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ON THE RATE OF CONVERGENCE FOR MODIFIED
SZASZ-MIRAKYAN OPERATORS ON FUNCTIONS
OF BOUNDED VARIATION

Ashok Sahai and Govind Prasad

Abstract. Recently Gupta and Agrawal [4] gave an estimate of the rate of convergence
for modified Szdsz-Mirakyan operators for functions of bounded variation, using probabilistic
approach. Because of some mistakes in their paper, we were motivated to correct and improve
their results.

1. Introduction. Let f be a function defined on [0,00). The Szdsz-
Mirakyan operator S,, applied to f is

Sa(f;2) =Y pr(nx) f(k/n),
k=0

where
pi(t) = e 't* /k!

Kasana et al. [5] proposed modified Szdsz-Mirakyan operators to approximate
functions integrable on [0, c0):

M,(f;z) =n Zpk(nfﬂ) /OO pr(nt) f(t)dt.
k=0 0

We shall study M, (f;z) for functions of bounded variation on every finite
subinterval of [0, 00), giving quantitative estimates of the rate of convergence. Re-
sults of this type for Fourier series were obtained by Bojanié¢ [2].

2. Auxiliary results. We shall need the following lemmas in the proof of
our theorem.

LEmMA 1. [1, pp. 104,110] and [3, p. 304]: Berry—Essen Theorem. Let
X1,Xo,..., X, be n indenpendently and identically distributed (i.i.d.) random
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variables with zero mean and a finite absolute third moment. If p, = E(X?) > 0,
then Supyer|Fn(z) —¢(x)| < (41)ls,,, where F,(z) is the distribution function of
(X1 + Xo+ ...+ X)) (np2) Y2 ¢(x) is the standard normal distribution function,
and I3, is the Liapounov ratio l3,, = p3py 3/2 n~ 2, ps = E|X°.

We may note here that Gupta and Agrawal (1991) mistook 33 = E(X?) for
ps and since p3 > (3 for all nondegenerate distribution functions of i.i.d. X;’s,
this led to an error in the estimate, e.g., in their Lemma 1, it should have read

pi(ne) < 5/2(v/nx).

LEMMA 2. For every x € (0,00), we have pi(nz) < ¢(x)/\/n, where ¢(z) =
20 Y2 (4% + 3z + 1).

Proof. Let {{x} be a sequence of i.i.d. random variables all having the same
Poisson distribution with parameter z. Let 1, = > ,_; &; then

p(nn = k) = e " (nz)* [k! = py(nz),
wherefrom

p2 =i py = Bléa — o’ < B(&) +3eB(&) + 3°B(&) + 2°
=82+ 62° +z, and

I3 = (82° + 622 + z)//n(z®/?).

So, we have

k_]'_ n - k—
Pk(nx):P(k—1<nn§k):p( nr  nn —nc na;)

Tz S az S e

By using Lemma 1 we have

(k=na)/Vnz 8¢ +6x+1 8z°+6x+1
‘t2/2dt‘<20.41 vAbetl Setberl
po) P N vz
Also (k—naz)/v/nz
k—nx ne
et < ! gi.
\/271’ —1—nz)//nz vV2knz nr
Therefore,

8z% + 6z + 1 1 o()
pr(nz) < NN TR

LEMMA 3. Forn > 2, we have 2x/n < M, ((t — z)*;z) < (2z + 1)/n.

Proof. Tt is easily verified that: M, (1;z) = 1, M,(t;z) = (1 + nz)/n and
Ms(t*;z) = (2°n® + 4nz + 2)/n®. Hence, My((t — a:)2 x) = 2x/n + 2/n?, which
leads to the assertion of the lemma.

LEMMA 4. Let ky(z;t) = nd ooy pr(nz)pr(nt). Then
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(i) For 0 <y <z, we have

/k (2, t)dt < 221 (2.1)
n(z —y)?
(i) Forz < z < o0, we have
2z +1
< —— 2.2
/k (@)t < 2 (2.2)

Proof. The results follow from straightforward application of Lemma 3 and
from the fact that (t — )2 > (z — y)? in (i) and (¢t — z)? > (z — x)? in (ii).

