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TRACE FORMULA FOR NONNUCLEAR PERTURBATIONS

OF SELFADJOINT OPERATORS

Milutin Dostani�c

Abstract. The trace formulas for the operator '(H1)�'(H0) are deduced when H1�H0

is a nonnuclear operator and ' is an enough wide class of functions.

1. Introduction. Suppose B(H) is the algebra of all bounded operators
over the Hilbert space H. Denote by Cp and j � jp the Neumann-Schatten class of
operators and their norm [2]. For an operator W 2 C2 by det2(I +W ) we denote
its regularized determinant.

Let H1 and H0 be selfadjoint operators (possibly unbounded) on a Hilbert
space H. If H1�H0 = V is a nuclear operator and ' is an element in a suÆciently
large class of functions, then Krein [3,4] proved that '(H1) � '(H0) is a nuclear
operator and that

trace (' (H1)� ' (H0)) =

Z
R

�(�)'0(�)d�; (1.1)

where � is the real function in L1(R) uniquely determined by H0 and H1. Usually,
the relation (1.1) is called the trace formula.

Krein also proved the following relation between the function and the pertur-
bation determinant:

det (I + V (H0 � z)�1) = exp

0
@Z
R

�(�)

�� z
d�

1
A ; Imz 6= 0:

Koplienko [5] extended the trace formula (1.1) to the case when H1 � H0

is not a nuclear operator. The trace formula was deduced when ' is a rational
function with the poles in CnR and j'(1)j <1.
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In this paper we prove regularized trace formulas for a nonnuclear perturba-
tion of selfadjoint operators in the case when ' is not an analytic function. Our
method is di�erent from the method given in [6]. The following theorem is a result
of Koplienko:

Theorem 1.1 Let H0, V be selfadjoint operators, V 2 C2 and let ' be a
rational function with poles lying in CnR and j'(1)j <1. Then

(1) R2 = '(H0 + V )� '(H0)�
d
dx
'(H0 + xV )jx=0 2 C1

(2) There exists a real function � (depending only on H0 and V ) of bounded
variation such that

traceR2 =

Z
R

'00(�)d�(�)

(3) V1

�1
� � jV j22=2! (V1

�1
f is the variation of f on (�1;1)).

(4) det2
�
I + V (H0 � z)�1

�
= exp

�
�
R
R

d�(�)
(��z)2

�
.

2. Results. Let Mp be the set of all the functions ' of the form '(x) =R
R
eitxg(t)dt where g is a measurable function such that

R
R
jtj� jg(t)jdt < 1 for

� = 0; 1; 2; . . .p (p � 2). The functions from Mp are not necessarily analytic, and
the set Mp contains the class of functions from Theorem 1.

Recall that if A;B 2 B(H), then [1] we have

e(A+B)t =eA�t +

1X
n=1

tZ
0

s1Z
0

. . .

sn�1Z
0

eA(t�s1)BeA(s1�s2)B . . .BeA(sn�1�sn)BeAsnds1ds2 . . . dsn

(2.0.1)

(The series converges in B(H)).

Lemma 2.1 If H0 = H�

0 , V = V � 2 B(H), t; x 2 R, then

eit(H0+xV ) = eitH0 +

1X
n=1

inxnBn(t); (2.1.1)

where

Bn(t) =

tZ
0

s1Z
0

. . .

sn1Z
0

eiH0(t�s1)V eiH0(s1�s2)V . . .V eiH0(sn�1�sn)V eiH0snds1ds2 . . . dsn

(2.1.2)

Proof. If H0 2 B(H), then (2.11) and (2.12) follow directly from (2.01). So,
suppose that H0 is an unbounded operator. Set H(k) = H0E(�k; k), where E is
the spectral measure of H0. The operator H

(k) is bounded and we have

lim
k!1

�
��H(k)

��1
h = (��H0)

�1 h (h 2 H; Im� 6= 0)
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i.e. the sequence H(k) converges to H0 in the strong resolvent sense. By the Troter
Theorem [7] we have

lim
k!1

eitH
(k)

h = eitH0h; h 2 H; t 2 R: (2.1.3)

Setting H(k) instead of H0 in (2.1.1), (2.1.2) and letting k tend to in�nity, we
complete the proof of Lemma 1.

