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ON HYPERCYLINDERS IN CONFORMALLY
SYMMETRIC MANIFOLDS

Ryszard Deszcz

Abstract. Hypercylinders in conformally symmetric manifolds are considered. The main
result is the following theorem: Let (M, g) be a hypercylinder in a parabolic essentially conformally

symmetric manifold (N, q), dim N > 5 and let U be the subset od N consisting of all points of

N at which the Ricci tensor S of (N,9) is not recurrent. If U N M is a dense subset of M, then
(M, g) is a conformally recurrent manifold.

1. Introduction. Totally umbilical submanifolds in locally symmetric,
recurrent, conformally flat, conformally symmetric and conformally recurrent man-
ifolds were investigated by many authors (e.g. [6], [10], [19], [21], [24]-][27], [29],
[33]). An important part of these investigation treats problems concerneing totally
umbilical hypersurfaces in these classes of manifolds (e.g. [7], [8], [20], [28], [30]).
On the other hand, totally umbilical hypersurfaces, as well as hypercylinders,
are special examples of quasi-umbilical hypersurfaces. Certain results on quasi-
umbilical hypersurfaces in locally symmetric, recurrent and conformally flat man-
ifolds are presented in [3], [34] and [22] respectively. Moreover, hypercylinders
in locally symmetric and conformally flat manifolds were studied in [9] and [37]
(see also [2]) respectively. We shall continue study in this direction considering
hypercylinders in conformally symmetric manifolds.

Let (N,g) be an n-dimensional, n > 4, semi-Riemannian manifold with the
metric tensor g and let V be the Levi-Civita connection of (N,g). Let (N,g) be

covered by a system of charts {(7, z"}. We denote by g5, { Tt }, 65, Erstu, érstu,
s

S5 and K the local components of the metric tensor g, the Christoffel symbols, the
operator of covariant differentiation, the Riemann-Christoffel curvature tensor E,
the Weyl conformal curvature tensor C , the Ricci tensor S and the scalar curvature
K of (N, g) respectively, where 7, s,t,u,v,w € {1,2,...,n}.
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We have

K
Crs u = Rrs u Nru~s - N’I“ Nsu

1 o~ o~ o~ o~
- m(grusts + gtssru - grtssu - gsusrt)- (1]-)

A (0, k)-tensor field T on N is said to be recurrent [36] if the condition
T(Xla v >Xk)6T(Yv1) cee 7Yk; Z) = T(H: v 7Yk)6T(X17 v )Xk; Z)

holds on N, where Xy,... , X, Y1,... Y, Z € X(N), X(N) being the Lie algebra
of vector fields on N. In particular, if VT vanishes on N , then T is called
parallel. A manifold (N,g), n > 4, is said to be locally symmetric [31] (resp.
conformally symmetric [4]) if its tensor R (resp. tensor C) is parallel with respect
to V. Further, a manifold (N,§), n > 4, is said to be recurrent [38] (resp.
conformally recurrent [1] or Ricei recurrent [32]) if its tensor R (resp. tensor C' or
tensor §) is recurrent. A conformally symmetric manifold (N, g) which is neither
locally symmetric nor conformally flat is called essentially conformally symmetric
or shortly e.c.s. manifold. Various examples of e.c.s. manifolds are given in [35],
[11] and [18]. All e.c.s. metrics are indefinite ([16, Theorem 2]). Any e.c.s. manifold
(N, g) satisfies the following equation ([18], [17])

FC(X,Y,Z,W)=5(X,W)S(Y,Z) — 5(X,Z)S(Y,W)

for some function F, where X,Y,Z, W € X(M). F is called the fundamental
function of (NV,g). All e.c.s. manifolds can be divided into the following five non-
empty and mutually disjoint classes (according to the behaviour of the Ricci tensor
and the fundamental function F' [12]):

Class I. Ricci recurrent ones (they all satisfy F' = 0).

Class II. Parabolic e.c.s. manifold [15] (satisfying F' = 0 identically but not Ricci
reccurent).

Class III. Elliptic ones [14] (F = constant # 0, semidefinite everywhere).
Class IV . Hyperbolic ones [13] (F' = constant # 0, semidefinite nowhere)
Class V. Those with F' non-constant.

