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ITERATION OF ULTRAPRODUCTS
OF LOCALLY CONVEX SPACES

José Antonio Facenda Aguirre

Abstract. Let {F;;:(4,j) € I X J} be a family of locally convex Hausdorff spaces. We
study the relation between the spaces P(; jyerxs(Fij) and Pjey (Pier(Eij)). In particular, we
prove that the ultraproduct of an ultraproduct is again an ultraproduct.

In the following, N will denote the set of all positive integers, p the first
uncountable measurable cardinal, |X| the cardinal of the set X, I and J sets of
indices such that |I| > p and |J| > p, F and G countably complete ultrafilters on
I and J respectively and {E;;: (i,j) € I x J} a family of locally convex Hausdorff
spaces.

An ultrafilter F is said to be countably complete if for each sequence
{An}nen C F such that |J,.n An € F there exists m € N such that 4, € F
(or equivalently, if A, & F, Vn € N then (J, cn An & F).

In [2] the ultraproduct is defined of a family {FE;:i € I} of locally convex
Hausdorff spaces such that |I| > u, with respect to a countably complete ultrafilter
F on I, whose construction we recall again for the sake of completeness: consider
the equivalence relation in the product space Hie 1 E; given by:

{ziriel}=r{ypnicl}<={iclz;=y} € F

Let p; be an arbitrary continuous seminorm on the space E;, (i € I), and
[{x;:4 € I}] the equivalence classes of the quotient space. We call the ultraproduct
of the family {E;:i € I} with respect to the ultrafilter F the above mentioned
quotient space endowed with the topology defined by the family of seminorms:

p({zizi € I}]) = lim p;(z;)

This limit always exists because I = (J,cn1i € I:pi(2i) € [n,n + 1]} € F, and
since F is countably complete there exists m € N such that {i € I:p;(z;) €
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[m,m+1]} € F. Furthermore, it is easy to prove that p is a seminorm. We denote
the ultraproduct space by Pjer(E;). Since E;, i € I, are Hausdorff spaces, we
obtain that the ultraproduct space is also a Hausdorff space. If all the spaces F;
(¢ € I) are equal to a certain space FE, then we refer to their ultraproduct with
respect to F as to the ultrapower of E with respect to F which we shall denote by
Pr(E).

Finally, we denote by F x G, the family of all subsets K C I x J such that

{jeJ:{iel:(i,j)e K}e F}eg

It is an ultrafilter on I x .J [1, page 156]. We prove that it is countably complete.
Let {A,}nen C F X G be an arbitrary sequence. It follows that {j € J:{i €
I:(i,j) € Ay} € F} € G, for all n € N. Since {i € I:(i,j) € U,en4n} =
Upenti € I:(i,j) € Ay} € F, because F is countably complete, then

{jeJ{iel:Gje |JAteFt=|JlieJ{icl:(ij) € A} € F},
neN neN
which belongs to G, because it is countably complete.
Now, we prove the iteration theorem:

THEOREM. Let {E;;:(i,5) € I x J} be a family of locally convex Hausdorff
spaces, |I| > u, |J| > 1 and let F, G be countably complete ultrafilters on I and J
respectively. Then the ultraproduct spaces P(; jyerxj(Eij) and Pjej (Pier(Eij)) are
isomorphic.

Proof. Let & = [{w;;:(i,7) € I X J}] € Py jjerxs(Eij) and let {x;;: (i,7) €
I x J} be an element of this class. Denote by 7;(Z) the class in the space
Pic1(E;ij), corresponding to the element {z;;:i € I} € [[;c; Eij, and by [m;(%)]
the class in the space Pjey (Pier(E;j)) associated to the element {m;(Z):j € J} €
[1jcs (Pier(Eij))-

We prove that the mapping

m: P jperxs(Eij) — Pies (Pier(Ey));  w(&) = [r;(2)]
is the desired isomorphism.
Clearly 7 is linear and onto. 7 is one to one: let m(Z) be the null class of the
ultraproduct Pjej (Pier(E;j)). So {j € J:m;(&) = 0} € G, that is to say,
{seJ:{ielz;;=0eF}eg (1)
If we call K = {(i,j) € I x J:x;; =0}, then, by (1), K € F x G and so # = 0.

7 is bicontinuous: the proof of the continuity of 7 and 7! is similar, we only
see that of 7. Let p = limg p; be a continuous seminorm on Pjey (Pier(E;j)), where
p;j = limgp;;. Let [7;(Z)] be an arbitrary element of the iterated ultraproduct,
q = limzxg pi; continuous seminorm on P; jyerxs(Eij) and a = limzyg pij(zij).
This means that

Ve >0, K.={(i,j) €I xJi|pj(zy) —a| <e} € FxgG
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Therefore, for all j € Jy € G, we have {i € I'|p;j(z;;) — a| < €} € F, where
Jo={je J:{iel:(i,j) € K.} € F}.

Then |p;([{zi:i € I1}) —a| <e,Vj € Jy. It follows that limg lim g p;; (z;5) =
a. So p(w(Z)) < §(%) and 7 is continuous, as required.

COROLLARY. Let F, G be countably complete ultrafilters on I and J respec-
tively and let {E;:i € I} be a family of locally convexr Hausdorff spaces. Then the
ultrapower Pg (Pici(E;)) of the ultraproduct Pici(E;) is isomorphic to the ultra-
product Py jyerxy(Eij) where Eijj = E;, for all j € J. In particular the ultrapower
of an ultrapower is itself an ultrapower.

Proof. For each j € J, Picy(E;;) is isomorphic to Pier(E;).

Remarks. 1. In fact we have proved that for all p, continuous seminorn on
the iterated ultraproduct Pjcj (Pier(Ejj)), there exists ¢, continuous seminorm on
Pii jyerxs(Eij), such that p(m(Z)) = ¢(Z) (and reciprocally).

2. A result of this type is known within the field of normed spaces ([3, page
101], [4, Proposition 2.1]).
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