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INFINITE CLASSES OF SIMPLE AND MULTIPLE
ANTISYMMETRY FOUR-DIMENSIONAL POINT GROUPS

Slavik V. Jablan

o> Ggé), infinite classes of four-
dimensional point groups G40, are derived. For groups obtained, presentations, antisymmetric
characteristics, numbers of corresponding simple and multiple antisymmetry groups and possibility
for their cataloguation, are given.

; P
Abstract. Using complete P-symmetry groups Gy, G

The 227 four-dimensional crystallographic point groups G4 are discussed in
works [1, 2, 3, 4, 5]. In this paper we consider the four-dimensional point groups
G40 without the crystallographic restriction which belong to the infinite classes of
groups G4 including the 137 crystallographic groups stated in papers [3; 4, Tab. 1;
5, Tab. 1C, classes 1-23]. The remaining four-dimensional point groups G40 are
the polyhedral symmetry groups or their subgroups, so there is a finite number of
such groups.

1. Infinite classes of four-dimensional point groups. Different colored
symmetry groups and the groups of simple and multiple cryptosymmetry [6, 7, 8]
are included in the concept of P-symmetry (permutation symmetry), introduced
by A.M. Zamorzaev [9, 10, 11, 12] and defined as follows. If P is a subgroup
of the symmetry group, every transformation C' = ¢S = S¢, ¢ € P, S € G
is a P-symmetry transformation. Every group G¥ derived from G by such a
substitution of symmetries by P-symmetries is a P-symmetry group. If the
substitutions included in G* exhaust the group P, G is a complete P-symmetry
group. Every complete P-symmetry group G¥ can be derived from its generating
group G by means of searching in G and P for normal subgroups H and @) for
which the isomorphism G/H = P/@ holds, by paired multiplication of the cosets
corresponding in this isomorphism and by the unification of the products obtained.
The groups of complete P-symmetry fall into senior (G = H and G = G x P),
junior (G/H = P and GF = @) and middle groups for Q = P, Q@ = I and
I C Q C P, respectively [9, 10, 11, 12].
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In particular, for P = Cy' we have the simple (I = 1) and multiple (I > 2)
antisymmetry groups, for P = C, the Belov colored (p)-symmetry groups, for
P = Dy (2p) the Pawley (p')-symmetry groups, etc. [9, 10, 11, 12].

Bohm symbols [13] are used to denote the corresponding categories of the
isometric symmetry groups. In the symbol G ... the first subscript n represents
the maximal dimension of space in which the transformations of the symmetry
group act, while the following subscripts st ... represent the maximal dimensions
of subspaces which are invariant with respect to the action of the symmetry group
and which are properly included in each other. The corresponding categories of
P-symmetry groups will be denoted by additional P-superscripts.

The indices ascribed to the points of a figure with the P-symmetry group have
an extrageometric sense with respect to the space in which the figure is considered.
In additional dimensions such index permutations can be geometrically interpreted,
making possible the investigation of multi-dimensional symmetry groups by means
of P-symmetry groups. The simplest example illustrating this is the derivation of
the infinite classes of point groups G3¢ from the two-dimensional point groups G
using antisymmetry. The 7 infinite classes of three-dimensional point groups can
be derived from two infinite classes of two-dimensional point groups n and nm
using antisymmetry, as n, nm, nx1 — n:m, (2n) — (2i1), nm — n:2, (2n)m
— (20)m, nm X 1 — mn:m (n € N), where the antiidentity transformation 1
is identified with the reflection in the invariant plane [14]. The remaining three-
dimensional point groups G are the polyhedral symmetry groups [3, ¢] and their
subgroups [3,¢]" (¢ = 3,4,5) [15].

There are the 7 infinite classes of three-dimensional point groups Gso: I) n,
II) nm, IIT) n:m, IV) (2n), V) n:2, VI) (20)m, VII) mn:m (n € N). Using
complete antisymmetry, (p)-symmetry and (p')-symmetry, we can derive from them
all the infinite classes of four-dimensional point groups Go-

If P = Cy' we have the simple (I = 1) and multiple (I > 2) antisymmetry
groups. Let a symmetry group G be given by the representation [15]:

{51,52,...,Sr}, gk(Sl,S2,...,Sr):I, k:1,2,...,8,

be antiidentity transformations of the first, second, ..., [-th kind satisfying the
relations:

el =1, eiej =eje;, €S =5q€;, i,je{1,2,...,1}, g€ {1,2,...,r}.

Every transformation S’ = €'S, S € G, where ¢’ is an antiidentity transformation
or their product is called a (multiple) antisymmetry transformation. Any group G’
derived from G, which contains at least one (multiple) antisymmetry transformation
is called a (multiple) antisymmetry group, and the group G is called its generating
group. A (multiple) antisymmetry group G’ is called junior iff G’ = G. A junior m-
multiple antisymmetry group (1 < m <) is the M™-type group if every particular
e;-transformation (1 = 1,2,...,m) belongs to the G'. In line with the existence
criterion for the M™-type groups, a group of simple or multiple antisymmetry G’
will be of the M™-type
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(a) if all the relations given within the presentation of its generating group G
remain satisfied after the generators have been substituted by antigenerators, and

(b) if the antisymmetry of an arbitrary kind can be obtained in G’ as an
independent antisymmetry transformation. In the theory of simple and multiple
antisymmetry only the derivation of junior simple and multiple antisymmetry
groups of the M™-type is non-trivial.

In particular, at [ = 1 we have the (simple) antisymmetry. Among (simple)
antisymmetry groups we can distinguish the senior antisymmetry groups of the form
G x {e1}, with the structure G x C2, where {e;} denotes the group generated by
e1, with the structure C5, and the junior antisymmetry groups isomorphic to their
generating group G. Since the antiidentity transformation e; can be identified
with the (hyper)plane reflection T3 [3, 4, 5, 9, 10, 11, 12, 14, 16, 17, 18], to
the antisymmetry groups of the category G%, correspond symmetry groups of the
category G430, belonging to the larger category Guo [17, 18]. Moreover, if G € G3o,
to every senior antisymmetry group G X {e;} corresponds the symmetry group
G x{T1}, where {T1 } denotes the symmetry group with the structure Dy (D; = Cs),
generated by a (hyper) plane reflection T}, and to every junior antisymmetry group
G' given by the representation:

{S1,S5,...,S.}, gr(S1,S5,...,S)) =1, k=1,2,...,s,

where the set {S],S5,...,S,} consists of the (anti)generators S, (S; = S, or
Sy, = e1Sy, ¢ = 1,2,...,r), corresponds the four-dimensional symmetry group
generated by the (four-dimensional) symmetries S; = S, or S; =T1S,.