LEMMA 1 (Theorem 7, 8, 9 and formula (6) of [17] and Theorem 7 of [18]).
Let (N, g) be an e.c.s. manifold and let {U;x"} be a chart on N. Then the following
relations are satisfied on U:

VoCrstu =0, (12)
FCrotu = SurSis = StrSus, (1.3)
ViSis = VS, (1.4)
K =0, (1.5)
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gvrévstu =0, §vr = ﬁvtgtr: (1-6)
6111611-[%/1‘stu - 6v%w-érstu = 0> (17)
§vw5rstu + §vréswtu + §vséwrtu = 0. (18)

2. Hypercylinders. Let M be a hypersurface in an n-dimensional, n > 4,
semi-Riemannian manifold (NV, g) and let the tensor g, induced by the metric tensor
g, be the metric tensor of M. Moreover, let " = z"(y®) be the local expression of
M in N. Then we have g,5 = grsBL;, where

BrtTE Bgi BT Bg — 6[11’7", 0, = 6/(8:1/‘1)7

a1...aQk ap?

a
and gqp are the local components of the tensor g. Further, we denote by {b },
¢

Roped, Sad, Capeq and K the local components of the Christoffel symbols, the
curvature tensor R, the Ricci tensor S, the Weyl conformal curvature tensor C' and
the scalar curvature K of (M, g) respectively. Here and below, a,b,¢,d, e, f, h,i,j €

{1,2,...,n—1}. Let N" be the local components of a local unit vector field normal
to M. Then we have the following relations
GrsN'N®=¢, §.sN'B5=0, ¢gBr$=73"°—ecN"N® &=+l (2.1)

The hypersurface (M, g) is said to be a cylindrical hypersurface or shortly a
hypercylinder (cf. [5, pp. 147-148], [9]) in (N, g) if the second fundamental tensor
H of (M, g) satisfies on M the condition H = fu ® u, where 3 is a function and u
a 1-form on M, respectively. Let p be a point of the hypercylinder (M, g). Then
the following equality

Had = 6uaud (22)

holds on some neighbourhood U C M of p, where H,q and u, are the local
components of H and u on U, respectively. We denote by V the operator of
the van der Waerden-Bortolotti covariant derivative. Then, in virtue of (2.2), the
Gauss and Weingarten formulas for (M, g) in (N, g) take on U the following form

VaBg - EHadNr = Eﬂ’u,a’U,dNr, (23)
VaNr = _Hachng = _6uaudB5) ud = gdau‘“ (24)

respectively. Furthermore, by (2.2), the Gauss and Codazzi equations for (M, g) in
(N, g) can be expressed on U as follows:

Raped = RrstuBljeg + &(HagHye — HoeHpa) = RystuBljed, (2.5)
Voead = N” Rystu Bit% = VaHye — VeHpg = up(Batic — Betia)
+ B(ucVaup — ugVeup + up(Vaue — Veug)), Be=VeB.  (2.6)
From this, by contraction with g’ and making use of (2.1), we obtain
va = ¢"Viea = N" S, B
= ¢"upucBy — u"Brug + B(—u"Viug — (Veu")ug + 20" Vauy).  (2.7)
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LEMMA 2. Let (M,g) be a hypercylinder in a semi-Riemannian manifold
(N,g), n > 4. If p is a point of M such that the relations (2.2) and 3 # 0 are
satisfied at every point of some neighbourhood U C M of p then the equality

Voca = st Viea + ta(u" Voen + upve) — v (wVian + upva) (2.8)
holds on U.
Proof. From (2.5), by making use of (2.3) and (2.6), it follows that
VeRabed = B:;“fﬁg%vérstu + efue(uaVica — upVaecd + eViap — waVeap).  (2.9)

This, by contraction with g*¢ and an application of (2.1), (2.7) and the identity

3""VoRrstu = VuSts — ViSus) (2.10)
yields o ~ ~
VeSua = BV, St — eN*N'BYUV , Rygto + 41 K ua, (2.11)
where
Kod = uqvg + uqvq + u"Vien + u"Vep,, (2.12)
k= gYK,q = 4u"vy. (2.13)

On the other hand, contracting (2.9) with ¢*¢ and using (2.10) and (2.2), we find
VaSe — VeSpa = B (VuSis — ViSus) — eN'N"BUV , Ryt
+ £B(Vied — uptt"Vieq — uew Vi, + ugu"Vipy). (2.14)
The following equality follows immediately from the second Bianchi identity
NYN" B}V Rystw = NN BNy Riurs = NYN"BEGN , Ruwrs,
which, in virtue of (2.11) and (2.12), turns into
ENVN" BNy Rystoy = BYW (Vo Sru — ViSuu) + VeSay — VaSes
+ eBua(u" Voo, + u"Vien + upve) — ue(u" Vapn + u"Vyan + upva).
The last equation, together with (2.14), completes the proof.

