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THE QUASIASYMPTOTIC EXPANSION AND THE MOMENT

EXPANSION OF TEMPERED DISTRIBUTIONS

D. Nikoli�c-Despotovi�c and S. Pilipovi�c

Abstract. We prove that an f 2 A0, where A is one of spaces E;P;Oc;Om, or K, has the
quasiasymptotic expansions of the �rst and second kind and that they are equal to the moment
expansion of f . Also, Abelian-type results for the Stieltjes and the Laplace transforms of tempered
distributions are given.

1. Introduction. We investigate the connection between the quasiasymp-
totic expansions of tempered distributions at in�nity introduced by Zavialov [9]
(see also [7]) and slightly modi�ed and examined by Pilipovi�c [5], and the moment
expansions, introduced by Estrada and Kanwal [1], [2], of distributions that "decay
very fast at in�nity". These spaces A0 are duals of the spaces E ;P ;Oc;Om, or K
which are denoted in [1] by A.

We shall show that every generalized function, supported by [0;1), from A0,
has quasiasymptotic expansions of the �rst and the second kind at in�nity and that
those are equal.

For various generalized integral transforms, Estrada and Kanwal have derived
tha moment expansions of corresponding kernels and have given the asymptotic ex-
pansions of integral transforms of elements of A. Contrary to this method, we have
used the quasiasymptotic expansions of tempered distributions and for appropriate
integral transforms, (Laplace transform [6], Stieltjes transform [3]) we have given
the asymptotic expansions for their integral transforms.

We shall give the Abelian-type results for the Laplace and Stieltjes transforms
of tempered distributions, wich have quasiasymptotic expansions of the �rst kind,
and apply them on distributions with the moment expansions. Also, as an example,
we shall use the moment expansion from [1], of H(x)eijxj

�

; � > 0, where H is the
Heaviside function, and give the behaviour of its Stieltjes and Laplace transforms.

2. Notions and known results. Following [5], we shall give the de�ni-
tions of the quasiasymptotic expansions of the �rst and the second kind at in�nity
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of tempered distributions. Denote by S the space of rapidly decreasing smooth
functions, de�ned on the real line R, supplied with the usual topology. Its dual is
the space of tempered distributions S 0 and S 0+ is its subspace with elements sup-
ported by [0;1). As in [8], we denote by Sp the completion of S with respect to
the norm

k'kp = sup

�
(1 + jxj2)p=2j'(�)(x)j; x 2 R; � � p

�
:

Recall that, S =
T
p2N Sp , S 0 = Sp2N S 0p have the topological meaning and that

a sequence fn from S 0 converges to f 2 S 0 i� it belongs to some S 0p0 , which, in the
dual norm of S 0p0 , converges to f 2 S 0p0 .

Denote by cm(�); m 2 N, a sequence of continuous positive functions de�ned
on (am;1); am > 0, such that cm(�) = o(cm+1(�)); � ! 1, (m 2 N) and
by um;m 2 N, a sequence of S 0+ such that um 6= 0, m = 1; . . . ; p, p < 1,
um = 0, m > p or um 6= 0, m 2 N. Denote by � the set of pairs of sequences
(cm(�); um).

Let (cm(�); um) 2 � and

lim
�!1

Dum(�x)
cm(�)

; '(x)
E
=
D
gm(x); '(x)

E
; ' 2 S; m 2 N; (1)

where gm(x) 6= 0 if um 6= 0; m 2 N. In this case we can write um
q�gm at 1, with

respect to cm(�).

It has been proven [7] that in this case

gm = Cf�m+1; C 6= 0; and cm(�) = ��mLm(�); � > �0;m; where;

fp+1(x) =

�
H(x)xp=�(p+ 1); p > �1;
Dkfp+k+1(x); p � �1; p+ k > �1; k 2 N ; x 2 R

where D is the derivate in the sence of distributions, and Lm is the Kara-
mata's slowly varying function, i.e. a positive measurable function such that
lim�!1 Lm(�x)=Lm(�) = 1, uniformly for x 2 [a; b] � (0;1); m 2 N.

Denote by �1 a subset of � such that (cm(�); um) 2 �1 if (1) holds for every
m for which um 6= 0 and gm 6= 0; m = 1; . . . ; p < 1 or m 2 N. Let f 2 S 0 and
(cm(�); um) 2 �1, such that

lim
�!1

h
8>>:f(�)� mX

i=1

ui(�)
9>>;(�x)=cm(�); '(x)i = 0; ' 2 S;

for m = 1; . . . ; p < 1 or m 2 N. Then it is said that f has the quasiasymptotic
expansion at in�nity of the �rst kind with respect to (cm(�); um), so that we can
write

f(x)
q�e�

p(1)X
i=1

ui(x) (ci(�)) at 1:
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Let f 2 S 0+; (cm(�); um) 2 �1 with um 2 S 0+ (m = 1; . . . ; p <1 or m 2 N) and

lim
�!1

��
f(�x) �

mX
i=1

ui(x)ci(�)=cm(�); '(x)
��

= 0; ' 2 S;

for m = 1; . . . ; p < 1 or m 2 N. Then it is said that f has the quasiasymptotic
expansion at in�nity of the second kind with respect to (cm(�); um), so that we can
write

f(�x)
�q�e�

p(1)X
i=1

ui(x)ci(�) (ci(�)) at 1:

As we have noted, Estrada and Kanwal introduced the moment asymptotic expan-
sion of generalized functions. They have considered several spaces of distributions
that decay very fast at in�nity, which are subspaces of the space of tempered dis-
tributions. The testing function space is denoted in [1] by A(Rn).

