ Cs and let ¢ be a
rational function with poles lying in C\R and |p(o0)| < co. Then
(1) Ry = o(Ho + V) —(Ho) — FLp(Ho + 2V)|4=0 € C
(2) There exists a real function o (depending only on Hy and V') of bounded
variation such that

trace Ry = / " (Vdo(N)
R

(3) V=, o < |V|3/2! oo f is the variation of f on (—o00,00)).

() dota (1+V (o~ 2)71) = oxp (~ [ 0.

2. Results. Let M, be the set of all the functions ¢ of the form ¢(z) =
Jr e g(t)dt where g is a measurable function such that [, [¢|”|g(t)]dt < oo for
v=20,1,2,...p (p > 2). The functions from M, are not necessarily analytic, and
the set M, contains the class of functions from Theorem 1.

Recall that if A, B € B(H), then [1] we have

0o t s1 Sn—1

(A+B) _ A / / /

e e+
2 201)
-0 0 0

eAt=s1) BeAlsi=s2) B BeAlsn—1=8n) BeAsn s ds, .. ds,
(The series converges in B(H)).
LEMMA 2.1 If Hy=H}, V =V* € B(H), t,z € R, then

o0
it(Hot+aV) _ gitHo Zinman(t), (2.1.1)

n=1

Bn(t)zo/o/.--/ (2.1.2)

etHo(t=s1)y/piHo(s1=52) 17 7 giHo(sn—1=5n)7/giHosn dsidss . ..ds,,

Proof. If Hy € B(#), then (2.11) and (2.12) follow directly from (2.01). So,
suppose that Hy is an unbounded operator. Set H*) = HyE(—k, k), where E is
the spectral measure of Hy. The operator H*) is bounded and we have

-1
lim (A - H(k)) h=(\—Hy) "h (heH, Tm\#0)

k—o0
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i.e. the sequence H® converges to Hy in the strong resolvent sense. By the Troter
Theorem [7] we have

gmeM“mzam%,he%teR. (2.1.3)
— 00

Setting H® instead of Hp in (2.1.1), (2.1.2) and letting k tend to infinity, we
complete the proof of Lemma, 1.

LEMMA 2.2 If Hy=Hy,V =V* € B(H), z,t € R, then for k=0,1,2,...
the following inequality holds
‘ d" it(Ho+zV)

da* €

< [tFIvIE. (2.2.1)

Proof. Since

dk . dt .
ezt(H0+zV) — _ezt(H1+§V)|£:0 (Hl — HO + :L’V),

dzk dgk
by Lemma 2.1, it follows
i tos1 Sm—1
d—gkeit(HﬁEV)k:g =ik k! / / . / eHt=s1)y  yeitisngo ds, .. ds,
0 0

From the previous equality we have

and the proof is complete.

dk:
eit(Ho +z V)
k

dak

t s1 Sn—1
< k'// / [V [Fdsydss ... dsn = [HEIVIE, (&> 0)
0 0 0

LeEMMA 2.3 IfHy = H, z,t € R,V =V* € B(H) and ¢ € M, (i.e.
o(x) = [, e*™g(t)dt, g is a measurable function), then

d* d* i (Hotev)
R

Proof. For k =0, (2.3.1) follows from the spectral theorem. If £ = 1 we have

d " i eit(Ho—i-(aH-ﬁ)V) _ eit(H0+xV) g 039
@ (Ho +2V) = Jim ; g(t)dt. (2.3.2)
R
Since
To
eit(H0+:E2V) _ eit(H0+:E1V) — aieit(H0+zV)dx
X

x1
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by Lemma 2.2 we obtain

eittotaaV) _ citlliotart) | < 4|V |2z — a1 | (2.3.3)

From (2.3.2), (2.3.3) and [, |t[|g(t)|dt < oo, by the Theorem of Dominated Con-
vergence, we conclude that

d d
%@(H()-{—ZCV) :/%e’t(Ho""”V)g(t)dt.
R

Repeating this procedure several times we prove Lemma 2.3.
From now on we assume V=V*€ C, (p>2, p€ N).