LeEmMMA 3. Let (M,g) be a hypercylinder in a semi-Riemannian manifold
(N,g), n > 4. If p is a point of M such that the relations (1.7) and (2.2) are
fulfilled at every point of some neighbourhood U C M of p then the equalities

V"Vher = 0, (2.15)
wvpwape = 0 (2.16)

hold on U, where
Wacd = B(Ua(Vate — Veua) + ue(Vaua — Vata) + ua(Veta — Vaue)).  (2.17)
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Proof. Transvecting (1.7) with Bg;ﬁ‘jgf}” and using the Ricci identity, (2,1),
(2.5) and (2.6), we find

vaeRabcd - vevaabcd
+ 5(_‘/bcdvaef + Vacd‘/bef - Vdab‘/cef + chabvdef) =0. (218)

Next, contracting the above equation with g®? and g®¢ and applying (2.7) we get
(2.15). Finally, (2.16) is an immediate consequence of (2.15) and the following
identity

ua‘/bcd + uc‘/bda + ud‘/bac = UpWacd - (219)

Our lemma is thus proved.

Remark. In the next sections we shall consider hypercylinders satisfying
certain additional conditions. Let (M, g) be a hypercylinder in a manifold (N,g)
and let p be a point of M such that the relation (2.2) is fulfilled at every point of
some neighbourhood U C M of p. We assume that at every point of U one of the
following relations is satisfied:

9*"uqug =1, (2.20)
9*%uaug = —1, (2.21)
9*"uquq = 0. (2.22)

Thus the scalar g*%u,ug is a constant on U. This fact implies
uV qup, = 0. (2.23)

Transvecting now (2.6) with u®, u¢ and u? respectively and applying (2.20)—(2.23)
we easily get

uthcd = n(ﬁduc - ﬁcud + ﬁ(vduc - chd))a (224)
uPuIVija = n?Ba — n(u"Viug + BuViug), (2.25)
W'Vier, = (u"Brue — nBe)up + (uew" Viuy — nVeup + upu”" Viue)  (2.26)

respectively, where n € {—1,0,1}.

3. Hypercylinders in conformally symmetric manifolds.

LEMMA 4. Let (M, g) be a hypercylinder in a conformally symmetric manifold
(N,q), n > 4 and let p be a point of M such that the conditions (2.2) and § # 0
are satisfied at every point of some neighbourhood U C M of p. Then we have:

(i) the equality
V. Cped = 2B [ ——F ¢ - )
e“abed — e (n — 2)(” — 3) JadJbe GacYbd

+ (ubuc - ﬂ)Kad + (uaud - ﬂ)-Kvbc
n—3 n—3
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- (uauc - %)Kbd - (Ubud - ngid?))Kac) (3.1)

holds on U.
(ii) If at every point of U (2.21) is fulfilled then VC = 0 holds on U.

Proof. (i): Transvecting (1.2) with eN* N*B’"% and using (1.1) and (2.1) we

ead

get

_5NSNthru€vErstu _ _B;}U?z;‘vUSUT + S(VUSUT)NTNungad B! (VUK)gad -
n—2 (n—=1)(n—2)

ead
Substituting this in (2.11) we find

eda

n—2 n—3 n—3

EN"N“B(VySur)gaa  BL(VoK)gad
-Di-2  m-Dm-2) (32

B (VySur) _ VeSaa  eBucKa

Contracting (3.2) with g%¢ and using (2.1) and (2.13) we obtain

2eN"NUBYV Sy VK efku. 2BV, K
_ + X
n—3 n—3 n—3 n—1

Now, by the above equation, (3.2) takes the form

Bvurﬁvgur _ VGSad _ 5ﬂueKad

eda
n—2 n—3 n—3
B:(VUK)gad 6ﬁkuegad (veK)gad

(n—1)n-2) 2n—-2)(n-3) 2n—-1)n-2)"
But this, together with (2.9), (1.1) and (1.2) gives

VeCabed = €BU. <Ua‘/bcd — upVaed + veVaap — waVean

_|_

gadec + gchad - gachd - gbdKac k(gadgbc - gacgbd)
- (3.3)
n—3 (n—2)(n—23)

On the other hand, (2.8), (2.12) and (2.13) yield
ua‘/bcd - ubVacd + uchab - uchab
= UgUuqKpe + uptc Koqg — e Kpg — uptaKgc . (34)

Now (3.3) turns into (3.1), completing the proof of (i).