Theorem A. [1] Let A(Rn) be any of the spaces E ;P ;Oc;Om, or K. If

f 2 A0(Rn), then

f(�x) �
1X

j�j=0

(�1)j�j��D�Æ(x)

�!�j�j+n
; as �!1;

where �� = hf(x); x�i; � 2 Nn
0 , are the moments of the generalized function f , in

the sense that for every � 2 A(Rn),

hf(�x); �(x)i =
NX

j�j=0

��D
��(0)

�!�j�j+n
+O

�
1

�N+n+1

�
; as �!1:

It has been noted that the moment asymptotic expansion does not generally hold
for elements of the spaces such as D0 or S 0.

3. Relations between asymptotic expansions. The quasiasymptotic
expansion at in�nity of the �rst kind is more natural than the quasiasymptotic
expansion at in�nity of the second kind. The following example can be used to
show that.

Example 1. Assume f(x) = x4ln2jxj + x5 , c1(�) = �4ln2� , c2(�) = �5 ,
� > 1 . Then,

f(x)
q�e�x4ln2jxj+ x5; and

f(�x)
�q�e�(x4ln2jxj)�4ln2�+ (x4ln2jxj�4ln�+ (x4ln2jxj)�4 + �5x5:

Proposition 1. Let A(R) be any of the spaces E ;P ;Oc;Om, or K ([1]). If

f 2 A0(R), then f has the quasiasymptotic expansion of the �rst and second kind

at in�nity and they are equal.

Proof. If f 2 A0(R), then, according to Theorem A, we obtain the following
moment asymptotic expansion

f(�x) �
1X
i=0

(�1)i�iÆ(i)(x)
i!�i+1

as �!1;
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where �i are moments of the generalized function f , �i = hf(x); xii, i 2 N0, in the
sense that if � 2 A(R), then

hf(�x); �(x)i =
mX
i=0

�i�
(i)(0)

i!�i+1
+O

8>>: 1

�m+2

9>>; as �!1:

Since S � A(R) and

lim
�!1

�i+1hÆ(i)(�x); �(x)i = (�1)i�(i)(0) = hÆ(i)(x); �(x)i; � 2 S;

we obtain

lim
�!1

�m+1hf(�x) �
mX
i=0

(�1)i�iÆ(i)(�x)
i!

; �(x)i =

lim
�!1

�m+1

"
mX
i=0

�i�
(i)(0)

i!�i+1
+O

8>>: 1

�m+2

9>>;�
mX
i=0

(�1)i�i+1�i
i!�i+1

hÆ(i)(�x); �(x)i
#
=

lim
�!1

O

8>>: 1

�

9>>; = 0; � 2 S:

With ui(x) = (�1)i�iÆ(i)(x)=i! and ci(�) = ��i�1, i 2 N0; the statement has
been proven.

4. Application on Stieltjes and the Laplace transforms. Assume
f 2 S 0+. By following Lavoine and Misra we say that f 2 J 0(r), if there exists an
m 2 N0 and a locally integrable function F , supp F � [0;1), such that

a) f = F (m); b)

Z
R

jF (x)j
(x+ �)r+m+1

dx <1 for � > 0:

The Stieltjes transform Sr of index r, r 2 R n (�N0) of a distribution f 2 J 0(r),
with properties a) and b) is a complex-valued function given by

(Srf)(z) = (r + 1)m

Z 1

0

F (x)(x + z)�r�m�1dx

= (r + 1)mhF (x); (x + z)�r�m�1i z 2 C n (�1; 0];

where (r)k = r(r + 1) . . . (r + k � 1); k > 0 and (r)0 = 1.

It is easy to show that (Srf)(z) is a holomorphic function of a complex variable
z 2 C n (�1; 0].

Let us recall that

(Srf�+1)(s) =
s��r�(r � �)

�(r + 1)
; s > 0; r > �: (2)

The Laplace transform of f 2 S 0+ is de�ned by L(f)(z) = hf(x); ezxi, z = u+ iv 2
R+ + iR = T+, where L(f) is an analytic function.
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Here,

L(f�+1)(z) = (�iz)���1; z 2 T+; � 2 R; (i =
p�1): (3)

From previous expresions and Proposition 1, we derive the next proposition.