In a similar way, the remaining infinite classes of four dimensional point
groups G49 can be derived from the two-dimensional point groups Gag using
complete (p)- and (p')-symmetry groups [8; 10, pp. 92; 12]. Namely, all the
symmetry groups of the category G420 can be interpreted by the groups of the
categories Gag, Gbhy, G5, Gg;). Since all the groups of the categories G2 and

% are included, respectively, in the categories G3g and G%,, for completing the
derivation of all the infinite classes of the four-dimensional point groups G4 we
need only consider the categories G, Gg;) and to them corresponding symmetry
groups of the category Gao.

In the case of (p)-symmetry, the group P = C,, is generated by the permuta-
tion ¢; = (1 2 ... p) satisfying the relations
a?=1, ¢S=2_8c, S eq,

which can be identified with a p-fold rotation commuting with all the symmetries
of the group G. In the case of (p')-symmetry, the group P = D,y is the regular
dihedral permutation group generated by the permutations ¢; and e; = (11')
satisfying the relations:

c? = 612 = (0161)2 =1, S = SC1, e S = 561, S e G,

which can be identified, respectively, with the p-fold rotation and (hyper) plane
reflection T commuting with all the symmetries of the group G. All the complete
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(p)- and (p')-symmetry groups can be divided into the senior, middle and junior
groups [9, 10, 11, 12].

Because all the antisymmetry groups of the category G%, are already derived
in the articles [19, 20], and the crystallographic groups of the categories G%, Ggé)
(p = 3,4,6) are given in the monographs [9, 10], we need only derive complete
(p)- and (p')-symmetry groups of these categories, without the crystallographic
restriction.

There are two infinite classes of two-dimensional point symmetry groups Gag:
I) n and II) nm (n € N) [14]. In order to obtain corresponding infinite classes
of four-dimensional point groups we need only the following complete (p)- and
(p')-symmetry groups derived from the generating groups n and nm:

(a) (p)-symmetry groups derived from the group n:
(a1) senior groups n x 17) (n > p > 3) of the structure C,, x Cp;

(a2) middle groups n® ((n,p) # 1,n # 0 (mod p), n. > p > 4) of the structure
C/n,py and n® x 19 (n =0 (modp), p=0 (modq), p#q, ¢#1,n>p>4) of
the structure C,, x Cy,

(a3) junior groups n®) (n = 0 (mod p), n > p > 3) of the structure C,, where
by (n,p) is denoted the maximal common divisor of the numbers n and p, and
/n,p/ is the least common multiple of n and p;

(b) (p)-symmetry groups derived from the symmetry group mn:
(by) senior groups nm x 1) (n >3, p > 3) of the structure D,, x Cp;
(

bs) middle groups nm®) x 124+2) (p = 4¢ 4 2) of the structure D, x Cay11,
n®m x 1241 (p = 49 + 2, n = 0 (mod 2)) of the structure D,, x Co,11, nm(P)
(p=0 (mod4)) and nPm (p =0 (mod4), n =0 (mod 2));

(c) (p')-symmetry groups derived from the symmetry group nm:

(c1) senior groups nm x 11 of the structure D,, x D,;

(c2) middle groups n®m x 12¢+11) (n > p > 6, n =0 (mod 2), p = 4q + 2)
of the structure D,, X Dy,i1, nm? x 124112 (n > p > 6, p = 4¢ + 2) of the
structure D,, X Dagy1, n®m? x 12 (n = 0 (modp), p = 0 (mod?2), p > 4), of
the structure D, x Cy, n®m” (n > p > 3) of the structure D/ nm?”1®
(n>p>3),n?m1” (n>p>4, (n,p) #1, p=0 (mod4)), n”m1® (n > p >3,
n =0 (mod2)), nm®1”) (n > p >4, p =0 (mod4)), n®m” 124+ (n > p > 6,
n =0 (mod2), p=dg +2), nmP1H (n > p > 6, n =0 (mod2), p = 4¢ +2)
and n’m® (n >p>4,n=0 (mod2), p=0 (mod4));

(¢3) junior groups n?m”, (p > 3, n = 0 (mod p)) of the structure D,,.

Definition 1. Let all products of the generators of the group G, within which
all generators occur at most once, be formed and then separate the subsets of
transformations that are equivalent with respect to symmetry. The resulting system
is called the antisymmetric characteristics of the group G (AC(G)) [21].
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THEOREM 1. Two groups of simple or multiple antisymmetry G| and G} of
the M™-type for m fized, with common generating group G, are equal iff they
possess equal AC [21].

THEOREM 2. Symmetry groups that possess isomorphic AC generate the same
number of simple and multiple antisymmetry groups of the M™-type for every fixed
m (1 < m <), which correspond to each other with regard to structure [21].

All the four-dimensional point groups G4¢ derived, belonging to the corre-
sponding infinite classes, are given by one or several different presentations, together
with their antisymmetric characteristics (AC) making possible the derivation of all
the infinite classes of simple and multiple antisymmetry groups GY,, the computa-
tion of the numbers of such groups, and their cataloguation based on paper [21].

The catalogue obtained contains the infinite classes of four-dimensional point
groups G40 derived using antisymmetry groups G4,. The following elements are
given:

1) the symbol of a generating group G (class I-VII) [14], its presentation
and structure symbol, and its antisymmetric characteristic (AC) followed by the
existence conditions for the M™-type simple and multiple antisymmetry groups
and by the symbol of equivalency class [21] to which this AC' belongs. In the
derivation of M™-type simple and multiple antisymmetry groups, a generator
Sy of G not participating in AC(G) cannot be replaced by an antigenerator or
must be replaced by the antigenerator of the same antisymmetry kind as an other
generator S,, belonging to the AC(G) (¢,w € {1,2,...,r}). This is denoted by
the relationship S, = S,. There is also the catalogue of crystallographic groups
[1,2,3,4,5] belonging to the infinite class discussed, where every such a group is
given by its catalogue numbers from papers [5] and [1], the generators [1, 16, 20],
the structure symbol, and followed by its antisymmetric characteristic AC and by
the symbol of the equivalency class [21] that AC' belongs.

In the part 2) and 3), respectively, senior and junior antisymmetry groups
derived in the same family of antisymmetry groups with the generating group G
(class I-VII) and corresponding four-dimensional point groups (infinite classes), are
stated. Every such a group (infinite class) is followed by the same data as in the
part 1).

The infinite classes of four-dimensional point groups G4 derived using com-
plete (p)- and (p')-symmetry groups of the categories G%, Ggi), are treated in the
same way in the parts 1), 2), 3), 4), dealing, respectively, with the generating,
senior, middle and junior groups of these categories and with the corresponding
four-dimensional point groups.