Lemma 2.2 If H0 = H�

0 , V = V � 2 B(H), x; t 2 R, then for k = 0; 1; 2; . . .
the following inequality holds



 dk

dxk
eit(H0+xV )





 � jtjkkV kk: (2.2.1)

Proof. Since

dk

dxk
eit(H0+xV ) =

dk

d�k
eit(H1+�V )j�=0 (H1 = H0 + xV ) ;

by Lemma 2.1, it follows

dk

d�k
eit(H1+�V )j�=0 = ikk!

tZ
0

s1Z
0

. . .

sn�1Z
0

eiH1(t�s1)V . . .V eiH1snds1ds2 . . . dsn

From the previous equality we have





 dk

dxk
eit(H0+xV )





 � k!

tZ
0

s1Z
0

. . .

sn�1Z
0

kV kkds1ds2 . . . dsn = jtjkkV kk; (t > 0)

and the proof is complete.

Lemma 2.3 If H0 = H�

0 , x; t 2 R, V = V � 2 B(H) and ' 2 Mp (i.e.
'(x) =

R
R
eitxg(t)dt, g is a measurable function), then

dk

dxk
' (H0 + xV ) =

Z
R

dk

dxk
eit(H0+xV )g(t)dt: (2.3.1)

Proof. For k = 0, (2.3.1) follows from the spectral theorem. If k = 1 we have

d

dx
' (H0 + xV ) = lim

�!1

Z
R

eit(H0+(x+�)V ) � eit(H0+xV )

�
g(t)dt: (2.3.2)

Since

eit(H0+x2V ) � eit(H0+x1V ) =

x2Z
x1

@

@x
eit(H0+xV )dx
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by Lemma 2.2 we obtain


eit(H0+x2V ) � eit(H0+x1V )



 � jtjkV kjx2 � x1j: (2.3.3)

From (2.3.2), (2.3.3) and
R
R
jtjjg(t)jdt < 1, by the Theorem of Dominated Con-

vergence, we conclude that

d

dx
' (H0 + xV ) =

Z
R

d

dx
eit(H0+xV )g(t)dt:

Repeating this procedure several times we prove Lemma 2.3.

From now on we assume V = V � 2 Cp (p � 2; p 2 N).

Lemma 2.4 If x; t 2 R, H0 = H�

0 , then
dp

dxp
eit(H0+xV ) is a nuclear operator

and ���� d
p

dxp
eit(H0+xV )

����
1

� jtjpjV jpp:

Proof. Since

dp

dxp
eit(H0+xV ) = ipp!

tZ
0

s1Z
0

. . .

sn�1Z
0

eiH1(t�s1)V . . .V eiH1(sp�1�sp)V eiH1spds1ds2 . . . dsn

(H1 = H0 + xV ) and V 2 Cp we get dp

dxp
eit(H0+xV ) 2 C1 and

���� d
p

dxp
eit(H0+xV )

���� � p!jV jpp

tZ
0

s1Z
0

. . .

sp�1Z
0

ds1ds2 . . . dsn = tpjV jpp (t > 0):

Set

Up(t) = eit(H0+V ) �

p�1X
k=0

1

k!

dk

dxk
eit(H0+xV )jx=0

Now, by Lemma 2.3

Rp
def
= ' (H0 + V )�

p�1X
k=0

1

k!

dk

dxk
' (H0 + xV ) jx=0 =

Z
R

Up(t)g(t)dt:

Lemma 2.5 If H0 = H�

0 , V = V � 2 Cp, t 2 R, then Up(t) 2 C1, Rp 2 C1

and

traceRp =

Z
R

g(t) traceUp(t)dt (2.5.1)
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Proof. Let m(x) = eit(H0+xV ), (where t is a �xed real number and x 2 R).
By the Teylor theorem we obtain

m(1) =

p�1X
�=0

m(�)(0)

�!
+

1

(p� 1)!

1Z
0

m(p)(x)(1� x)p�1dx

i.e.

Up(t) =
1

(p� 1)!

1Z
0

m(p)(x)(1� x)p�1dx

Since m(p)(x) 2 C1 (by Lemma 2.4) and m(p) is a continuous function in C1 norm,
we have Up(t) 2 C1 (8t 2 R). By Lemma 2.4 we get

jUp(t)j1 �
1

(p� 1)!

1Z
0

���m(p)(x)
���
1
(1� x)p�1dx �

1

(p� 1)!

1Z
0

jtjpjV jpp(1� x)p�1dx

i.e.
jUp(t)j1 � jV jppjtj

p=p!: (2.5.2)

Hence Rp is a compact operator.

