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ON THE FEKETE-SZEGO THEOREM
FOR CLOSE-TO-CONVEX FUNCTIONS

A. Chonweerayoot, D. K. Thomas and W. Upakarnitikaset

Abstract. Let K(/3) be the class of normalised close-to-convex functions with order 8 > 0,
defined in the unit disc D by
in2f'(2)

arge't ———| < —

9(2) 2
for [A\| < 7/2 and g starlike in D. For f € K(B) with f(2) = z + a22% + a32® + ... and z € D,
sharp bounds are given for |ag — pa2| for real .

<P

Let S denote the class of analytic univalent functions f, defined for z € D =
{z :]z| < 1} by

flz)=z+ Z anz". (1)

Fekete and Szegd [6], showed that for f € S, given by (1),

3 —4pu, ifu<o
lasg — pa2| < 142e20/0-m  if 0 < p<1
4p — 3, if p>1.

The inequalities are sharp in the sense that for each u, there exists a function in
S such that equality holds. Pfluger [11], [12] has recently considered the problem
for complex p.

Let S* and K denote the classes of normalised starlike and close-to-convex
functions respectively. Thus f € K if, and only if, there exists g € S* and a real ),
with |A| < 7/2, such that for z € D,

2f'(2)

Ree™*
9(2)

> 0.
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Let Ky be the subset of K when A = 0. For f € Ky, Keogh and Merkes [8]

showed that
3 - 4:“’7

1/3+4/9yu,

)

4p — 3,

|as — pa3| <

if p<1/3,

if 1/3 <p<2/3,
if 2/3 <p<l,
if p>1.

Again, for each pu, there are functions in K such that equality holds in all cases.

Eenigenburg and Silvia [5] were able to extend the result of Keogh and Merkes
to the whole class K, whilst Koepf [9], apparently unaware of [5] and [8], gave a
proof for p € [0,1].

Denote by K(3) the class of close-to-convex functions of order § > 0. Thus
f € K(p), if, and only if, for 8 > 0, there exists g € S* and a real A, with |A| < /2,
such that for z € D,
anzf'(z)

9(2)

Clearly for 0 < 8 < 1, K(f) is a subset of S, whilst for 8 > 1, K(f) can
contain functions with infinite valence [7]. We also note that K (0) = C, the class
of normalised convex functions. For C', the Fekete-Szegd problem has been solved
in [8]. Let Ko(8) be the subset of K(3) when A = 0. Then in [1] it was shown that
the result of Keogh and Merkes extends to:

< b 2)

arge <5

THEOREM A. Let f € Ky(83) and be given by (1). Then for 0 < <1,

B2 =31 (5 +2) , 2

1—p+ 3 ) Zfﬂﬁm,
28 B(2 - 3p)* L 28 2
PRI R A R CE ) M R It |
U= 2541 $2 A
3 Y3=t=3mry

BBr—2)(B+2) , 2(8 +2)

\/'L_l_‘_ 3 ’ qu23(5+1)7

whilst for B > 1, the first two inequalities hold. For each p there are functions in

Ko(B) such that equality holds in all cases.

Koepf [10] considered the problem for the class K(8) and gave the solution
when p = 2/3. He also showed that the first inequality in Theorem A extends to
K (f) in the case 8§ > 1, for all |\| < 7/2, and established the sharp inequalities

28 + 1

)

B(B+2)

las — a3| <

3

ifo<p<1
(3)
if B> 1.
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The purpose of this paper is to examine the question of extending Theorem
A to K(B).

Results
THEOREM 1. Let f € K(8) and be given by (1), then for 8 > 0,
B2 —3p)(B+2) : 26
lag — pa3| < e 3 ’ qu§3(5+1),
2= 28 B2-3p)? 28 2
Tty e Y3+ MR

provided cos®? A < 1/2 or A = 0.

The inequalities are sharp in the sense that for each u, there exists a function
in K(B), such that equality holds.

Proof. From (2) write

2f'(2) = g(2)p(2)", (4)

for g € S* given by g(z) = z + ba2? + b3z® + - -+ and Reep(z) > 0 with p(z) =
1+ P12 + poz? + -+ - . Thus for some p satisfying Rep(z) > 0 and given by p(z) =
1+p12+pez®+---, we have p,, = ppe~* cos A, so that [p,| = |pn|cos A for n > 1.