In the catalogue are omitted all the repeating infinite classes of four-
dimensional point groups G49 and the crystallographic groups belonging to them,
already derived from certain infinite class of three-dimensional point groups Gsg
or two-dimensional point groups Gao. For example, all the generating symmetry
groups of the classes III-VII are omitted, since the same groups are already derived
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from the antisymmetry groups of the classes I and II. Hence, the catalogue consists
of all the different infinite classes of four-dimensional point groups G 49 and to them
belonging different crystallographic groups Gyg.

2. Catalogue. The way in which the catalogue is formed will be illustrated
by the following example: every generating group of the class I) n possesses the
representation: 1) {S}, S™ = I and the structure C,,. If the existence condition for
the M™-type simple and multiple antisymmetry groups n = 0 (mod 2) is satisfied,
its antisymmetric characteristic AC is {S}, so it belongs to the equivalency class
1.1 [21]. To this infinite class of four-dimensional point groups belong the following
crystallographic groups, obtained at n = 1,2,3,4,6: the group denoted by the
catalogue numbers 1/01 [5] and (2a,1) [1], obtained at n = 1, generated by
the identity transformation I [1, 16], with the structure Cy, and without AC
since it does not satisfies the existence condition for the M™-type simple and
multiple antisymmetry groups n = 0 (mod2). In the same way, the other four
crystallographic groups are described:

3/01 (2a,2) {E} Cy, AC: {E}, 1.1
8/01 (2a 3) {K} Cs;

7/02 (2a,4) {R} Cy, AC: {R}, 1.1,
9/01 (2a,7) (7} Ce, AC: {Z}, 1.1

In the same family of antisymmetry groups with the generating group n
(class I) is derived the senior antisymmetry group 2) {S} x {e;} isomorphic to
the four-dimensional group {S} x {Ti}, where {S} and {71} denote, respectively,
the symmetry groups generated by n-fold rotation S and (hyper)plane reflection T}
commuting with it. The four-dimensional groups obtained, at n = 0 (mod 2) possess
the antisymmetric characteristic AC: {S} {T1} belonging to the equivalency class
2.1 [21] or, at n =1 (mod 2) the antisymmetric characteristic AC: {I1} belonging
to the equivalency class 1.1 [21]. At n = 1,2,3,4,6, we have the crystallographic

groups:

2/01 (2b,1) {Tl} Dl, AC {Tl}, ].].,
4/02 (2b,4) {E} x {T}} Cy x Dy, AC: {EY{T\}, 2.1;
14/02 (2b,9)  {K} x {T}} Cs x Dy, AC: {T\}, 1.1;
13/01 (Qb,—) {R} X {Tl} 04 X Dl, AC: {R} {Tl}, 21,
15/01 (2b,15) {Z} X {Tl} CG X Dl, AC: {Z} {Tl}, 2.1.

Finally, in the case of the junior antisymmetry group {e; S} existing at n =
0 (mod2), isomorphic with the four-dimensional point group {§1} generated by
the rotational reflection §1 = ST, at the same n, with the structure Cs,, and with
AC: {§1} belonging to the equivalency class 1.1 [21], we have at n = 1,2,3, the
following crystallographic groups:

2/02 (2b,2) {1} Cs,
12/01 (2b,6) {F} Cu,
14/01 (2b,10) {N} Cs,

AC: {T'}, 1.1
AC: {F}, 1.1;
AC: {N}, 1L
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In line with this, the complete catalogue reads as follows:

I)n
1) {S} S*" =1, Cn, AC: {S}, n=0 (mod2), 1.1.
1/01 (2a,1) {1} Cy;
3/01 (2a,2) (E} Cs, AC: {E}, 11
8/01 (2a,3) (K} Cs,
7/02 (2a,4) {R} Cy, AC: {R}, 1.1;
9/01 (2a,7) (7} Cs, AC: {7}, 11
2) {S} x {e1} 2 {S} x{T1}, Cn x Dy, AC: {T1}, n=1 (mod2), 1.1;
{S}{T1}, n=0 (mod2), 2.1;
2/01 (2b,1) {11} D, AC: {1}, 1.1;
4/02 (2b,4) {E} x {T1} C> x D1, AC: {E}{T1}, 2.1,
].4/02 (2b,9) {K} X {Tl} Cs x Dl, AC: {Tl}, 1.1;
13/01 (2b,—) {R} x {T1} Cy x D1, AC: {R} {11}, 2.1;
15/01 (2b,15) {Z} x {T1} Cs x D1, AC: {Z}{T1}, 2.1.
3) {e1S} = {51}, n=2k, Ca, AC: {Si}, 1.1
2/02 (2b,2) (1T} Co, AC: {T"}, 1.1
12/01 (2b,6) {F} Cu, AC: {F}, 1.1
14/01 (2b,10)  {N} Ce, AC: {N}, 1.1
II) nm
1) a) {S,T} S"=T?=(ST)> =1, Dn, n > 1,
AC: {T}, n=1 (mod2), 1.1;
{T,ST}, n=0 (mod2), 2.2;
b) {T,T}, T? =T" = (TT»)* =1,
AC: {T}, n=1 (mod2), T =Ts;
{T,T>}, n =0 (mod2)
4/01 (2b,3) a) {E,T} Do, AC: {T,ET}, 2.2
b) {T,T>} AC: {T, T>};
8/03 (2b,7) a) {K,T} Ds, AC: {T}, 1.1
b) {T,T>} AC: {T}, T =Ts;
7/06 (2b,11) a) {R,T} Dy, AC: {T, RT}, 2.2;
b) {T,T>} AC: {T, T»};
9/04 (2b,13) a) {Z,T} Ds, AC: {T,ZT}, 2.2;
b) {T,T>} AC: {T,T»}.

2) a) {S\T} x{e1} =2 {S,T}x {1}, Dy x Dy, n>1,
AC: {T} {1}, n=1 (mod2), 2.1;
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(T, T,,ST}, n=2 3.7;
b) {T, TQ} X {ea} = {T, TQ} X {Tl},
AC: {T} {1}, n=1 (mod2), T =Ts;

{T7 T17T2}7 n= 2:
{Tl} {T7 T2}7 n > 27

a) {E,T} x {T1}

n =0 (mod?2).

