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COMPLETELY REGULAR AND ORTHODOX CONGRUENCES
ON REGULAR SEMIGROUPS

Branka P. Alimpié¢ and Dragica N. Krgovié

Abstract. Let S be a regular semigroup and E(S) the set of all idempotents of S. Let
Con S be the congruence lattice of S, and let T, K, U and V be equivalences on Con S defined
by pT¢ < trp = tr, pK¢ & kerp = keré, pU¢ & pN <= &N < and V = U N K, where
trp = p |p(s), kerp = E(S)p, and < is the natural partial order on E(S). It is known that 7', U
and V are complete congruences on Con S and T-, K-, U- and V-classes are intervals [pT,pT},
lox, K1, [ov, 0V, and [pv, p"'], respectively ([18], [10], [9]). In this paper U-classes for which pU
is a semilattice congruence, and V-classes for which p" is an inverse congruence are considered.
It turns out that the union of all such U-classes is the lattice CRCon S of all completely regular
congruences on S, and the union of all such V-classes is the lattice OCon S of all orthodox
congruences on S. Also, some complete epimorphisms of the form p — pU and p — pv are
obtained.

1. Preliminaries. In the following we shall use the terminology and no-
tation of [4] and [11]. Throughout the paper, S stands for a regular semigroup.
If p € Con S, and « is an equivalence on S/p, then the equivalence & on S is de-
fined by aab & (ap)a(bp), (a,b € S). If a is a relation on S then a* denotes the
congruence on S generated by a. If a is an equivalence on S, then a® denotes the
greatest congruence on S contained in «, and if 7' C S, then T« denotes the union
of a-classes of all elements of T. If p,£ € Con S and p C &, then the relation &/p
on S/p defined by (ap)¢/p(bp) & a&b (a,b € S) is a congruence. If p, &, € Con S,
p € &and p C( then (EV()/p=(§/p)V((/p) and (o ()/p=(£/p)o((/p).

Let C be a class of semigroups, and let p € Con S. Then p is a C- congruence
if S/p € C, and pis over C if (Ve € E(S))ep € C.

In the paper, o, n, o, v, Y, o denote the least group, semilattice, rectangular
band, Clifford, inverse and orthodox congruences on S, respectively. Also, pu and
7 denote the greatest idempotent separating and idempotent pure congruences on
S, respectively.
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LEMMA 1. Let C be a class of semigroups closed for homomorphisms and let
v = s be the least C-congruence on S. If p € Con S, then

(1) p is a C-congruence on S < p D 7,
(2) vs7p = (PV )/ p-

Proof. (1) Clearly, if S/p € C, then p D «. Conversely, if p D =, then
S/v/(p/v) €C,ie S/peC.

(2) From (1) it follows that (p V v)/p 2 7s/,. Since p C ¥g/, and ¥g/, is a
C-congruence on S, we get pV v C ¥g/,, which yields (pV v)/p C vs/,-
For a € S, let V(a) denote the set of all inverses of a in S. Let ¢ and V be
equivalences on S defined by aldb & V(a)H = V(b)H, and aVb < V(a) = V(b).
REsurT 1. [9] If p,& € Con S, then
(1) pT¢ & Hgyp =Hsye and p' = HS/,s  pr = (trp)",
(2) pKE & Ts)p =Tse  and p™ =7,
(3) pUE & Usyy =Usye  and pY =Ug,,, pu = (pN )7,
4) pVé e Vs/p = 175/5 and p¥ = l_ig/p.

In particular we have 7’ = H° = p, e& = 7, eV = U°, wy = (L)* and
eV = V°, where ¢ is the equality, and w is the universal relation on S.

COROLLARY 1. For p € Con S we have pT /p = HS), = 1S/ X /p =15,
pVlp=Us),, PV [P =V5),

RESULT 2. [9] A congruence p on S is over completely simple semigroups if
and only if p CU.

REsuLT 3. [8] Let L be a complete lattice and C be a complete congruence
on L. Then for any x € L the C-class xzC is the interval [vc,zC] of L, and for

any AC L,
(\/m)C: \/ﬂfo, (/\w)cz /\a:c.

T€EA T€EA TEA TzEA

RESULT 4. [7] Let S be a regular semigroup and p,& € ConS. Then
(i) if € is idempotent separating, then pVE = pofop. In particular pVu = pouop;
(ii) #f S is completely regular, then pNV n=ponop;
(iii) #f S is orthodox, then pVY =poY op.
2. Completely regular congruences. In this section we establish certain
characterizations of completely regular congruences.
LEMMA 2. For a reqular semigroup S, the following are equivalent:
(i) S is completely regular,
(i) nCU,
(iii) n=U.
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Proof. Since any completely regular semigroup is a semilattice of completely
simple semigroups, the equivalence (i)<(ii) follows immediately from Result 2.

