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THE DUAL STEINER FORMULA FOR CONVEX COMPACTA

Ljuban Dedi�c

Abstract. The classical Steiner formula deals with the volume of K + rDn, where K is
a convex compact set in R

n, r � 0, and Dn the Euclidean disc in R
n. We compute the volume

of (K + rDn)�, where K� means the dual of K. We also represent some Steiner functionals by
integrals and prove some inequalities.

1. Introduction and notations

To specify notations we give here some elementary properties of convex com-
pacta in Rn. For details see [1].

Let K(Rn) be the set of all convex compacta in Rn. If K 2 K(Rn) we
introduce the function hK : Rn ! R de�ned by

hK(x) = max
y2K

(xjy); x 2 Rn

where (xjy) = x1y1+ � � �+xnyn is the standard scalar product in Rn. The function
hK has the following properties:

1) hK(tx) = thK(x), t � 0, x 2 Rn.

2) hK(x+ y) � hK(x) + hK(y), x; y 2 R
n.

3) If 0 2 K then hK � 0.

4) If 0 2 KÆ = int(K) then: hK = 0 i� x = 0.

If 0 2 KÆ, we de�ne the dual K� of K by K� = fx 2 Rn;hK(x) � 1g;
then K� 2 K(Rn), 0 2 K�, (K�)� = K and K = fx 2 Rn;hK�(x) � 1g. If
K1; . . . ;Km 2 K(Rn) and �1; . . . ; �m 2 R+ then K = �1K1 + � � � + �mKm is
called the Minkowski sum of K1; . . . ;Km with coeÆcients �1; . . . ; �m and for K
we have hK = �1hK1

+ � � �+ �mhKm .

K(Rn) is a complete metric space with Hausdor� metric d de�ned by

d(K1;K2) = max
x2Sn

jhK1
(x)� hK2

(x)j
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where Sn = fx 2 Rn; kxk = 1g, kxk
2
= (xjx). Let Dn = fx 2 Rn; kxk � 1g be the

Euclidean disc in Rn. The classical Steiner formula says that

V (K + rDn) =

nX
m=0

�
n

m

�
Wm(K)rm; r � 0; K 2 K(Rn)

where V (K) is the volume of K, i.e. the Lebesgue measure of K.

The functions K ! Wm(K), m = 0; . . . ; n, de�ned by the Steiner formula,
are called the Steiner functionals. They are continuous, invariant under isometries,
monotonic, additive and they have many other nice properties. For the proof of
these assertions see [1].

2. Some auxiliaries

2.1. De�nition. Let H(n) be the set of all continuous functions ' : Rn !
[0;1) such that

1) '(tx) = t'(x), t � 0, x 2 Rn.

2) ' is di�erentiable a.e. and '0(x) 6= 0 a.e.

For ' 2 H(n) we introduce the sets

S' = fx 2 Rn;'(x) = 1g; D' = fx 2 Rn;'(x) �g:

By di�erentiating 1) with respect to t and x we obtain

a) '0(x)x = '(x), a.e., x 2 Rn;

b) '0(tx) = '0(x), a.e., t � 0, x 2 Rn.

Here we need some integral formulae involving ' 2 H(n). We collect all such
formulae in the following theorem. For the proof of the theorem see [2].

2.2. Theorem. Let ';  2 H(n). Then

1)

Z
Rn

f(x) dx =

Z
1

0

Z
S'

f(tx)tn�1
dt dh(x)

k'0(x)k

where h is the Hausdor� (n� 1)-measure in Rn and f 2 L1(R
n) ;

2)

Z
Rn

f(x)k'0(x)k dx =

Z
1

0

Z
S'

f(tx)tn�1 dt dh(x);

3)

Z
S'

dh(x)

k'0(x)k
= nV (D');

4)

Z
D'

k'0(x)k dx =
1

n
h(S');

5)

Z
S 

f dh =

Z
S'

f

�
x

 (x)

�
1

 (x)n
�
k 0(x)k

k'0(x)k
dh(x)

where f 2 L1(S ; h) ;

6)

Z
D 

f(x) dx =

Z
D'

f

�
'(x)

 (x)
x

�
'(x)n

 (x)n
dx
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where f 2 L1(D ).

2.3. Note. Let K 2 K(Rn) and 0 2 KÆ. Then by Rademacher's theorem
(see [3, Theorem 3.1.6, p. 234]) we have hK 2 H(n), hK� 2 H(n) and K = DhK�

and K� = DhK and we can apply the theorem above to K and K�.