6/01 (2b,32) D> x Dy, AC: {T,T:,ET}, 3.7

b) {T,T>} x {T1} AC: {T, T, T> };
14/08 (2b,36) a) {K,T} x {T1} Ds x D1, AC: {T}{T1}, 2.1;
b) {T,T>} x {T1} AC: {T}Y{T1}, T = Ty;
13/09 (2b,52)  a) {R,T} x {T1} Dix Dy, AC: {T\}{T,RT}, 3.2
b) {T,T>} x {T1} AC: {TW}{T,T>};
15/06 (2b,40)  a) {Z,T} x {T\} De x Dy, AC: {T\}{T,ZT}, 3.2
b) {T,T>} x {11} AC: {TW}{T,T-}.
3) a) {S,eiT} = {S,E1}, Dy, n>1,
AC: {E.}, n =1 (mod?2), 1.1;
{S,E:,SE}, n =2, 2.3;
{E\, SE\}, n>2 n=0 (mod2), 2.2;
b) {eiT,e1T>} = {E\, E»},
AC: {E.}, n =1 (mod?2), Ei1 = E»;

{El,EQ,ElEQ}, n = 27

{E1, E»}, n>2 n=0 (mod?2).
5/01 (2&,17) {El,EQ} Dz, AC: {El,Ez,ElEz}, 2.3;
14/03 (2a,18)  a) {K, B} Ds, AC: {Ey}, 1.1;
b) {E1, E»} AC: {E:}, E\ = Ey;
13/04 (2a,19) a) {R,E1} Dy, AC: {E1,RE;}, 2.2;
b) {E1, E»} AC: {E:1, E»};
15/04 (2a,23) a) {Z,E:1} D, AC: {E., ZE}, 2.2;
b) {E1, B} AC: {Ey, Bs).
3) a) {e1S,eT}={S1,E1}, n=2k k>1, Doy, AC: {Si}{E1}, 2.1;
a') {e1S,T}=(51,T), AC: {51} {T};
b) {elT, Tz} = {El,Tz}, AC {El} {TQ}
12/03 (2b,34) a) {F,E:} Dy AC: {F}{E\}, 2.1;
a') {F, T} AC: {F}{T};
b) {E1,T>} AC: {E 1} {Tn};
14/06 (2b,38) a) {N, E.} Dg AC: {N}{E:}, 2.1;
a') {N, T} AC: {N}{T};
b) {E1, T»} AC: (BT}

III) n:m

1) {5,T},S*"=T>=1,ST=TS, Cp x D1,



Infinite classes of simple and multiple antisymmetry four-dimensional ...

AC: {T}

n=1 (mod2), 1.1,

{S}{T}, n =0 (mod2), 2.1.
2) {SaT} X {61} = {57 T} X {T1}7 n>1, Cy X Dy,

ACAT, Th}, n=1 (mod2), 2.2;

{S}H{T, 11}, n =0 (mod2), 3.2.

4/04 (1b, XXXIII,2) {E,T} x {T\} C>x D>, AC: {E}{T, T},
15/02 (2b,17) (K, T}y x {T\} CsxD., AC: {T,T:},

13/05 (1b, XXXIIL6)  {R,T} x {T1} Cix D, AC: {R}{T,Ti},
15/08 (1b,XXXIII,9) (2, Ty x {T\} Cs x Ds, AC: {Z}{T,T1},

3) {e1S, T} = {8, T}, n =2k, Co x D1, AC: {S1}{T}, 2.1.

2.2;
1.1;
2.1;

2/03 (1b,XXXIIL,1) (T',T} Oy x Dy, AC: {T'}{T},
13/02 (2b,21) {F,T} Cy x Dy, AC: {F}{T},
14/04 (1b,XXXIIL4) (N, T} Cs x Dy, AC: {N}{T},
3) {S,eiT} = {S,E1},n>1, C, x Cs,
AC: {E.}, n =1 (mod2), 1.1;

(S,E1}, n=1, 2.2;

{S}{E1}, n>2,n=0 (mod2), 2.1.
3/02 (1a,1,2) {E,E\} Cy x Ca, AC: {E,E.},
9/02 (2a,8) {K,E:} Cs3 x Cz, AC: {E.},
7/03 (1a,1,4) {R,E} Csx Cy, AC: {R}{E:},
9/03 (1a,1,6) {Z,E\} Cs x C2y,  AC: {Z}{E:},

2.1.

3) {e1S,e1T} = {51, E1}, n =2k, Cop x Ca, AC: {S1,S1E}, 2.2.

4/03 (2b,5) (T'E\} C.xC,  AC: {T' T'E},
12/02 (1b,XXXIIL,3) {F,E\} Cix C>, AC: {F,FE:},
15/03 (2b,18) {N,E1} CsxC>,  AC: {N,NE},
IV) (2n)
1) {S}, 82" =1, Csp, AC: {S}.
3) {e1S} = {S'}, Can, AC: {§'}, 1.1.
1/02 (1a,L1) ('} Cs, AC: {I'},
7/01 (2a,5) (R} Ci, AC: {R'},
8/02 (1a,1,3) {K'} Cs, AC: {K'},
V) n:2
1) a) {S,E}, S" = E* = (SE)* = I, Dn,
AC: {E}, n =1 (mod?2), 1.1;
{S,E,SE}, n=2, 2.3;

2.2;
2.2;
2.2.

1.1;
1.1;
1.1.

3.2,
2.2;

3.2,
3.2.

2.1;
2.1;
2.1.
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n>2n=0 (mod2), 2.2.

b) {E7E2}7 E® = E22 = (EEQ)n =1,

AC: {E}, E = E»,
{E, EQ,EEQ},
{Ea E2}7

n =1 (mod2);
n = 2;
n>2,n=0 (mod?2).

2) a) {S7E} X {61} = {S7E} X {Tl}a n>1, Dn x D,

AC: {EHT},
{1} {S,E,SE},
{3 {E,SE},

n =1 (mod?2), 2.1;
n=2, 3.9;
n>2n=0 (mod2), 3.2

b) {E7E2} X {61} = {E7E2} X {Tl}a

AC: {E}{T\}, E=FE>, n=1 (mod?2);

{Tl} {E7E27EE2}7 n= 27

{T\}{E, E-}, n>2,n=0 (mod2).
6/02 (2b,33)  {E,E»} x {T1} Do x Dy, AC: {T\}{E,E»,EE>}, 3.9;
14/09 (2b,39)  a) {K,E} x {T} Ds x D1, AC: {E}{T.}, 2.1;
b) {E,EQ} X {Tl} AC {E} {Tl}, E = EQ;
13/08 (2b,53)  a) {R,E} x {T}} Dy x Dy, AC: {T\}{E,RE}, 3.2;
b) {E,EQ} X {Tl} AC: {Tl} {E,EQ},
15/09 (2b,41)  a) {Z,E} x {T\} Ds x Dy, AC: {T\}{E, ZE}, 3.2;
b) {E,Ez} X {Tl} AC: {Tl} {E,EQ}.
3) a) {S,e1E}={S,T\'}, n>2, Dy,
AC: {Tv'}, n=1 (mod?2), 1.1;
{1/, ST}, n =0 (mod?2), 2.2;
b) {61E,61E2} =~ {Tll,TQI}
AC: IV}, T =T, n=1 (mod?2);
{Tll,TQI}, n=0 (m0d2)
8/04 (2b,8) a) {K, Tll} D3, AC {Tll}, 11,
b) {Tll,TQI} AC {Tll}, Tll = TQ,;
7/05 (2b,12) a) {R,T\'} D, AC: {T\',RT'}, 2.2;
b) {Tll,TQI} AC {Tll,TQI};
9/05 (2b,14) a) {Z,Tll} De,, AC {Tll,ZTll}, 22,
b) {Tll,TQI} AC {Tll,TQI}.