Let S be a unitary operator and suppose feig is an orthonormal set. Then

�����
rX
i=1

(SRpei; ei)

����� =
������
rX
i=1

0
@Z
R

g(t)SUp(t)ei; ei

1
A
������ =

������
Z
R

g(t)

rX
i=1

(SUp(t)ei; ei) dt

������
� ([2]) �

Z
R

jg(t)j

rX
i=1

si (Up(t)) dt �

Z
R

jg(t)j jUp(t)j1 dt

�

Z
R

jg(t)jjtjpdt �
jV jpp
p!

: (by 2:5:2)

So, �����
rX
i=1

(SRpei; ei)

����� �
jV jpp
p!

Z
R

jtjpjg(t)jdt:

When we take the supremum over all unitary operators S and over all orthonormal
sets feig, we obtain

rX
i=1

si (Rp) �
jV jpp
p!

Z
R

jtjpjg(t)jdt;

i.e.

Rp 2 C1; jRpj1 �
jV jpp
p!

Z
R

jtjpjg(t)jdt and traceRp =

Z
R

g(t) traceUp(t)dt:
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This completes the proof

Lemma 2.6 If H0 = H�

0 2 B(H), V = V � 2 Cp and � = f�: j�j = 1+kH0k+
kV kg, then

Up(t) =
1

2�i

Z
�

ei�tGp(�)d�

where Gp(�) = (��H0)
�1(V (��H0)

�1)p(I � V (��H0)
�1)�1

Proof. From H0 = H�

0 we have kV (� �H0)
�1k � kV k(1 + kV k)�1 < 1 for

every � 2 �. Hence (� � H0 � xV )�1 =
P

1

k=0 x
k(� � H0)

�1(V (� � H0)
�1)k; it

follows that

dk

dxk
(��H0 � xV )

�1
jx=0 = k! (��H0)

�1
�
V (��H0)

�1
�k

and

1

k!

dk

dxk
eit(H0+xV )jx=0 =

1

2�i

Z
�

ei�t (��H0)
�1
�
V (��H0)

�1
�k

d� (2.6.2)

Since eit(H0+V ) = 1
2�i

R
�

ei�t(��H0 � V )�1d� from (2.6.2) it follows

Up(t) =
1

2�i

Z
�

ei�t
1X
k=p

(��H0)
�1
�
V (��H0)

�1
�k

d� =
1

2�i

Z
�

ei�tGp(�)d�

Lemma 2.7 Let H0 = H�

0 be an unbounded operator and V = V � 2 Cp. If

H
(n)
0 = H0E(�n; n) (E is the spectral measure of H0) and

U (n)
p (t) = eit(H

(n)
0 +V ) �

p�1X
k=0

1

k!

dk

dxk
eit(H

(n)
0 +xV )jx=0

then for every t 2 R

lim
n!1

���Up(t)� U (n)
p (t)

���
1
= 0: (2.7.1)

Proof. Since

Up(t) =
1

(p� 1)!

1Z
0

m(p)(x)(1� x)p�1dx

and

U (n)
p (t) =

1

(p� 1)!

1Z
0

m(p)
n (x)(1� x)p�1dx
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where m(x) = eit(H0+xV ) and mn(x) = eit(H
(n)
0 +xV ), we obtain

���Up(t)� U (n)
p (t)

���
1
�

1

(p� 1)!

1Z
0

���m(p)(x)�m(p)
n (x)

���
1
(1� x)p�1dx

From (2.1.1), (2.1.2) and [2, p. 119], Theorem 6.3 we have

lim
n!1

���m(p)(x)�m(p)
n (x)

���
1
= 0; x 2 (0; 1):

Now, since
��m(p)(x)

��
1
� jtjpjV jpp and

���m(p)
n (x)

���
1
� jtjpjV jpp, (2.7.1) follows from the

Lebesgue Dominated Convergence Theorem.

Theorem 2.8 If V 2 C2, H0 = H�

0 and ' 2 M2, then

(1) R2 = '(H0 + V )� '(H0)�
d
dx
'(H0 + xV )jx=0 2 C1

(2) There exists a real function � of bounded variation (� depends only on H0

and V ) such that trace R2 =
R
R
'\(�)d�(�)

(3) V1

�1
� � jV j22=2

(4) det2

�
I + V (H0 � z)�1

�
= exp

�
�
R
R

d�(�)
(��z)2

�
.