(ii): Identity (2.8), in virtue of (2.24), (2.26), (2.7) and (2.21), reduces to
Vbea = 0. Now (3.3) completes the proof.

From Lemma 4(i) the following proposition follows easily.
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PROPOSITION 1. Let (M,g) be a hypercylinder in a conformally symmetric
manifold (N,g), n > 5 and let p be a point of M such that the conditions (2.2),
(2.20) and B # 0 are fulfilled at every point of some neighbourhood U C M of p.
Then the condition VC = 0 is satisfied on U if and only if the relation

Ko = ((n — 3)uauq + gad)

2(n—2)
holds on U.

LEMMA 5. Let (M, g) be a hypercylinder in a conformally symmetric manifold
(N,9), n > 5 and let p be a point of M such that the relation Hy,q = 0 holds at p.
Then the tensor VC wvanishes at p.

Proof. We note that the equality
ve (Crstungzg) = B:g;ﬁgvvcrstu + CrstunggveBg - CsrtuBgﬁglveBg
+ CturngggveBz - CutrsBzgzveBg

holds on some neighbourhood U of p. This, by (1.1), (2.5), (1.2) and (2.3) reduces
at p to

(Vef() (gadgbc - gacgbd)
R 3.5
ve abed + (n — 1)(n _ 2) ( )
1 . o o o
- m (gchgggvaru + gang{ifvast - gdegggvart - gacBg[f;vasu) -

Next, contracting (3.5) with g®¢ we obtain

Bvruﬁvgru _ VeSad (Vef{v)gad (ﬁvgst)ngggbcgad

ead _

n—-2  n-3 (n—-1)(n-3) (n—2)(n—3)

Substituting this into (3.5) we get our assertion.

LEMMA 6. Let (M, g) be a hypercylinder in a conformally symmetric manifold
(N,9), n > 5 and let p be a point of M such that the relations (2.2) and 8 # 0 are
satisfied at every point of some neighbourhood U C M of p. If the equality (2.22)
is fulfilled at p then the tensor VC wvanishes at p.

Proof . Transvecting (2.6) with u® and u? and using (2.22) we get
u"Vien = u" Bruptie + Bucu” Vhup + upu Viue — upuVeup)
W'Vhea = BucuV qup — ugu"Veup)
respectively. Moreover, from (2.7), by (2.22), we obtain
vg = —u"Brug + ﬁ(2uhvduh — (thh)ud — uhvhud).

Now we can verify that the identity (2.8), by the above three relations, reduces to
Vbea = 0. Finally, (3.3) completes the proof.
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4. Hypercylinders in non-Ricci-recurrent parabolic e.c.s. manifold-

LEMMA 7 [15, Lemmas 1 and 4]. Let (N,g), n > 4, be a parabolic e.c.s.
manifold. If p is a point of N such that

(§ur6v§ts - S;ts%vgur)(p) 7£ 07 (41)

then there exists a neighbourhood U of p with two vector fields A and B which are
unique (up to a sign of A) determined by the following two conditions

Srs = eA,As, e = =+1, (4.2)
%U/§7‘S = BU§7‘S + BT§SU + BS§U’I"7 (43)

where A, and B, are the local components of A and B respectively. The vector
fields A and B satisfy on U the following relations:

GPAA =0,  §CAB, =0, (4.4)
VA, = (1/2)A, B, + A,B,, (4.5)
VB, = B.B, + 3AB, A, + M, B, + 0 A, A,, (4.6)

where X and o are some functions on U. Moreover, we have
érstu = _Q(A’I“BS - AsBr)(AtBu - AuBt) (47)
for a certain (uniquely determined) function ®.