3) a) {e1S,E}={S,E}, n=2k, k>1, Dy, AC: {Si}{E}, 2.1;

) {eiS,e1 B} = {S1,Th'},
b) {61E7E2} = {T1,7 E2}7

12/04 (2b,35) a) {F,E} Dy,
a") {F: Tl’}
b) {Tv', E»}

14/07 (2b,37) a) {N,E} Ds,

AC: {SiH{T)'};
AC: {Tll} {EQ}

AC: {F,E}, 2.1;
AC: {F}Y{Ih'};
AC TV} (B},
AC: {N}{E}, 2.1;
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VI) (20)m

a') {N, T} AC: {N}{TW'};
b) {T\', B2} AC: {TV'}{E»}.
1) a) {S,T}, 8> =T?%=(ST)> =1, Da,, AC: {S}{T}, 2.1;
b) {§7 E}: §2n = E2 = (EE)2 = I: AC: {g} {E}:

2) a) {§7T} X {61} = {gaT} X {Tl}a n > 17 D»,, x Dl:
AC: {SY{T}{T:}, 3.1;

b) {S,B} x {e1} = {S,E} x {Tn}, AC: {SHEMT}.
13/07 (2b,46) a) {F,T} x {T\} Dix Dy, AC: {F}{T}{T\}, 3.1
b) {F,E} x {T1} AC: {FHEMT1};
14/10 (1b,XXXV,3) a) {N,T} x {T1}  Dg¢ x D1, AC: {N}{T}{T1}, 3.1,
b) {N,E} x {T1} AC: {N}{E}{T:}.
3) a) {15, T}={S T}, n>1, Ds,, AC: {S'}{T}, 2.1;
b) {eiS,e1E} = {5 Th'}, AC: {S'Y{T'}.
7/04 (2b,20) a) {R',T} Dy, AC: {R'}{T}, 2.1;
b) {R', T} AC: {R'HT'};
8/05 (1b,XXXIIL,5)  a) {K',T} Ds, AC: {K'}{T}, 2.1;
b) {K', T} AC: {K'}{T'}.

3) {e1S,eiT}y = {5 E:}, n> 1, Dan, AC: {E:,S'E:}, 2.2;

13/03 (2a,20) {R,E\} Dy, AC: {E,,R'E\}, 2.2;
14/05 (1a,XI,2) {K' E\} Ds, AC: {E,,K'E,}, 2.2.

1) a) {S,T, T}, S"=T>=(ST)? =1, 15> =1, ST = TS, TT> = T»T,

D,, x D1,

AC: {T,T»}, n=1, 2.2;
{T} {T>}, n>1n=1 (mod2), 2.1,
{T,T», ST}, n=2, 3.7;
{}{T, ST}, n>2 n=0 (mod2), 3.2.

b) {T,T5, T3}, T? = To? = (TTe)" =1, T3> = I, TTs = T5T, ToTs = T5T>,

AC: {T,T3}, T =T, n=1;
{T} {T>}, n>1,n=1 (mod?2);
{T,T>,Ts}, n=2;
{T:}{T, 1>}, n>2 n=0 (mod2).

2) a) {S,T,T>} x{e1} =2{S,T,T>} x {T1}, n > 1, Dy, x D,

AC: {T,T,T»,ST}, n=2, 4.22;
{T} {11, T>}, n=1 (mod2), 3.2;
{T, ST} {1, T>}, n>2n=0 (mod2), 4.6;

b) {T, TQ,Tg} X {61} = {T, TQ,Tg} X {Tl},
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AC: {T, Tl, TQ, Tg},

Jablan

n =2,

{T} {1, T3}, T =T>, n>1,n=1 (mod?2);

{Ta T2} {T17T3}7

6/03 (1b,XXXV,1)
15/07 (2b,42)
13/10 (1b,XXXV,4)

15/12 (1b,XXXV,6)

a) {E,T,T»} x {11},
b) {T,T>,T5} x {T1},
a) {K,T,T>} x {1},
b) {T,T>,T5} x {T1},
a) {R,T,T>} x {1},
b) {T,T>,T5} x {T1},
a) {Z,T,T»} x {T1},
b) {T,T>,T5} x {T1},

D2 XDQ,

D3 X Dl,

D4><D1,

D6 X Dl,

n>2, n=0 (mod?2).

AC:
AC:
AC:
AC:
AC:
AC:
AC:
AC:

{T,T,T>, ET},
{T,T,T>,T5};
{T3H{T, 15},

{T}Y {1, 15}, T =
{T, RT}{T1,T-},
{T, T2} {1, T }
{T, ZT} {1, T-},
{T, T} {1, T5}.

3) a) {S,eiT,e1T>} = {S,E1,E>}, n>1, D, x Dy,
AC: {S,E:, Es},
{ElaElEQ}a
{(E1, SE1), (E1E2, SE1E2)}, n>2,n=0 (mod2), 3.4;

b) {eiT,e1T»,e1T3} = {E1, Ez, E3}, n =1 (mod 2);
AC: {Ey, E\Es), Ey = Es,

{(E1, E»), (E1E3, E2E3)},

n=2,

n =1 (mod2),

3.7;
2.2;

)

n =1 (mod2);
n>2,n=0 (mod?2).

AC: {S, El, EQ},

n=2,

3.7

5/02 (1a,XI,1) {E\,E>,E3} Dy x D1, AC: {Ei, Es, Es},
15/05 (2a,22)  a) {K,E:,E2} Dsx Dy, AC: {Ei,E.E},
b) {E1, E2, E3} AC: {E\,E\Es}, Ey = B,
13/09 (1a,XI,3) a) {R, El,EQ} D4 X Dl, AC {(El,REl), (ElEQ,RElEz)},
b) {E, B2, Es} AC: {(E1,E»),(E\Es,E>E3)};
15/11 (1a,X1,5) a) {Z, E1,Es} Dg x D1, AC: {(E\, ZE)),(E1Es, ZE1 E»)},
b) {E1, E2, E3} AC: {(E\, E»), (E\Es, E2Es)}.

