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RECURRENCE RELATION FOR A CLASS OF POLYNOMIALS
ASSOCIATED WITH THE GENERALIZED
HERMITE POLYNOMIALS

Gradimir V. Milovanovié

Abstract. The coefficients in an (m+1)-term recurrence relation for a class of polynomials
associated by the generalized Hermite polynomials are determined explicitly.

Introduction. The sequence of polynomials {h) ,(z)},/25, where X is a

real parameter and m is an arbitrary positive integer, was investigated in [1]. For
m = 2, the polynomial h} . (z) reduces to Hy(z,\)/n!, where Hy,(x,)) is the
Hermite polynomial with a parameter. For X = 1, hy, ,(z) = H,(z)/n!, where
H,(z) is the classical Hermite polynomial.

Taking A = 1 and n = mN +¢, where N = [n/m] and 0 < ¢ < m—1, Dordevi¢
[1] introduced the polynomials P](Vm’q) (t) by hy ,(z) = (2:1:)‘1P](Vm’q)((2a:)m), and
proved that they satisfy an (m + 1)-term linear recurrence relation of the form

m

S An(i,q) PSR (1) = Ba()tPy (1), (1)

i=0

where By (q) and An(i,q) (1 =0,1,...,m) are constants depending only on N, m
and ¢. Fixing one of the coefficients, for example By (g) = 1, this relation becomes
unique.

Recurrence relation. In this short note we determine the explicit expres-
sions for the coefficients in (1) using some combinatorial identities. Defining the
power of the standard backward difference operator V by

VOCLN =ayny, Vany=anN —an-_i, ViaN = V(Viila,N) (’L € N),
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and using the Pochhammer’s symbol (A), = AA+1)---(A+m — 1), we can prove
the following result:

THEOREM The polynomials P](meII) (t) satisfy the (m + 1)-term recurrence
relation
Lo (m.0) (m.q)
Z HV’(q +mN + 1) Pyy”(8) = tPy 7 (1) (2)

i=0

At first we prove an auxiliary result:

LEMMA Let m € N, ¢ € {0,1,...,m — 1}, ay = (¢ + mN + 1),,, and
0<k<N+1. Then

G .
(_1)N+1—k—z 1 ; B (_1)N+1—k
~ (N +1-k—i) i!vaN_(N+1_k,)!ak—1, (3)

where G = min(m, N + 1 — k).

~.

Proof. Let E be the shifting operator defined by Eaj = aj41. Since
(I- V)N by =B WMoy =4y,
ie.,
N+1—k
JAN+1-Ek\_,;
Z (-1) ( . )V aN = ag_1,
=0 L
and Viay =0 for i > m, we obtain (3). O
Notice that
_{m, if 0<kE<N+1-—m,
I N+1—k if N+1-m<k<N+1.
Proof of Theorem. Taking Bx(q) = 1 and Ax(i,q) = Viay/i! and using an explicit
representation of the polynomial PJ(Vm’Q) (t), given by (see [1])

N

tk
p(mJJ) t) = -1 N—k
N @) kz:%( ) (N — k)l(g +mk)!’
the left hand side of the relation (1) reduces to
m N+1—1 tk
L= - vz -1 NA+1—k—i
;ﬂ N kzzo( ) (N+1—Fk—d)l(q+mk)

Ntl-m , m (—pN+H1-k=i ) tk
A

- > (X 17 g

k=0 i=0 :

N+1 N+1—k (—L)NHI=-k=i g tk
. O )
2 e
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According to Lemma, we have that

N+1 (—1)N+1-k ap i t*

L= kz:% (N+1-k)! (g+mk)!’

Sincea_y =(gq—m+1),, =(¢q—-m+1)(g—m+2)---¢g =0 and

aj, _(g+mk+1), 1
(g+mk+1)  (g+mE+1)  (¢g+mk)!’

we obtain that N

(_l)ka tk+1 (m.q)
L= - =tPyN 7 (t).
Z (N =k)! (q+mk)! N0

To complete this proof we mention the uniqueness of an (m + 1)-term recur-
rence relation with By = 1. O

Remark. The coefficients An(i,q) in the recurrence relation (1) can be expressed
in the form

. 1 . .
AN(an) = (q+mN+1)m7 AN(Zaq) = ZVAN(Z_]-aq) (Z: ]-7 )m)'

Special cases. As an illustration of the previous result, we give two special
cases (m = 2 and m = 3). For m = 2 we obtain

An(0,9) = (¢+2N+1)(¢+2N +2), An(l,9) =2(2¢+4N+1), An(2,9) =4,

where ¢ =0 or ¢ =1.

For m = 3 we have

ANn(0,q) = (g+3N +1)3 = (¢ + 3N + 1)(¢ + 3N +2)(q + 3N + 3),
An(1,q) = 3(2+ 3¢ + 9N + 3¢ + 18Ngq + 27TN?),
AN(3,(]) = 27,
where ¢ € {0, 1,2}.
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