LEMMA 5. For z € (0,00), we have
n/ pr(nt)dt = ij (nz)

Proof. The above equality can be obtained by repeated integration of its
left-hand side by parts. Also,

oo

n/ozpk(nt)dt =1- n/oopk(nt)dt = Z pj(nx).

j=k+1

3. Main Result. Our main result may be stated as follows.

THEOREM. Let f be a function of bounded variation on every finite subin-
terval of [0,00) and let f(t) = O(e®?) for some a > 0 as t — oo. If z € (0,00),
then for n sufficiently large we have

(22 4+ 62 +3)272 = ata/VE
|Mn(f7 )——{f(5l7+ +f }| n ) vajx//\/ggw

k=1 (3.1)

+ (”2'“}}')“’1/2 Fl4) — flao)] + O o ZEEDT,

Where V.2 (g.) is total variation of g on [a,b] and

f(t) = fla4), 2 <t < oo;
9a Egm(t) = 0, t = x;
f@) = flz—), 0<t<u.

Proof. First,

Mo (F32) = 5 (F(a4) + Flz-)]

< Mages )| + 51f(a+) — Fa)|| My (Sign(t - 2); )
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Thus to estimate the left-hand-side, we need estimates for M, (g,;x) and
M, (Sign(t — x); x). Now,

M, (Sign(t — z);z) = /000 Sign(t — x)ky (z;t)dt

:/x kn(m;t)dt—/o ke (z;t)dt
= Ap(z) — Bn(z), say

Using Lemma 5, we have

A, (z) = /00 kn(z,t)dt
nZPk(mﬂ)/ pr(nt)dt = Zpk n Z nz)
k=0 z j=0

:p3+P1(p0 +p1) + p2(po + p1 +p2)+...
=pi4+pi P+ ApoprApe ) Ao Pzt )

Let 1 = (po+p1+p2+...)(Po+p1+p2+...). Then 1-An(z) =po(p1 +p2+...)+
p1(p2+ps+...)+.... Further, A, (z)—(1—A,(z)) = 24, (z) -1 = p3+p? +p3+. ..,
and A, (z) + B,(z) = 1; so we get

|An(z) = Ba(@)] = [240(@) — 1 = 3" g (n2) < 22 3 pena) =

To estimate M,,(g.;z), we first decompose [0, 00) into three parts, as follows

n(gz; ) = ank nw /0 pr(nt) g (t)dt = /000 9o (V) kn (z;8)dt

ot/ Vm

T — I/\/_
:/ gz(t)kn(a:;t)dt—k/ 9z () k(5 t)dt
0 z—z/Vvn

+ / gz (t)kn (fﬂ; t)dt
ztz/v/n

= </11+/12+/13> e (t)Fen (5 )t

= E1 + EQ + E3, say.
First, we estimate F,. For t € I, we have

192 (0] = 192 () = 9o ()] < V2 (g0),
and so
ztz/Vn ztz/Vn
[ sokwoa] <G [ ke

By =
—z/V/n @/vn —z/Vn

+o /v shelm '
=V Ix/\/— (9 )/ din(z;t); where, Ap(z;t) :/ kn(z;u)du.
z—z//n 0
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Since fab di An(z,t) < 1 for all [a,b] C [0,00), we have

Ttz Ttz \f
B = VI (ga) Z Vo (g) (33)

Let us estimate E;. By using Lebesgue-Stieltjes integration by parts, with y =

x —x/y/n, we get
B = g ralein) = [ Anlit)diga ).
Since, [ga(y1)] = 102 (4+) — ga(2)] < Vi, (0,), it follows that
B3] < Vi s Maln) + | "l A~V g).