3) a) {S,T,e1To} = {S,T,E2}, n > 2, Dy x Dy,

AC: {T}{E»},
{E2}H{T, ST},

b) {T,T>,eiT3} = {T,T>, Es},
AC: {T}{Es}, T =T>, n=1 (mod?2);

{Es} {T, T}, n =0 (mod2).
9/06 (2b,16) a) {K,T, E>} Ds x D, AC: {T}{E:},
b) {T,T>, Es} AC: {T}{E3}, T =Ty;
7/07 (1b, XXXIII,7) a) {R,T, E»} D4 x Dy, AC: {E:}{T, RT},
b) {T,T>, Es} AC: {E3} {T,Tn};
9/07 (1b,XXXIII,10) a) {Z,T,E>} Ds x Dy, AC: {Ex}{T, ZT},
b) {T,T>, Es} AC: {E3} {T, T>}.

n=1 (mod2), 2.1;
n =0 (mod2), 3.2;

3) a) {615,61T2} = {El,T, Ez}, n= 2k, k> 1, Do X Dl,

4.22;

)

3.2,
TQ;
4.6;

4.6;

3.7;
2.2;
2.2;
3.4,

3.4,

2.1;

3.2;

3.2;
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AC: {T}{S), E251}, 3.2;
a') {615,61T,61T2} = {Sl,El,EQ}, AC {El}{sl,leQ};

b) {T, €1T2, 61T3} = {T, EQ, Eg}, AC {T} {TEQ, TE2E3}

12/05 (1b,XXXV,2) a) {F,T,E.}  Dix Dy, AC: {T}{F,FE},

a’) {F,El,EQ} AC: {El}{F,FEQ};

b) {T, E», Es} AC: {T}{TE,,TE>Es};
15/10 (2b,43) a) {N,T,E;}  De¢x Dy, AC: {T}{N,NE,},

) {N, B\, B>} AC: {E\}{N, NE};

b) {T, B>, Es} AC: {T}{TE»,TE,Es},

I) n

1) {S}) Sn = I) Cn)
2) nx1® ={S} x {e1} = {S} x {S1}, n>p >3, Oy x O,

AC: {S}, n =0 (mod2), p=1 (mod?2), 1.1;

{51}, n =1 (mod2), p=0 (mod?2), 1.1;

{S,51}, mn =0 (mod2), n=np, 2.2;

{5} {51}, n=0 (mod2),p=0 (mod2), n #p, 2.1.
22/01 (2a,13) {K} x {K1} C3 x Cs;
20/01 (2a,10) {R} x {K} Ca x Cs, AC: {R},
19/02 (1a,1,13) {R} x {R1} Ca x Ca, AC: {R,R:},
23/01 (2a,14) (2} x {K} Cs x Cs, AC: {2},
20/05 (1a,,7) (2} x {R)} Cs x Ci, AC: {Z)}{R),
23/02 (1a,1,16) (2} x {Z1} Cs x Cs, AC: {Z,Z:},

1.1;
2.2;
1.1;
2.1;
2.2.

3) n(p) = {Cls} = {31}7 n>p Z 47 (n,p) 7& 17 n 7_é 0 (modp), C/n,p/:

AC: {51}, /n,p/ =0 (mod?2), 1.1
20/02 (2a,9) {M} Cia, AC: {M},

1.1.

3.2;

3.2;

3) n® x 1@ = {¢,5} x {7} = {5} x {S>}, n=0 (modp), p=0 (modg),

P#q qF1l,n>p>4,CnxCy
AC: {51}, n=0 (mod2), ¢ =1 (mod?2), 1.1;

{51,518:}, p=4,n=0 (mod?2), ¢ =0 (mod?2), 2.2;

{51}{S2}, p#4,n=0 (mod2),q=0 (mod2), 2.1.
18/01 (1a,1,12) {D} x {E} Ci x Cs, AC: {D, DE},
21/02 (1a,1,11) {S} x {E} Cs x O, AC: {S, E},
22/02 (1a,1,15) {S} x {K} Cs x Cs3, AC: {S},

4) n® ={c:S} 2 {81}, n=0 (modp), n>p >3, Cn,
AC: {51}, n=0 (mod2), 1.1.

11/01 (2a,11) {5} Cs;

10/01 (1a,L8) {D} Cu, AC: {D},
21/01 (2a,12) (B} Cs, AC: {B},
11/02 (1a,1,10) {s} Cs, AC: {8},

2.2;
2.1;
1.1.

1.1;
1.1;
1.1.
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II) nm

1) {S,T}, S" =T?=(ST)> =1, D,
2) nm x 1% = {5, T} x {e1} = {8, T} x {S1}, n >3, p >3, Dn x Gy,

AC: {T}, n=1(mod2), p=1(mod2), 1.1;

{T} {51}, n=1 (mod2), p=0 (mod2), 2.1;

{T, ST}, n =0 (mod2), p=1(mod2), 2.2

{S1}{T,ST}, n=0 (mod2), p=0 (mod2), 3.2.
22/03 (2b,22) {K,T} x{K\} DsxCs, AC: {T}, 1.1;
20/04 (2b,26) {K,T} x {R} D3 x Cy,  AC: {T}{R}, 2.1;
23/06 82b,29) (K, T} x {Z}  DsxCs, AC: {T}{Z}, 2.1;
20/08 (2b,24) {R,TY x {K}  DixCs, AC:{T}{RT}, 2.2;
19/03 (1b,XXXIIL,15) {R,T} x {Ri}  DixCs,  AC: {R\}{T,RT}, 3.2
20/18 (1b,XXXIIL,13) {R,T}x {Z}  DsxCs, AC: {Z}{T,RT}, 3.2
22/04 (2b,27) {2, T}y x {K}  DgxDs, AC: {T}{ZT}, 2.2;
20/15 (2b,27) {2, T} x {R}  DgxCs AC: {R}{T,ZT}, 32
23/07 (1b,XXXIIL,12) {Z,T} x {Z1}  DexCs, AC: {Z}{T, 2T}, 32

3) nm® x 19T = G ¢, 2T} x {12} = {S,T'} x {S1}, p=4q + 2,
Dy, x Cog41, AC: {T'} n=1 (mod?2), 1.1;
{T",ST'} n=0 (mod2), 2.2.

22/04 (2b,23) {K,T'} x {K1} D3 x Cs, AC: {T'}, 1.1;
20/06 (2b,25) {R,T'} x {K} Dy x Cs, AC: {T',RT'}, 2.2;
23/03 (2b,28) (2,7} x {K} De x Cs, AC: {T',ZT"}, 2.2.