LEMMA 2.4 Ifz,t € R, Hy = H{, then %eit(HﬁmV) is a nuclear operator
and
ﬁeit(H0+zV)

p p
" <[PV,

1

Proof. Since

S1 Sn—1

t
dr .
ﬁezt(H0+$V) = ﬂ’p'// .. /
0 0 0

Hit=s)y  yethisp-1=s)yettlisnqe ds, .. . ds,

(Hy = Ho +zV) and V € C, we get -L_ei(Ho+eV) ¢ O and
t s1 Sp—1
v i
e gp!|V|g//... / dsidsy ... ds, = P|VE (t> 0).
00 0

2 Git(Ho+aV)
dx

Set
: N
Up(t) _ ezt(H0+V) _ E@ezt(Hngch)h:O
k=0
Now, by Lemma 2.3

p—1 k
def 1 d
R, = o(Ho+V)=>_ 7 (Ho +2V) om0 = /Up(t)g(t)dt.
k=0 R

LEMMA 2.5 IfHy=H§, V=V* € Cp,, t € R, then Up(t) € Ch, R, € Ci
and

trace R, = /g(t) trace Up(t)dt (2.5.1)
R
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Proof. Let m(z) = e*Ho+2V)  (where t is a fixed real number and z € R).
By the Teylor theorem we obtain

1

m —pgl m(")(O) 1 m®P (z)(1 — z)?Ldz
Wz <p_1>z0/ @t =0 d
i.e. .
= 1 m®P (2)(1 — )’ Ldz
Uy(t) = (p‘”!o/ (£)(1 )

Since m(®)(z) € C* (by Lemma 2.4) and m(P) is a continuous function in C; norm,
we have U,(t) € C; (Vt € R). By Lemma 2.4 we get

1

/‘m(”)(m)‘l (1 2)P='de < ﬁ / PV — )P~ de

0

(p—1)!
i.e.

[Up(@®)1 < [VI[pIt[P/p!. (2.5.2)
Hence R, is a compact operator.

Let S be a unitary operator and suppose {e;} is an orthonormal set. Then

r

Z (SRpei, €i)

i=1

T T

= Z /g(t)SUp(t)eiaei = /g(t)Z(SUp(t)ei,ei) dt

i=1 R R i=1

<(2) < / 901> 52 (U (1) di < / (O] [U(B)], dt
R i=1 R

g
< [laerae- = 2. (by 2.5.2)
R

So,

”

Z (SRpei, 6,’)

i=1

vip
<=2 [1rlaat
R

When we take the supremum over all unitary operators S and over all orthonormal
sets {e;}, we obtain

v
2 [erlateae,
R

Z si (Rp) <

i.e.

Ve
Ry eCi, |Ry|, < %/|t|p|g(t)|dt and trace R, = /g(t) trace U (£)dt.

R R
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This completes the proof

LEMMA 2.6 If Hy = Hi € B(H), V. =V* € Cp and T = {\:|\| = 1+||Ho|| +
[VII}, then

1 it
r

where G,(\) = (A — Ho) Y (V(A — Ho) Y)P(I = V(A — Hp) 1)L
Proof. From Hy, = H{ we have ||V()\ Ho) < ||V||( +IVI)~t < 1 for

Up (t) =

every A\ € I'. Hence (A — Hy — V)™ = Y22 jab (A — Ho) ' (V(\ — Ho)~1)k; it
follows that
d* -1 —1\*
(A= Ho = V)™ o= = k! (A — Ho) (v (A — Ho) )
and
1 d* it(Ho+aV) _ 1 ixt -1 ~1\*
e oo = %/e -y (V-H) ) Ay (262)

T

Since eit(FotV) = L [eM(\ — Hy — V)~1d\ from (2.6.2) it follows

I
U (t) = — ei"ti(A—H )=t (V(A—H )_l)kd)\— L [eivg (yan
P o 0 0 T 2mi P
r k=p r

LEMMA 2.7 Let Hy = H§ be an unbounded operator and V = V* € C)p,. If
H[gn) = HoE(—n,n) (E is the spectral measure of Hy) and

(n) (4) — Eit(HS™+V) _ <1 d* it (HS™ +aV)
Up(t) = e <l do o=

then for everyt € R

Tim [0, () - Ulgm(t)‘l = 0. (2.7.1)
Proof. Since
1
U,(t) = = !/mp) (1—z)P"tde
0

and

—
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; () .
where m(z) = e*Ho+t2V) and m, (z) = e®Ho" +2V) we obtain

(p—1)! 1

From (2.1.1), (2.1.2) and [2, p. 119], Theorem 6.3 we have

Uy(t) ~ US (1) < ]kmmu>—m$Mw (1— )" da

lim ‘m(”) (z) — mP) (m)‘l =0, z€(0,1).

n
n—o0

Now, since |m(® ()|, < [t}?|V|} and ‘mg’” (m)‘1 < |tP[V[8, (2.7.1) follows from the
Lebesgue Dominated Convergence Theorem.