By definition of U, it follows that ¢/ C D, and if S is completely regular, then
D = n. Hence, (ii)<(iii).
THEOREM 1. For p € Con S, the following are equivalent:
(i) p is a completely regular congruence,
(il

(iii

)
) pY is a semilattice congruence,
) PV =pV,
(iv) pU(pVn).

Proof. (i)=(iii) p € CRCon S < S/p is completely regular

© Us/p =1s/p (by Lemma 2)
S Us/,=pVn (by Lemma 1)
=pV =pVy (by Result 1).

(iii)=(iv) This is evident.
(iv)=(ii) pU(pV n) = pVn C pV = pY is a semilattice congruence.
(i)=@@) nCpV=>pvnCp¥
= (pvn)/pCp¥/p
= s/, CUs/, (by Lemma 1 and Corollary 1)
= S/p is completely regular  (by Lemma 2).
Let SCon S denote the lattice of all semilattice congruences on S.
COROLLARY 2. (1) (Vp,& € CRConS)(pUE < pVn=£&Vn),
(2) CRConS = [nu,w] = [n,w]U and nU = [nv, 7},
(3) SConS = [n,w] = {p € CRCon S | pV = p},
(4) pCU°Cn.

ProposITION 1. For p € CRConS, pVnp=ponop.

Proof. Let § denote the least completely regular congruence on S. By
Corollary 2 we have 6 = n C p. According to Lemma 1 we get ng/5 = (6 V1n)/d =
n/6. So we have

(p/0) V (n/6) = (p/d) o (n/d) o (p/d) (by Result 4(ii))
& (pvm)/é=(poncp)/s
54 pVn=pononp.
From (1) of Corollary 2 and the implication (i)=(iii) of Theorem 1 we get
Proposition 8.1 of [9].
COROLLARY 3. For S the following are equivalent:
(i) S is completely regular,
(ii) (Vp e ConS)p¥ =pva,
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(i) 7 = U°,
(iv) eUn.

The next result is an analogue of Theorem 1 of [1].
THEOREM 2. For p € Con S, the following are equivalent:
p is a completely simple congruence,

pT is a rectangular band congruence,

)
)
iii) pT =pVa,
) PT(pV a),
) pUw.
Proof. (1)< (i)« (iii)< (iv) follows immediately from [1].
(i) (v) p is a completely simple congruence
< w/p is over completely simple semigroups
& pUw (by Theorem 4.10 of [9]).
Let CSCon S (RBCon S) denote the lattice of all completely simple (rectan-
gular band) congruences on S. Then we have
COROLLARY 4. (1) (Vp,& € CSConS)pT¢ < pVa=£EVa,
(2) CSCon S = [ar,w] = [a,w]T and oT = [ar,q],
(3) RBCon S = [a,w] = {p € CSCon S | pT = p},
4) ar =wy = (tra)* = (L)*.
COROLLARY 5. For S the following are equivalent:
(i) S is completely simple,
(ii) (Vp € ConS)pl =pVa,
(i) o =
) U° =
) eUw.

(iv
(v
PRrOPOSITION 2. For p e CSConS, pVa=poaonp.

Proof. Let ¢ denote the least completely simple congruence on S. By Corol-
lary 4 we have ¢ = ar C p. According to Lemma 1 we get ag/c = ((Va)/¢ = a/C.
Hence, by Corollary 5, pg/c = /(. Thus

(p/QV (/€)= (p/¢) o (/¢) o (p/C)  (by Result 4(i))

& (pva)/C=(poaocp)C
54 pVa=poaonp.

3. Orthodox congruences. Now we describe orthodox congruences on
S in terms of K and V. Let p € ConS. It is easy to see that p is an orthodox
congruence if and only if ker p is a subsemigroup of S.
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LEMMA 3. For a regular semigroup S, the following are equivalent:

(i) S is orthodoz,
(i) v

(iii) Y C V

(iv) YCr.

Proof. (i)=-(ii) It is proved in [3] and [14].

(if)=>(iii) This is evident.

(i)=>(v) Y CV=Y CVe =" Cef =

(iv)=(i) Since Y is orthodox, kerY" is a subsemigroup of S. Thus Y C 7 & kerY =
E(S) = E(S) is a subsemigroup of S < S is orthodox.

THEOREM 3. For p € Con S the following are equivalent:

) p is an orthodox congruence,

) pY is an inverse congruence,

) P =pVY,

(iv) pV(pVY),

) PK(pVY),

) pX is an inverse congruence.

Proof. (i)=(iii) p is orthodox < Vs/, =Yg/, (by Lemma 3)
< Vs/p=pVY (by Lemma 1)
=p " =pVvY. (by Result 1).

(iii)=(iv)=(v)=(vi) This is evident.

(vi)=({) Y Cp" = pVvY Cpi

= (pVY)/pCp¥/p
& Ys/, C 15/, (by Lemma 1 and Corollary 1)
< p is orthodox (by Lemma 3).

(iii)=(ii)=>(vi) This is evident.

Let ICon S denote the set of all inverse congruences on S.