3. The dual Steiner formula

3.1. Theorem. Let K 2 K(Rn) and 0 2 KÆ. Then

1) V (K�) =
1

n

Z
Sn

dh(x)

hK(x)n
;

2) V ((K + rDn)
�) =

1

n

Z
Sn

dh(x)

(hK(x) + r)n
, r � 0;

3) W1(K
�) =

1

n

Z
Sn

kh0K(x)k

hK(x)n
dh(x);

4) W1((K + rDn)
�) =

1

n

Z
Sn

kh0K(x) + rxk

(hK(x) + r)n
dh(x), r � 0.

Proof : 1) We apply theorem 2.2. 6) to  = hK , '(x) = kxk and f = 1. Hence

V (D ) = V (DhK ) = V (K�) =

Z
Dn

kxkn dx

hK(x)n

and now by theorem 2.2. 1) we have

V (K�) =

Z 1

0

Z
Sn

tn�1

hK(x)n
dt dh(x) =

1

n

Z
Sn

dh(x)

hK(x)n
:

2) Because of
hK+rDn(x) = hK(x) + rkxk

the formula follows from 1).

3) We apply theorem 2.2. 5) to  = hK and f = 1. Hence

h(S ) = nW1(D ) = nW1(K
�) =

Z
Sn

kh0K(x)k

hK(x)n
dh(x):

4) Follows from 3) as above.

3.2. Corollary. Let K 2 K(Rn) and 0 2 KÆ. Then

1) V ((K + rDn)
�) �

�(n)

(� + r)n
, r � 0,

where �(n) = V (Dn), � = minx2Sn hK(x).

2) V (K) �
1

n

Z
Sn

hK(x)
n dh(x).
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3) W1((K + rDn)
�) �

�(n)

(� + r)n
(2 + r2 + 2rkhKk)

1=2, r � 0,

where � = minx2Sn hK(x), khKk = maxx2Sn hK(x),  = maxx2Sn kh
0

K(x)k.

Proof : 1) follows from theorem 3.1 2).

2) Because of hK(x)hK�(y) � (xjy) we have

1 � hK(x)hK�(x); x 2 Sn

and the inequality follows from theorem 3.1. 1).

3) kh0K(x) + rxk
2
= kh0K(x)k

2
+ r2 + 2rhK(x). Apply now theorem 3.1 4).

3.3. Corollary (Dual Steiner formula). Let K 2 K(Rn) and 0 2 KÆ. Then

V ((K + rDn)
�) =

1X
m=0

1

n

�
n+m� 1

m

�
(�1)mrm

Z
Sn

dh(x)

hK(x)n+m

and the series converges for 0 � r < minx2Sn hK(x).

Proof . We apply theorem 3.1. 2) by expanding the integrand in a power series
by using the formula

(1� t)�n =

1X
m=0

�
n+m� 1

m

�
tm; jtj < 1:

Hence, we have

1

(hK(x) + r)n
=

1X
m=0

�
n+m� 1

m

�
(�1)mrm

1

hK(x)n+m
; 0 � r < min

x2Sn
hK(x)

and the formula follows.

3.4. Corollary. Let K 2 K(Rn) and 0 2 KÆ. Then

V ((Dn + rK)�) =

1X
m=0

1

n

�
n+m� 1

m

�
(�1)mrm

Z
Sn

hmK dh; 0 � r < 1=khKk:

Proof . Put 1=r in place of r in 3.1 2). Then

V ((Dn + rK)�) =
1

n

Z
Sn

dh(x)

(1 + rhK(x))n
; r � 0:

The formula now follows as above.

3.5. Theorem. Let K 2 K(Rn), 0 2 KÆ and

z(K) =

Z
K

x dx:



156 Dedi�c

Then we have

1) z((K + rDn)
�) =

1

n+ 1

Z
Sn

x dh(x)

(hK(x) + r)n+1
, r � 0;

2) z((K + rDn)
�) =

P
1

m=0

1

n+ 1

�
n+m

m

�
(�1)mrm

Z
Sn

x dh(x)

hK(x)n+m+1

and the series converges for 0 � r < minx2Sn hK(x).

Proof . Let us apply theorem 2.2. 6) to  = hK , '(x) = kxk and f(x) = x.
Then we have

z(K�) =

Z
K�

x dx =

Z
D 

x dx =

Z
Dn

kxkn+1

hK(x)n+1
x dx

=

Z 1

0

Z
Sn

tnx

hK(x)n+1
dt dh(x) =

1

n+ 1

Z
Sn

x dh(x)

hK(x)n+1
;

Now 1) and 2) follow by the same argument as in 3.1, 3.2 and 3.3.