THEOREM 2.8 IfV € Cy, Hy = Hj and ¢ € M, then
(1) Ry = p(Ho + V) — p(Ho) — p(Ho + xV)|z=0 € C

(2) There exists a real function o of bounded variation (o depends only on Hy
and V') such that trace Ry = [ ¢“(A)do(X)

(3) V.o <|VI|3/2
(4) dets (I 4V (Ho —2) ) = exp (‘,{ %>

Proof. (1) follows from Lemma 2.5. Let Hp be a bounded operator,
Ao € C\R and |Xo| > 1+ ||Ho|| + ||V||- Now, by Runge’s Theorem there ex-
ists a sequence of polinomials P, such that r,(\):= P, (1/(A— X)) = e on
D = {X\:|A| <1+ ||Holl +|[V]]}. Hence

r(\) = (it)’et\ (v =0,1,2,...) on D. (2.8.1)
Let Rgn) =r,(Hy+V)—ry(Ho) — %rn(Ho + 2V)|g=0. Asin Lemma 2.6, we get

w1
R = 5 /rn()\)Gg()\)dA.

Now, by Lemma 2.6 we have

Uz(t) — RSV (t) = =—

and

Ua(t) - BV (1)], <

ixt ) _
1 27r/|e Pa )] - max | Go V)], 1A — 0 (n = o0).
r

Hence lim,,_, o trace Rgn) = trace Us(t). By Theorem 1, there exists a function o of
bounded variation (depending only on Hy and V') such that V° o < |V|3/2! and

trace RS = /rg(s)da(s) (2.8.2)
R
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From (2.8.1) and (2.8.2) it follows

trace Us(t) = / (it)2ei*do(s). (2.8.3)
R
From (2.5.1) and (2.8.3) we conclude trace Ry = [ ¢"(s)do(s).
R

Now consider the case when Hy is not a bounded operator. Lemma 2.7 gives

lim trace U\ (t) = trace Us(t). (2.8.4)

n—o0

From (2.8.3) it follows

)y [ n2,its o VI3
traceUy () = [ (it)"e™doy(s) and V3 on < 3=

R

By (2.8.4) and the Helly election Theorem there exists a function ¢ of bounded
variation (V23 o < |V|3/2!) such that

trace Us(t) = /(it)Qe“Sda(s) and trace Ry = /go"(s)da(s).
R R
The property (4) we obtain similarly as in [5].
THEOREM 2.9 IfHy = Hf € B(H), V=V*e€ C, (p >3, p € N) and
Y € Mpy1, then
trace VP

trace R, = o

AP0)+ [ (@) (o)da
R
where v € L?(R) is a function which depends only on V', Hy and p.

Proof. From Lemma 2.6 it follows that f(¢) = trace Up(t) is an entire function
of the exponential type. On the other hand from (2.5.2) we get |f(t)| < [¢t[P|V|b/p!

for every t € R. Hence f(0) = f/(0) = --- = f»=1(0) = 0. From (2.6.1) we obtain
ft)  traceV?
1m — = —
t—0 (it)P p!

So, 1 (% - “a‘;—e,vp) € L%(R) is an entire function of the exponential type. Now,

by the Paley-Wiener Theorem we have

ft trace VP . its
(“E)Z) T it /e sy (s)ds
R
for some v € L?(R) and
, P
F(t) = (it)+! / et (s)ds + (it)P%. (2.9.1)

R
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The proof of Theorem 2.9 follows from (2.5.1) and (2.9.1).

CoROLLARY 2.10. If Hy = H§ is an unbounded operator, V = V* € C,
(p > 3), then there exists a sequence vy, € L?*(R) such that for every ¢ € Mpi1

trace VP
%W) (0) + lim [ o+ ()7, (2)da.
R

trace R, =

Proof. Since

n 1 d
Ry :“"(HO( )+V) Zk!d k‘p( Hy' )+mv) o= 0( Hy" = HOE(_n’n))
- [ sy,
R
by Lemma 2.7 we get
le traceR( ") = trace R,. (2.10.1)

By Theorem 2.9 there exists a sequence 7, € L?(R) such that

trace VP
trace Ré”) = Tap(”) (0) + /(p(p+1)(a:)fyn(a:)da:
R
and the proof follows by (2.10.1).
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