Proposition 2. Let Lk, k 2 N, be a sequence of slowly varying functions

at in�nity; �k; k 2 N, be a strictly decreasing sequence of real numbers; Ak,

k 2 N, a sequence of real numbers 6= 0; and r 2 R n (�N); r > �1. Assume that

f 2 S 0+ has the quasiasymptotic expansion at in�nity of the �rst kind with respect

to (��mLm(�); Amf�m+1); m 2 N: Then, in the sense of ordinary asymptotic

expansions, we have

(Srf)(�) �
1X
k=1

Ak
��k�r

�(r + 1)
�(r � �k); �!1; (4)

with respect to ��mLm(�); m 2 N. Also, we have

L(f)(") �
1X
k=1

Ak(�i")��k�1; "! 0+; (5)

with respect to "�(�m+1)Lm(1="); m 2 N. Particularly, if f 2 A0(R) and r > 0,
then,

(Srf)(�) �
1X
k=0

(�1)k�k�(r + k)

k!�(r + 1)�k+r+1
; �!1;

with respect to ��m�1; m 2 N0, and

L(f)(") �
1X
k=0

ik�k"
k

k!
; "! 0+;

with respect to "m; m 2 N0.

Proof. Since for every m 2 N8>>:f �Pm
k=1 Akf�k+1

9>>;(�x)

��mLm(�)
! 0; �!1; in S 0;

using the well-known argumets for the quasiasymptotic behaviour [7, the structural
theorem], it follows that there exists a p0 such that, for every p � p0, there is a

continuous function Fp supported by [0;1) such that f = F
(p)
p and

Fp(�x) �
Pm

k=1Akf�k+p+1(�x)

��m+pLm(�)
! 0; �!1:

First, assume that r � 1 � �m < r. Then, as in [4, Ch. 4], with � 2 C1, � = 1,
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x > �", � = 0, x < �1� ", we have8>>:Sr+1f �Pm
k=1 Akf�k+1

9>>;(�s)

��m�r�1Lm(�)

=
(r + 2)p
��m�r�1

D
(Fp �

mX
k=1

Akf�k+p+1)(x);
�(x)

(�s+ x)r+p+2

E

= (r + 2)p

DFp(�x)�Pm
k=1 Akf�k+p+1(�x)

��m+pLm(�)
;

�(x)

(s+ x)r+p+2

E
;

where h: ; :i is the dual pairing of S 0r+p+1 and Sr+p+1, which, because of �m � r�1,

implies that �(x)=(s+ x)r+p+2 2 Sr+p+1 and, hence, for s > 0

Fp(�s)�
Pm

k=1 Akf�k+p+1(�s)

��m+pLm(�)

converges to 0 in S 0r+p+1 when �!1. This also implies that for every s > 0,8>>:Sr+1f �Pm
k=1 Akf�k+1

9>>;(�s)

��m�r�1Lm(�)
! 0; �!1:

Since8>>:Srf � mX
k=1

Akf�k+1

9>>;(�) =(r + 1)

Z 1

�

8>>:Sr+1f � mX
k=1

Akf�k+1

9>>;(u)du

=�(r + 1)

Z 1

1

8>>:Sr+1f � mX
k=1

Akf�k+1

9>>;(�s)ds;

by Lebesgue's theorem we have assertion (4) for �m � r � 1. If �m < r � 1,
then we directly consider the Sr-transform of f �Pm

k=1Akf�k+1 and note that
�(x)=(s+ x)r+p+1 2 Sr+p, and

Fp(�s)�
Pm

k=1Akf�k+p+1(�s)

��m+pLm(�)
; s > 0;

converge to 0 in S 0r+p as �!1. The proof can be completed by using (2).

Similar arguments as in (4) imply in (5). One has to use (3) and the fact that
Æ(k) = f�k; k 2 N0.

As we have mentioned in the introduction, Estrada and Kanwal in [1], [2]
give the asymptotic expansions for Sr� and L(�); � 2 A(R).

From [1] we recall the following moment expansion:

Example 2. If � > 0, then the function f(x) = H(�x)exp(�ijxj�), as well as
its combinations, belong to O0

c. Using valuesZ 1

0

x�exp(ix�)dx =
1

�
�

8>>:�+ 1

�

9>>;exp

8>>:�i(�+ 1)

2�

9>>;; � 6= ��;�2�;�3�; . . . ;
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one obtains

H(x)exp(�i(�x)�) � 1

�

1X
n=0

(�1)n�
�
n+ 1

�

�
exp

���i(n+ 1)

2�

�
Æ(n)(x)

n!�n+1
; �!1;

and, consequently, by Proposition 2, for r > �1, z 2 C n (�1; 0], one obtains

(Srf)(�z) � 1

�

1X
m=0

(�1)n�
�
m+ 1

�

�
exp

���i(m+ 1)

2�

�
�(r + n+ 1)

(m)!(�z)m+r+1�(r + 1)
; �!1;

L(f)(") � 1

�

1X
m=0

�

�
m+ 1

�

�
exp

���i(m+ 1)

2�

�
"m

(m)!
; "! 0:
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