Proof. (1) follows from Lemma 2.5. Let H0 be a bounded operator,
�0 2 CnR and j�0j > 1 + kH0k + kV k. Now, by Runge's Theorem there ex-
ists a sequence of polinomials Pn such that rn(�): = Pn (1=(�� �0)) � ei�t on
D = f�: j�j � 1 + kH0k+ kV kg. Hence

r(�)n (�)� (it)�eit� (� = 0; 1; 2; . . . ) on D: (2.8.1)

Let R
(n)
2 = rn (H0 + V )� rn (H0)�

d
dx
rn(H0 + xV )jx=0. As in Lemma 2.6, we get

R
(n)
2 =

1

2�i

Z
�

rn(�)G2(�)d�:

Now, by Lemma 2.6 we have

U2(t)�R
(n)
2 (t) =

1

2�i

Z
�

�
ei�t � rn(�)

�
G2(�)d�

and���U2(t)�R
(n)
2 (t)

���
1
�

1

2�

Z
�

��ei�t � rn(�)
�� �max

�2�
jG2(�)j1 � jd�j �! 0 (n!1):

Hence limn!1 traceR
(n)
2 = traceU2(t). By Theorem 1, there exists a function � of

bounded variation (depending only on H0 and V ) such that V1

�1
� � jV j22=2! and

traceR
(n)
2 =

Z
R

r00n(s)d�(s) (2.8.2)
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From (2.8.1) and (2.8.2) it follows

traceU2(t) =

Z
R

(it)2eitsd�(s): (2.8.3)

From (2.5.1) and (2.8.3) we conclude trace R2 =
R
R

'00(s)d�(s).

Now consider the case when H0 is not a bounded operator. Lemma 2.7 gives

lim
n!1

traceU
(n)
2 (t) = traceU2(t): (2.8.4)

From (2.8.3) it follows

traceU
(n)
2 (t) =

Z
R

(it)2eitsd�n(s) and V1

�1
�n �

jV j22
2!

:

By (2.8.4) and the Helly election Theorem there exists a function � of bounded
variation

�
V1

�1
� � jV j22=2!

�
such that

traceU2(t) =

Z
R

(it)2eitsd�(s) and traceR2 =

Z
R

'00(s)d�(s):

The property (4) we obtain similarly as in [5].

Theorem 2.9 If H0 = H�

0 2 B(H), V = V � 2 Cp (p � 3, p 2 N) and
' 2 Mp+1, then

traceRp =
traceV p

p!
'(p)(0) +

Z
R

'(p+1)(x)
(x)dx

where 
 2 L2(R) is a function which depends only on V , H0 and p.

Proof. From Lemma 2.6 it follows that f(t) = traceUp(t) is an entire function
of the exponential type. On the other hand from (2.5.2) we get jf(t)j � jtjpjV jpp=p!

for every t 2 R. Hence f(0) = f 0(0) = � � � = f (p�1)(0) = 0. From (2.6.1) we obtain

lim
t!0

f(t)

(it)p
=

traceV p

p!

So, 1
t

�
f(t)
(it)p �

traceV p

p!

�
2 L2(R) is an entire function of the exponential type. Now,

by the Paley-Wiener Theorem we have

f(t)

(it)p
�

traceV p

p!
= it

Z
R

eits
(s)ds

for some 
 2 L2(R) and

f(t) = (it)p+1
Z
R

eits
(s)ds+ (it)p
traceV p

p!
: (2.9.1)
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The proof of Theorem 2.9 follows from (2.5.1) and (2.9.1).

Corollary 2.10. If H0 = H�

0 is an unbounded operator, V = V � 2 Cp

(p � 3), then there exists a sequence 
n 2 L2(R) such that for every ' 2 Mp+1

traceRp =
traceV p

p!
'(p)(0) + lim

n!1

Z
R

'(p+1)(x)
n(x)dx:

Proof. Since

R(n)
p = '

�
H

(n)
0 + V

�
�

p�1X
k=0

1

k!

dk

dxk
'
�
H

(n)
0 + xV

�
jx=0

�
H

(n)
0 = H0E (�n; n)

�

=

Z
R

g(t)U (n)
p (t)dt;

by Lemma 2.7 we get
lim
n!1

traceR(n)
p = traceRp: (2.10.1)

By Theorem 2.9 there exists a sequence 
n 2 L2(R) such that

traceR(n)
p =

traceV p

p!
'(p)(0) +

Z
R

'(p+1)(x)
n(x)dx

and the proof follows by (2.10.1).
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