3) n®m x 1207 = {20418 T} x {¢12} = {51, T} x {So}, p = 4q + 2,
n=0 (mod2), Dn X 02q+1, AC: {Sl}{T}, 2.1.

20/10 (2b,31) {R,TYyx {K}  DixCs,  AC: {R}{T}, 2.1,
22/06 (1b,XXXII,16)  {K',T} x {K}  De¢xCs,  AC: {K'}{T}, 2.1

3) nm® = {S,e:T} = {S,5:}, p=0 (mod4), n>2,
AC: {51}, n=1 (mod?2), 1.;
{51,551}, n=0 (mod?2), 2.2.

20/03 (2b,19) {K,F} Qs, AC: {F}, 1.1;
19/01 (1b,XXXIIL8) {R,F} (2.2]4; 2), AC: {F,RFY}, 2.2;
20/14 (1b,XXXIIIL,11) {2, F} Qs x Co, AC: {F,ZF}, 2.2.

3) n®m={¢;S,T}={5,,T}, p=0 (mod4), p =0 (mod2),
AC: {S1}H{T}, 2.1.

18/02 (1b,XXXIII,14) {D,T} (4.42.2), AC: {D}{T}, 2.1;
20/09 (2b, 30) {M,T} D3 x Cu, AC: {M}{T}, 2.1.
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II) nm

1) {5,T}, S* =T = (ST)> =1, D,.
2) nm x 119 = {S T} x {c1,e1} 2 {S,T} x {S1,T1}, n >p >3, Dy x Dy,

AC: {T}{T}, n=1 (mod2), p=1 (mod2), n #p, 2.1;

{T, T}, n=1 (mod2), n=p, 2.2;

{T}{Th, 5T}, n=1 (mod2), p=0 (mod?2), 3.2;

{1} {T, ST}, n =0 (mod2), p=1 (mod?2), 3.2;

{T,ST}{Th,5:\T:}, n=0 (mod2), p=0 (mod2), n#p, 4.6;

{T,ST}{T),5:T1}}, n=0 (mod2), n=p, 4.16.
20/08 (2b,47) (K,T} x {K:\,T:} Dsx Ds, AC: {T, T}, 2.2;
20/17 (2b, 50) (R, T} x {K1,T1} Dix Ds, AC: {1} {T,RT}, 3.2;
23/10 (2b, 54) {Z,T} x {K\,Th\} Dsx Ds, AC: {T1}{T, ZT}, 3.2;
19/06 (1b,XXXV,10) {R,T} x {R1,Ti} Dix Da, AC: {{T,RT}{T\,RiT\}}, 4.16;
20/22 (1b,XXXV,8) {Z T} x {Ri,T.} Dex Ds, AC: {T,ZT}{T1, RiT\}, 4.6;
23/11 (1b, XXXV,12) {Z,T} x {Z1,Ti} Ds x Ds, AC: {{T, ZT} {T\, Z:T1}}, 4.16.

3) n®mx 18911 = {215 T} x {e1?,e1} = {51, T} x {S2, To},
n>p>6,n=0 (mod2), p=4q+2, D, X Dag41,
AC: {S1HTY T}, n#p, 3.1;
{5:1}{T,T»}, n=p, 3.2

22/11 (1b,XXXV,11) {K',T} x {K>,T»} Ds x Ds, AC: {K'}{T,T,}, 3.2.

3) nm® x 111 = £ ¢, 21T} x {¢12,e,} 2 {5, T'} x {S1,T1},
n>p>6p=4q+2, AC: {TW}{T',ST'}, 3.2.

23/09 (2b,55)  {Z,T'} x {K:, Ty}  De x D3,  AC: {T\}{T",ZT'}, 3.2

3) n®m? x 12 = {5, e1T} x {e1?/?} 2 {51, E1} x {E2}, n =0 (modp),
p=0 (mod2), p>4, D, x Cs, AC: {E»}{5:E1}, 3.2.

18/04 (1a,XL9)  {D,E:\} x {Ex}  DyxCi, AC: {E;}{Ei,DE\}, 3.2
21/04 (13,XI,8) {S, El} X {EQ} D6 X 02, AC {EQ} {El, SEl}, 3.2.

3) n?m” = {615761T} = {517E1}7 n>p2>3, D/n,p/:

AC: {E:}, /n,p/ =1 (mod?2), 1.1;
{E1,51E1}, /n,p/ =0 (mod?2), 2.2.
20/11 (2a, 24) (M, E} D1, AC: {E1, ME, )}, 2.2.
3) nm”1? = {S,e;T,c1} = {S,E1, 81}, n>p > 3,
AC: {E:}, n=1 (mod2), p=1 (mod2), 1.1;
{E1, S1E}, n =1 (mod2), p=0 (mod2), 2.2;
{E1, SE\}, n=0 (mod2), p=1 (mod2), 2.2;
{(E:1,SE1),(S1E1,S51E1)}, n=0 (mod2), p=0 (mod2), 3.4;
{{SEl,SlEl},{El,Slel}}, n=0 (m0d2), n=p, 3.7.
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22/05 (23,27) {K, El,Kl} D(C3 X C3), AC {El},
20/07 (2&,25) {R, El,Kl} .D127 AC {El,REl},
23/05 (2&,28) {K, El,Kl} D(C3 X 03) X 02, AC: {El,ZEl},
19/05 (1a,X1,10) {R,E:,Ri} D(C4s x C4), AC: {{RE\,R1E:},{E\,E1RR1}},
20/19 (1a,X1,6) {K,E1,Ki} D12 x Cs, AC: {(Ei,ZE\),(R1E1,R1ZE1)},
23/08 (1a,X1, 13) {Z, E1,Z1} D(Cs x Cs), AC: {(ZE.\,Z\Ev), (E\, E1ZZ41)},
3) n(pml’) = {clS7Tael} = {517T7T1}7 nzp2> 47 (nap) # 17 p= 0 (m0d4)7
AC: {SIHTHT}, n#p, 3.1
{SH{T, .}, n=p, 32
18/05 (lb, XXXV,Q) {D,T, Tl} (CQ X 02) T SQ, AC {D} {T, Tl}, 327
20/20 (2b,56) {M,T,T\} D4 x D3, AC: {M}{T} {1}, 3.1.
3) n”ml1® = {e,5 T, ¢} = {g,T, Si},n>p>3,n=0 (mod?2),
AC: {S}{T}, p=1(mod2), 2.1;
{T}{5,5.5}, p=0 (mod?2), 3.2.
20/12 (2b,44) {F,T,K:} (4,6]2,2), AC: {F}{T}, 2.1;
22/09 (2b,49) {N,T,K,} D3 x D3, AC: {N}{T}, 2.1;
20/16 (2b,51) {N,T,R} Dy x D3, AC: {T}{N,RN}, 3.2.
3) nm®1”) = {S,e:T,e1} = {S,5,Ti}, n > p >4, p=0 (mod4),
AC: {S}{T:}, n=1 (mod?2), 2.1;
{T1}{S,55}, n=0 (mod?2), 3.2.
19/04 (1b,XXXV,5) {R,F, T} 32.36, AC: {T\} {F,RF}, 3.2;