Equating coefficients in (4) we have

2ay = b2 + ﬁﬁl)
-1
3az = bs + %ﬁ% + Bp2 + Bp1ba.
and so
1 3 B( . (B2-3m) 1Y
az — paj = 3 (bB_Z,Ubg) +§ <P2+ <f_§ P
1 .
+ <§ - g) D1ba. (5)
2 2
Since B(Tf-l) <u< 3 it follows from (5) that
2
s~ < 1=t 222 (22 80 (1 i)
2 2-3
e sipPeosa+ 2B sy, @

where we have used the inequalities |b3 — vb3| < max{1, |[4v — 3|} for g € S* with
v real [8], |b2] < 2 and

~2 2
i |

< cos A <2— |1’%(1 - |sin)\|)> ,
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proved in [9].

Now write u = |p;| and v = cos A\. Then (6) can be written as |az — pa3| <
¢(u,v), where

¢wJ0=1—u+§g<$—f(1_vin%>

3 2
B2uv? Buv
2 — ey
R R~ 1)
where, since |p;| < 2, it follows that (u,v) € [0,2] x [0, 1].
Fix v = vg and assume first that ¢(u,vp) has a turning point at u. Then
@' (u,v9) = 0 implies that

2u(1—\/1—v§):ﬁung+2X, (7)

where X =2 — 3, so that 0 < X <2/(1+ f).
From (6) and (7) one obtains

_+_

2
dlu,vo) =1 — p+ ﬂgvo+ﬂtév0X
2Bvg | ProX
<1-—
= u+ 3 + 3
203 BX?2
cl_pq B _BX
S1—p+ 3+ 35 gy
if .
2(2 —
vp < (2-p6X)+ =T (8, X) say.

(24 X)(2 - 8X)

An elementary argument shows that ¥ (3, X) has a minimum value of 2v/2— 2 when
B > 0. Next suppose that v = 0. Then ¢(0,v) =1— pu+26v/3 <1 — u+ 23/3.
Finally let u = 2. Then if v < 1/V/2,

2 22 92
¢(2,v):1—u+%\/1—v2+ﬂv x+ 2

3 3
B 5 V23
<1-p+ 240 x 4 Y%
S1-pt g+ X+2-X,
28 [X?
<1-p+ P24 22
R N T o

since 0 < X <2/(1+0).

Thus in all cases, the second inequality in Theorem 1 is established, provided
v < 1/V2.
2(2 - 3u)
) 2-pB(2-3p)
<p< 3’ since |p1| < 2.

Choosing A =0, by = py =2, b3 =3 and p; = shows that the

_28
3(B+1)

inequality is sharp on the interval
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23
3(B+1)
28

az — 75— 05

23 )
55+ " <3(ﬁ+1) ‘“) la=1"
2 (29 :
§1+§+ (73(ﬂ+1) —u) (B+1)
B2 - 30)(B +2)

=1- + R
a 3

for 8 > 0, where we have used the result already proved in the case p = 23/3(5+1),
and the fact that for f € K(f), the inequality |az| < §+1 holds [2], [3], [4]. Equality
is attained on choosing A =0, p; = p> = by, = 2 and b3 = 3.

Next consider the case p < . Then

|as — pa3| <

Remark 1. As mentioned above, Koepf [10] established the first inequality of
Theorem 1 for all A, such that |\| < 7/2, provided 8 > 1 and p > 0. We note that
maximising the expression for Hg(y) on page 424 gives another proof of the same
inequality when 0 < 8 < 1, provided cos? A < 1/2 or A = 0.

We now consider the case p > 2/3. We prove:

THEOREM 2. Let f € K(8) and be given by (1). Then

2
A+l if2< <2842
a5 — ] < 3 3 3(+1)
S I e () P (R )
3 ’ ~3(B+1)
for 0 < B <1 ifcos>X < 1/2 or if \ = 0. For 8 > 1, the inequalities hold if
cos> X < (3 —/5)/2. The inequalities are sharp.
2 2
Proof. We first deal with the case when p = % In [8] it was shown
that for g € S* given by g(2) = 2 + byz? + bgz® + - -
3 b3
by — 253 <14 22l a1 -1y, ®)
4 4
Also, since Rep(z) > 0, it follows that (see e.g. [8])
2 2
b1 |p1]
Ao T
- B <o 1 )

2 2
Thus with p = % we have from (8) that if 0 < 8 <1,

<1 Blb3] (10)

3H .o
bs = 7 211 8)
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and so from (5), (9) and (10) we obtain

2(6+2) 1 B Bcos A |p?|
oo S| <5 (- aea) 050 (%)