By (2.1) of Lemma 4, we have

2z +1 23:-{—1/” 1
0

|E1| <V, (gm) n(x — y)? n (z— t)2dt(_Vtx(gm))-

Integration by parts leads to the following

y; Ve _ _Vyw-l‘(gw) VOx(gx) v Vf(gz)
|} o = G+ 2 e [ i

where V;#(g,) is the normalized form of V;*(g,) and Vi*(g.) = Vi*(g.). Consequent-
ly, we have

2 1 2 17=V7; m C(Ge Y (g,
|E1| < Vi (92) x + x + [ ( v+ () " Vo' (92) +2/ Vit (g )dt}
0

n(z —y)? n T —y)? z? (z—1t)?
224+ 17V{(92) /H”/\/ﬁ . 1

Substituting z — x/+/t for the variable ¢ in the integral above, we get

2z +1
nx?

B < 20 0n) + [V urlan)a

<

222 +1) <,
<SS VL vies).

Finally, we evaluate F3. Setting, Z = x + z/+/n, we obtain

By = /OO Gz () (x5 t)dt = /Oo Gz ()di A (25 1).
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We define Q,(x;t) on [0,2x] as
Qn(z,t) =1—=Xp(z;t—), 0<t <2z
=0 , t =2z,
So

By = / e (DA Qu(a ) — gs(20)

= Fs31 + Es33 + E33; say.

Now, using partial integration for the first term, we get
2z

Bt = ga(2—)Qul@, 2-) + / O (s g (1),

z

oo oo

bawsdus [ g 0dn@m

2z

~

where Q) (z; ) is the normalized form of @, (z;t). Since Qn(z;2—) = @Qn(z;2) and
|92(2=)| < V77 (ga), we have
2z

|E31| < V77 (92)Qn(52) + | Qulz; )iV (gs).

z

Further, by using Lemma 4(ii) and the fact that Qn(m, t) < Qn(z;t) on [0,2z), we

have
N (2z+1)  (2z+1) /2”” 1 .
Es | <VZ - —d -
| 31| —Vx (g )TL(CE — 2)2 + n B (t — 56)2 th (g )

3 () [ k()

71((25_*21))2 + (2337: D / o TR _1m) iV (9z)

0z 02

(2x +1) 2z +1)

2z 1 .
n(z — x)? L /Z (x — t)2dth (92)-

Qe+1)  Qu+1)Vi¥g.) Vi ()
n(z — x)? + n { x? (z —x)?

<Vy7(9z)

<Vy (92)

=V;7(92)

T

L / - o).

|E'31| < (237:- 1){V2m(gm) +2/2x ﬁ‘/j(gz)dt}-

Thus

x?
Replacing the variable in the last integral by = + z/1/u, we have

/% Vo) s = 5 /nV’””W )d
s z \gz (t—x)3_21‘2 L gz )aU

ZVerz/\/_( )

k=1

= 22
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Therefore

|Ea1]

IN

(21'_21){‘/ +sz+z/\/_( )}

nr
k=1

222 +1) (~ rose
Tzvgﬁ Ve (ga).
k=1

Further, for evaluating Fss, using Lemma 4(ii) we obtain

22 4 1 27+ 1) =« pis
Bl < ga(20) ZED < BEXD S e viy,) (.1
k=1

Finally, using Lemma 4(ii) and the assumption that f(t) = O(e®), (a > 0) as
t — oo, we find that for n sufficiently large,

Bual < Mn'S T e 00"
|Ess| < nkzzopk(nw) . e Tt

o0 00 k
=nM Zpk (nz) / e_("_“)t@dt
=mM Z e " ma:)/2 pr(mt) - (%)%Hdt,where m=n-a. (38

T

< M- mz 1+ )2kt (mx)/ pr.(mt)dt
2z

< M- (2z + 1)6*””

= n? '

Using (3.5) to (3.8), we have, for n sufficiently large,

32722z 4 1) — . r72(2r + 1)e™o®
) < B D Sh ey 4 oy T DT )
k=1

Using (3.2) to (3.4) and (3.9) we are lead to the proposition (3.1) of the theorem
which can easily be checked to be asymptotically the best.
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