20/21 (1b,XXXV,7) {Z,F,Ti}  (4,6]2,2)x Ca, AC: {T1} {F,ZF}, 3.2.
3) nCm?1H = {20718 T, ¢,2} = {51, F1, 82}, n>p > 6,
n=0 (mod2), p=4q+2, AC: {E1,5:E1}, 2.2.
22/07 (1a,XI, 12) {K’,El,K} D(C3 X 03) X 02, AC: {El,K’El}, 3.2.
3) n’mC1C = (6,8, ¢, 2T, ¢,%} = {S,T', 51}, n > p > 6,
n=0 (mod2), p=4q+2, AC: {S}{T'}, 2.1.
22/10 (2b,48) (N, T, K} D3 x Ds, AC: {N}{T'}, 2.1.
3) n”m® = {,;5,e:T} = {5,51}, n>p>4 n=0 (mod2), p=0 (mod4),
AC: {SH{S}, n#p, 21
{g, gl}, n=p, 2.2.
18/03 (1b,XXXVI,1) (F,F\} (4,4]2,2), AC: {F,F}, 2.2;
20/13 (2b,45) (N, F} (4,62, 2), AC: {N}{F}, 2.1.
4) n®m? = {¢;S,e:T} = {51, E1}, p>3,n=0 (modp), Dy,
AC: {E:}, n=1 (mod2), p=1 (mod2), 1.1;
{E1,51E1}, p=0 (mod?2), 2.2.

1.1;
2.2;
2.2;
3.7,
3.4,
3.7.
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17/01 (2a,15) {8' E:} Ds, AC: {E:}, 1.1
16/01 (2a,IIL,1) {D,E;} Dy, AC: {E,,DE,}, 2.2;
21/03 (2&,26) {B,El} De, AC {El,BEl}, 2.2;
17/02 (1a,III,2) {S, El} De, AC {El,SEl}, 2.2.

The numbers N,,(G) of the M™-type simple and multiple antisymmetry
groups, corresponding to AC-equivalency classes, and the possibility for their
cataloging, is given in article [21]. According to the isomorphism of AC, all the
AC obtained in this work can be distributed into the 13 equivalency classes, given
together with the corresponding numbers N,,:

AC Ny Ny N3 Ny
1.1 1

2.1 3 6

2.2 2 3

3.1 7 42 168

3.2 ) 24 84

3.4 4 15 42

3.7 3 10 28

3.9 2 4 7

3.10 1 1 1

4.6 8 75 714 5040
4.16 ) 39 357 2520
4.22 4 22 147 840

Except for the crystallographic four-dimensional point groups 1/01, 8/01,
11/01, 22/01 without AC, all the remaining 133 crystallographic four-dimensional
point groups G4o belonging to the derived infinite classes of four-dimensional point
groups (49, are distributed into the following AC-equivalency classes:

1.1 1/02,2/01,2/02,3/01,7/01,7/02,8/02,8/03,8/04,9/01,9/02,10/01, 11/02,
12/01, 14/01, 14/02, 14/03, 17/02, 20/01, 30/02, 20/03, 21/01, 22/02, 22/03,
22/04, 22/05, 23/01;

2.1 2/03,4/02, 7/03, 7/04, 8/05, 9/03, 9/06, 12/03, 12/04, 13/01, 13/02, 14/04,
14/06, 14/07, 14/08, 14/09, 15/01, 18/02, 20/04, 20/09, 20/10, 20/12, 20/13,
21/02, 22/05, 22/06, 22/09, 22/10, 23/06;

2.2 3/02,4/01, 4/03, 7/05, 7/06, 9/04, 9/05, 12/02, 13/03, 13/04, 14/05, 15/02,
15/03, 15/04, 15/05, 16/01, 17/02, 18/01, 18/03, 18/01, 19/02, 20/06, 20/07,
20/08, 20/11, 20/14, 21/03, 22/08, 23/02, 23/03, 23/04, 23/05;

2.3 5/01;

3.1 20/20;

3.2 4/04, 7/01, 9/07, 12/05, 13/05, 13/08, 13/09, 15/06, 15/07, 15/08, 15/09,
15/10, 18/04, 18/05, 19/03, 19/04, 20/15, 20/16, 20/17, 20/18, 20/21, 21/04,
22/07, 22/11, 23/07, 23/09, 23/10;
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3.4 13//09, 15/11, 20/19;
3.7 5/02,6/01, 19/05, 23/08;
3.9 6/20;

3.10 13/10, 15/12, 20/22;
4.16 19/06, 23/11,

4.22 6/03.

Hence, we can conclude that from the 137 crystallographic groups belonging
to the infinite classes of four-dimensional point groups G4g are derived 387 M'-type
simple antisymmetry groups, and 1377 M?2-type, 5686 M3-type, 21000 M*-type
multiple antisymmetry groups.

In the same way, using complete antisymmetry, (p)- and (p')-symmetry groups
Gy, G%, and Ggé) derived from all the infinite classes of four-dimensional point
groups Gy, it is possible to obtain all the infinite classes of five-dimensional point
groups G5¢ and to proceed with the same idea aiming to obtain all the infinite
classes of n-dimensional point groups G, [10, 11, 12].

3. General procedure in higher dimensions. Every category Gpo
contains a finite number of the polyhedral symmetry groups and their subgroups,
and some infinite classes of n-dimensional point groups belonging to the categories
Grn-1)0 = Gnio; Grn-20 = Gn20s -+, Guko = Grn—ryo (P/2] <k <n—1).
In the geometric classification of P-symmetries to every symmetry group of the
category Go corresponds exactly one P-symmetry and vice versa. If Py denotes
the set of all the P-symmetries corresponding to the category Ggo, the category
Gnko can be completely described by G, — k)OP *0  After interpreting geometrically
all the P-symmetry groups of the categories Gn(n_k)opko (k = 1,2,...,[n/2)),
treating them as the symmetry groups for the larger category G,o, and after
excluding repeating groups, we can obtain all the n-dimensional point groups
belonging to the infinite classes. In every such a case, the AC-method can serve as
an efficient tool for deriving the corresponding simple and multiple antisymmetry
groups of the M™-type.
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