Blp?|cos A 14243 B|p1b2| cos A
+76 \/1—<(1+6)2>cos2)\+73(1+ﬁ)

2Bcos A+ 1 B 2 B|p?|cos A
- - byl — \)2 _ PIPpcosA
3 6(1+/B) (| 2| |p1|COS ) 6

2
as

N ﬂ|p%|cos>\\/1 B ( 14283 > cos? ) + B|p?| cos® A
2B8cosA+1  B|p?|cos ( 1+28 ) cos A
< + —1+4/1————=5)cosZ A+
=73 6 1+ B)2 1+3
— 3 )
if cos? A < (1 + 3)/2, or if cos®> A = 1, where we have used the inequality |p;| < 2.

6 (1+p)? 6(1+5)
_28+1
Since (1+03)/2 increases for 0 < 3 < 1, the above inequality is valid for cos? A < 1/2.

2 2
For 8 >1and p= 35211;,% follows from (8) that
3,5 |b§|
by — by <1—
s S n gy

and so again using (5) and (9) we obtain

2(8+2) 1 |b2] Bcos A |p?]
T35 <3 (1_ 2(11ﬂ)> 3 <2_71>

B|p?| cos A 1+28 B|p1b2]| cos A

PIPTICOSA [y 2 ) 4 IP1D2]COSA
T % 1+82 ) T30+
2B cos A+ 1 B 1

_ _ 2 Blpilcos)

IN

2
ay

<

2| cos? 142 2|p?| cos® A
+ G \/1 ) ((Hﬁi) corAT ﬁb!l()lﬂw)
2
2ﬁcoZA+ L, 6|p1|6cosA . \/1 j <(112§2> o At ﬁlcis;
26 +1
3
if cos?\ < (1438 —+/(58+3)(8-1))/(2(1 + B)), again since |p;| < 2. Since
(1 +36— \/W)/(Q(l + ﬂ)) decreases for 8 > 1, the inequality is valid
for cos? A < (3 —V/5)/2.
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26+2)
3(8+1)

vs a2 = O DGE=2) 3u—2 ( gﬁ 2>

U8 (n-34)

the result follows on using the Theorem already proved at the end points u = 2/3

2
Next suppose that 5 Then writing

_2(B+2)
and o= m
Finally let u > % Then, since
-t = (o= ) + (3 )
2(8+2)

the result follows again on using the case p = already established and

3(6+1)
the inequality |a2| < 1+ , proved in [7]. Equality is attained when A = 0,

1 :p2:b2:23ndb3:3.
Remark 2. An examination of the proof of Theorem 2 in the case 0 < 3 <1

when p = % shows that
as — Eg i i; < ;) + —ﬂz/q(cos A),
where

~ 1428\, ¢
‘/’l(t)‘t[\/l‘<<1+ﬁ>2>t R

An elementary argument shows that ; attains its maximum at ¢y € (0,1) when

2 20048+ (1+0)v2(1 +5)

0 4(1+2p) ’

and that
(1+ﬁ)[ 2(1+8) +1]
Thus if 0 < < 1and |\ < 7/2,
26+2) ,| 1 BA+B[V21+0) +1
T 3(1 +28) (11)
Similarly, for 8 > 1, one obtains
2 2 1 2
3 35?1 I;ag < 3 + ?ﬂng(cosk),
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_ 1424 ) Gt
¢2(t)_t[\/l_<(1+ﬁ)2>t 155

It is easy to see that v, increases on [0, 1] and so for |A| < 7/2,

2(8+2) 1 432
RRECESTE EEA ) "

It is unlikely that either of (11) or (12) is sharp.

where

<

Finally, it is easy to see that, using (3), the following result obtains:

THEOREM 3. Let f € K(8) and be given by (1). Then if 0 < <1,

2 1 2
orl fi<n<t
o —udi < 8 ;
and if B > 1,

841 (F-DBu-2) .2

|as — pa3| <

We note that if 0 < 8 < 1, the inequality for 2/3 < p < 1 is sharp when
A=0,b=0,b3 =1, p; =0 and po =2. When g > 1, the inequality for u > 1
is sharp for A = 0, p1 = p2 = b2 = 2 and b3 = 3. The inequality for 0 < g <1
and g > 1 appears sharp only when p = 1, and the inequality for § > 1 when
2/3 < p < 1 appears sharp only at the end points y = 2/3 and pu = 1. However,
in view of Theorem A, splitting the real line at g = 1 is probably not optimum,
unless 5 = 1.
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