3.6. Using Steiner's vector formula (see [1]):

z(K + rDn) =
nX

m=0

�
n

m

�
qm(K)rm; r � 0

to introduce Steiner vectors qm(K), m = 0; . . . ; n, one can apply the theory above
to study the Steiner vectors of K.

The formulae in theorem 3.5 we call dual Steiner vector formulae. Steiner
functionals can be used to evaluate some complicated integrals in Rn. Let us give
an example.

3.7. Proposition. Let K 2 K(Rn). Then

Z
Rn

f(d(x;K)) dx = f(0)V (K) +

n�1X
s=0

n

�
n� 1

s

�
Ws+1(K)

Z
1

0

f(t)ts dt

where d(x;K) = miny2K kx� yk, f(d( � ;K)) 2 L1(R
n).

Proof . Let us use the distribution function of d( � ;K) i.e.

V (fx 2 Rn; d(x;K) � rg) = V (K + rDn)

Hence, we haveZ
Rn

f(d(x;K)) dx = f(0)V (K) +

Z
1

0

f(t) dV (K + tDn)

= f(0)V (K) +

Z
1

0

f(t)nW1(K + tDn) dt

and the formula follows.
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3.8. Corollary (Wills formula, 1973).

Z
Rn

exp(��d(x;K)2) dx =

nX
m=0

�
n

m

�
1

�(m)
Wm(K); K 2 K(Rn):

Proof . Put f(t) = exp(��t2) in 3.7.

3.9. Corollary.

Z
K+rDn

d(x;K)� dx =

n�1X
s=0

n

�
n� 1

s

�
Ws+1(K)

r�+s+1

�+ s+ 1
; � > 0; K 2 K(Rn):

Proof . Put f(t) = t��[0;r](t) in 3.7.

The technique above can be applied to prove many inequalities. Let us give
some examples.

3.10. Theorem. Let K1;K2 2 K(Rn), 0 2 KÆ

1 , 0 2 K
Æ

2 , and � 2 [0; 1]. Then

V ((�K1 + (1� �)K2)
�) � V (K�

1 )
�V (K�

2 )
1��:

Proof . By theorem 2.2. 1) we have

n!V (K�

1 ) =

Z
Rn

exp(�hK1
(x)) dx

and also

n!V ((�K1 + (1� �)K2)
�) =

Z
Rn

exp(��hK1
(x)� (1� �)hK2

(x)) dx:

If � = 0 or � = 1 the inequality is trivial. Hence, we can assume that 0 < � < 1.
Let us apply H�older's inequality for

p =
1

�
; q =

1

1� �
;

1

p
+

1

q
= �+ 1� � = 1:

Then we have

n!V ((�K1 + (1� �)K2)
�)

�

�Z
Rn

exp(�hK1
(x)) dx

��
�

�Z
Rn

exp(�hK2
(x)) dx

�1��

= (n!V (K�

1 ))
� � (n!V (K�

2 ))
1�� = n!V (K�

1 )
�V (K�

2 )
1��:

3.11 Corollary.

1) V ((K1 +K2)
�) � 2�nV (K�

1 )
1=2V (K�

2 )
1=2, 0 2 KÆ

1 , 0 2 K
Æ

2 .
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2) V ((K + rDn)
�)2 �

�(n)

4n � rn
V (K�), 0 2 KÆ, r > 0.

Proof . 1) Put � = 1=2 in 3.10.

2) follows from 1).

3.12. Theorem. Let K1;K2 2 K(Rn), 0 2 KÆ

1 , 0 2 K
Æ

2 . Then

W1((K1 +K2)
�) �W1(K

�

1 ) +W1(K
�

2 ):

Proof . By theorem 2.2. 2) applied to f(t) = e�t, ' = hK1
we have

n!W1(K
�

1 ) =

Z
Rn

exp(�hK1
(x))kh0K1

(x)k dx:

Hence, we have

n!W1((K1 +K2)
�) =

Z
Rn

exp(�hK1
(x)� hK2

(x))kh0K1
(x) + h0K2

(x)k dx

�

Z
Rn

exp(�hK1
(x)� hK2

(x))kh0K1
(x)k dx

+

Z
Rn

exp(�hK1
(x)� hK2

(x))kh0K2
(x)k dx

�

Z
Rn

exp(�hK1
(x))kh0K1

(x)k dx+

Z
Rn

exp(�hK2
(x))kh0K2

(x)k dx

= n!W1(K
�

1 ) + n!W1(K
�

2 ):
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