LeEMMA 8. Let (M, g) be a hypercylinder in a parabolic e.c.s. manifold (N,q),
n >4 and let p be a point of M such that the conditions: (2.2), (2.20), (4.1) and

N"4, #0 (4.8)
are fulfilled at every point of some neighbourhood U C M of p. Then the equality
Wabe =0 (4.9)
holds on U.
Proof. The equality (2.16), in virtue of (2.7), (4.2) and (4.8), give

ul Apwape = 0, (4.10)
where
A, =A,Bj. (4.11)
Suppose that at a point g of U we have
Wabe(q) # 0. (4.12)

Then, by (4.10), the equality
u' A, =0 (4.13)
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holds on some open subset U’ C U. From this we obtain
ApVeu +uhv, A, = 0. (4.14)

Using (4.5) and (2.3), we can easily verify that the following equality is fulfilled
on U

VeAs = AB./2+ A:By + eBN" Arugue, (4.15)
B. = B,B;. (4.16)
Substituting (4.15) into (4.14) and applying (4.13) we get
ApVeul + u"BrA, + eBNT Apu, = 0. (4.17)
The formula (2.17), because of (2.7), (4.2) and (4.8), yields
AMVyer =0, (4.18)
where A" = g A,. Thus (4.18), by (2.6) and (4.13), gives
Ah(uvvduh —ugVeup) =0,
whence, by (4.17), it follows that
u By, (ueAg — ugA.) = 0.

If (ucAg —ugAe)(g) = 0 then also A4(q) = 0. The last equation, in virtue of the
relation
g*l A Ag +e(N"A,)? =0, (4.19)

which follows immediately from (4.4) and (2.1), gives (N"A,)(¢q) = 0. But this
contradicts (4.8). If (u"Byp)(g) = 0 then from (4.7), by transvection with N"Bgttq?
and the use of (1.1), (2.1), (4.2), (4.11), (4.16), (1.5) and (4.13), we obtain

(u"Viea + (e/(n — 2))N" A, (Acug — Aqu.))(g) = 0. (4.20)
On the other hand, transvecting (2.19) with u® we get
Uat" Vied + wett" Vida + wat" Viae = Wacd.
This, by (4.20), gives wqaeqa(q) = 0, a contradiction. Our lemma is thus proved.

LEMMA 9. Let (M, g) be a hypercylinder in a parabolic e.c.s. manifold (N,q)
and let p be a point of M such that the conditions (2.2), (2.20), (4.1) and

NTA, =0 (4.21)
are fulfilled. Then the equality (4.9) holds at p.

Proof . First of all we note that at p the following relation
Ag#0 (4.22)
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is satisfied. In fact, if we had Aq = 0 the, by (4.21), we get A(p) = 0 and S(p) = 0,
which contradicts (4.1). Transvecting now (1.8) with N*BY"st% and making use of
(4.2), (4.22), (4.21), (2.1) and (2.6), we find

AaVied = ApVaca. (4.23)

Multiplying (4.23) by u; and summing the resulting equality cyclically in f,c,d
and applying (2.19) we obtain (Aqup — Apta)wsea = 0. Assume that A,up — Apug
vanishes at p. Then we have

A, =uAyu,. (4.24)

So, (4.23) turns into u® Ap (g Viea — upVaeq) = 0. Summing this cyclically in a, ¢, d
and using again (2.19), we get u? Apwseq = 0. From (4.24), in virtue of (4.22), it
follows that u" Ay is non-zero at p. Thus the last equality completes the proof.

PROPOSITION 2. Let (M, g) be a hypercylinder in a parabolic e.c.s. manifold
(N,g), n > 5, and let p be a point of M such that the conditions: (2.2), 8 # 0,
(2.20) and (4.1) are fulfilled at every point of some neighbourhood U C M of p.
Then C' is a recurrent tensor on U.

Proof. The identity (2.19), in view of Lemmas 8 and 9 reduces to
ua‘/bcd + uc‘/bda + ud‘/bac =0. (425)
This, by transvection with u?, yields
Vied = uauVich — uct" Vdn. (4.26)
On the other hand, transvecting (4.7) with N"Bg'% and using (1.1), (2.6), (4.2),
(2.1), (1.5) and (4.7), we find
eN" A,
n—2
where Dy = N"B,A, — N"A,.B,. Substituting (4.27) into (4.26) and (4.25)
respectively, we obtain
Voca = ®Dp(uaCe — u.Cq)
+ ((eNTA,)/(n = 2))(u" Ap (wagse — wegsa) — up(Acug — Agque)),  (4.28)
@Db(ua(Ach — AdBC) + UC(AdBa — AaBd) + ’LLd(AaBC — ACBa))

eNTA
. aA - Aa c
o (uadd — uaAa)ge

+ (ucAa - uaAc)gbd + (udAc - ucAd)gab) =0 (429)

vacd =

(Aagse — Acgsa) + ¢Dy(AcBy — AaBe), (4.27)

resepectively, where C, = u"By A, — u" Ay B.. From (4.29), by transvection with
uu’, we get
(I)U,hDh(Ach - AdBC) - udCc - uCCd. (430)