COROLLARY 6. (1) (Vp,£ € OConS)pVEé = pVY =€VY,

(2) OCon S =[o,w] =[Y,w]V and YV =[o,Y],
(3) ICon S = [Y,w] = {p € OCon S | p¥ = p},
(4) Vo CY.

From Corollary 6(1) and the implication (i)=(iii) of Theorem 3 we get Propo-
sition 8.5 of [9], and from (i)=(v) of Theorem 3 we get oKY [6] and Lemma 2.1
of [2].

COROLLARY 7. For S the following are equivalent:

(i) S is orthodoz,
(ii) (Vp € ConS)pY =pVY,
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(iii) Y =V°,
(iv) eVY.
Using Result 4(iii), the proof of the following proposition is similar to the
proof of the Proposition 1.
PRrROPOSITION 3. Forp € OConS, pVY =poYop.

In the following we describe orthodox completely regular (i.e. orthogroup)
congruences and orthodox completely simple congruences on S. By [5], any ortho-
dox completely simple semigroup is a rectangular group and conversely.

THEOREM 4. For p € Con S, the following are equivalent:

(i p 1 an orthogroup congruence,

)
(i) p
(iii) p¥ =pVy,
(iv) pV(p V).

Proof. (i)=(ii) By Theorem 3, p" is an inverse completely regular congru-

ence, i.e. a Clifford congruence.
(it)=(iii)

is a Clifford congruence,

pV is a Clifford congruence = p¥ = pVvY (by Theorem 3)
=pV CpvrvCp¥ (since Y Cv)
=pV =pvur.

(iii)=-(iv) This is evident.
(iv)=(i) By Theorem 3, pV(p V v) implies that p is orthodox. On the other hand,

pV(pVvr)=pU(pVr) (since V CU)
= p is completely regular  (by Theorem 1).
Hence p is an orthogroup congruence.
Let OGCon S (SGCon S) denote the lattice of all orthogroup (Clifford) con-
gruences on S. Then we have
COROLLARY 8. (1) (Vp,£ € OGCon S)pVEé < pVrv =£EVw.
(2) OGCon S = [vy,w] = [v,w]V and vV = [vy,v]4.
(3) SGCon S = [v,w] = {p € OGCon S | p¥ = p}.
COROLLARY 9. For S the following are equivalent:
(i) S is an orthogroup,
(11) (Vp € ConS) =pVu,
iii) V° =
iv) eVu.
THEOREM 5. For p € Con S, the following are equivalent:
(i) p is a rectangular group congruence,

(ii) p" is a group congruence,
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(iii) p” =pVo,
(iv) pV(p Vo).
Proof. (i)=(ii) By Theorem 3, p" is an inverse completely simple congruence,
i.e. p¥ is a group congruence.

(ii)=(iii) If p"is a group congruence, then p¥ = p¥ = pV o, by Theorem 3 of [1].
(iii)=-(iv) This is evident.
(iv)=(@1) pV(pV o) = p is orthodox (by Theorem 3). On the other hand,

pV(pVo)=pU(pVo)Uw (by Theorem 2)
= p is completely simple. (by Theorem 2).
Hence, p is a rectangular group congruence.
Let RGCon S (GCon S) denote the lattice of all rectangular group (group)
congruences on S. Then we have
COROLLARY 10. (1) (Vp,£ € RGConS)pVE < pVo=EVo.
(2) RGCon S = [ov,w] = [o,w]V and oV = [ov,0],
(3) GCon S = [o,w] = {p € RGCon S | p¥ = p}.

COROLLARY 11. For S the following are equivalent:
(i) S is a rectangular group,
(11) (Vp € ConS) V=pvo,
iii) V° =
iv) eVo.

4. Some complete epimorphisms. Using the results of Theorems 1-5
and the Result 2 we get the following

THEOREM 6. Let S be a regular semigroup. The mappings

1 : CRConS — SCon S defined by v1(p) =pVn,
2 : CSConS — RRBon S defined by (p)=pVa,
p3: OConS — IConsS defined by 3(p) =pVY,
w4 : OGConS — SGCon S defined by pa(p) =pVu,
5 : RGConS — GCon S defined by (p)=pVo

are complete epimorphisms. The classes of the complete congruence @ induced by
the epimorphism @ are U-classes, if ¢ = @1; T-classes, if ¢ = p2; and V -classes,
ZfQO = i, i = 37475'

For a completely regular semigroup S, the statement concerning the mapping
1 is given in [12] (Theorem 4.3(i)).

COROLLARY 12. (i) (Myerp) VN = Nyer(pVn) (F C CRCon 5),
(i) (erp)Va = Ner(pVa)  (FCCSCons),
(i) (erp) VY = Moer(pVY)  (F COCons),
(iv) (Mperp) Vv = Nper(p V) (F C OGCon S),
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() (perpVo = Nuer(pvo)  (FCRGConS).
From (i) of this corollary we get Theorem 4.7 of [7], and from (iii) we get

Theorem 2.4 of [2].
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