Further, asumming (4.28) cyclically in b, ¢, d, we obtain
Db(udCc - U,CCd) + Dc(ude — U,dcb) + Dd(ucC’b — U,bCC) =0,
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which, by multiplication with u; and antisymmetrization in b, f, gives
(uDy — upDf)(ugCe — u.Cq) = (Cpuy — Crup)(uaDe — ucDg).
But this implies
Ce(usDy — upDy) = (D. — u"Dpue)(uyp Cyp — upCy). (4.31)
If C.(p) = 0 then (4.28) turns into

eNTA
‘/bcd = .
n—2

(u" Ap (wagbe — egba) — up(Acua — Ague)).

Using this we can rewrite (3.3) in the following form

k
VeCabed = €BUe m (gadgbc - gacgbd)

2eNTA,ul Ay
T(“audgbc + UplcGad — UaleGbd — UbUdFac)
1
- m(gadec + gchad - gachd - gbdKac); (432)

which reduces to VC = 0. If C.(p) # 0 then (4.31) and (4.30) yield
urDy —up Dy = T(Abe - AfBb), T €R. (433)
Moreover, using (4.28) and (4.33) we obtain

ua‘/bcd - ubVacd + uchab - ud‘/cab - ((ENTAT)/(TL - 2))((uaAd + udAa)gbc
+ (ueAp + upAc)gad — (UaAe +uecAd)goa — (upAd + waAp)Gac)
- 2(I)T(AaBb - AbBa)(Ach - AdBc)-

This, by an application of émuBQZZj = —®(ABy — ApB,)(AcBy — AgB.), (1.1),
(2.5), (1.5) and (4.2), turns into

UaVied — UpVacd + UcViap — UaVeas = 2T Rabed

eNTA,
-2

— (ugAc +ucAu)gsa — (upAq + uaAp)gac)
2er

n—2

((UaAd + UdAa)gbc + (UcAb + UbAc)gad

+

(AbAcgad + AaAdgbc - AaAcgbd - AbAdgac)- (4-34)

We have now two possibilities: (a) 7(p) = 0 and (b) 7(p) # 0. (a) In this case (3.3),
by (4.34), becomes

VeCabed = Eﬁue (gadLbc + gveLad — GacLva — gvaLac
+ (k(gadgbc - gacgbd))/((n - 2)(" - 3)))7 (435)
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where Ly, = (eN"A,)(upAc + ucAp)/(n — 2) — Kpe/(n — 3). From (4.35) it folows
that VC' =0 at p. (b) Using (4.34), we can present (3.3) in the form

k
) (gadgbc - gacgbd) + 2TRabcd

VeCabea = €Bte (m

eN"A
t 2r (gad(ucAp + upAc) + goe(uaAa + uaAa) — gac(upAd + ugAs)
1
- gbd(uaAc + ucAa) - m(gadec + gchad - gachd - gbdKac)
2et
+ m(gadAbAc + gbcAaAd - gacAbAd - gbdAaAc)> )

which can be rewritten in the following form

k—217K
VeCabea = €Bue (m(gadgbc - gacgbd)

+ 2Tcabcd + gadLbc + gbcLad - gacLbd - gdeac> (436)
where
2T 1 eNTA, 2eT
Ly. = — K A A ApA..
be n—3SbC n_3 be T+ n_2(uc b+ Up c)+n_2 bc

But from (4.36) we obtain V¢Cypeq = 278ueCypeq, which states that C' is recurrent.
The last remark completes the proof.

Finally, combining Lemmas 5,6,4(ii) with Proposition 2 we immediately get
the following theorem.

THEOREM 1. Let (M, g) be a hypercylinder in a parabolic essentially confor-
mally symmetric manifold (N,q), n > 5 and let U be the subset of N consisting of

all points of N at which the Ricci tensor S of (N,g) is not recurrent. If U N M is
a dense subset of M then (M,g) is a conformally recurrent manifold.
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