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ON COVARIANCE OF SPECTRAL ESTIMATES
OF STATIONARY RANDOM SEQUENCE

Pavle Mladenovié

Abstract. The asymptotic behaviour of the covariance of estimates of the spectral density
of stationary random sequence is investigated.

1. Introduction. Let X(t),t € {...,—1,0,1,...} = D be a strictly station-
ary real random sequence with the mean EX(t) = 0 and the spectral density f(}),
A € [-7, 7] = II. We shall consider the following spectral density estimate of the
Grenander-Rosenblatt type

() = fR on(z = N)In () dz,

which is based on the periodogram
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where pn(z) = Byle(zBr'), = € II; ¢(z) is a weight function that is symmetric
about 0, has a bounded first derivative and such that ¢(0) = 1, [He(z)dz =1,
@(z) = 0 for |z| > = and the sequence (By) is such that By — 0, NBy — oo
when N — co. We assume that the functions f and ¢n are defined on the whole
real line and 2#-periodic.

The cumulant spectral densities of the sequence {X(t),t € D} are defined as
follows
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where S, (t1,...,tn-1,0) denote the n-th cumulant of the sequence X(t), t € D.

(The function f,, is defined if the series on the right-hand side of (1) converges.)
Then, one has the following inverse formula

S',,(tl,...,t,,_l,O):/ exp(i

or in symmetric form

(2) Sn(tl,...,tn_l,tn)—_—/ eXp(iZ/\jtj)X
» ji=1

X fa(Aty oo A1 + -+ Aa)dA .. dAg,

n-1

> ,\jtj)f,,(xl, e Anm)dA L ddgy,

ji=1

where 7(A) = Z 8(X + 2mj), 8(-) is Dirac function and Z A; =0 (mod 2r).

]"—OO

2. Covariance of Spectral Estimate. It is well known that for A, u € 1I
the relation

cov(fn(\), fx (1) = O(1/NBN), N — o0,
is valid under some assumptions on the higher order spectra of the random sequence
X(t). We shall prove the following

THEOREM 1. Letsup |f'(A)] = Cy < 400 and  sup  |fa(A1, A2, A3, Ag)| =
Y A1, A2,25,4
Cy < +o00. Then we have

conl Fn (), F (1)) = 20 () () / on(z = Vpw(z - 1)+ on(z + p))dz

)
+|A—u|0(‘“ = [ k@) +o(x [ sa%v(w)qx)

In* N
+O< e /ngofv(x)dz/ go}{,(z)d:c),
n I

when N — oo, uniformly for A, u € 1II.

()

{The asymptotic behaviour of the variance of spectral estimates of the Gre-
nander-Rosenblatt type is investigated in [1]. The formula (3) is given in [3] without
proof )

THEOREM 2. Let us denote

En(\) = VNBN[fn(ABn) — Efn(ABy)), |Al < B3,
Zn(\) = VNBN[fn(ABN) - fOBN)], A < 7BF,

) = 25O { [ otz = eote—wde [ plo = Nola -+ e}
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Under assumptions of Theorem 1 we have

@) Jim_cov (En(2),En(w) = O m)
for every A and p. If NB% — 0 when N — co, then we also have
(5) Jim_cov (ZN(A), ZN(,,)) = (), ).

1

7" We shall use the following

Nz .
3. Proofs. Denote Fn(z) = sin—;sm'
results that are given in [1]:
LEmMA 1. a) Let sup [f'(A)] = C1 < +oo. Then for every A, A, A2 and
X

e > 0 we have

Eiﬁ/nf(/\ + x)Fjv(—r+/\1)FN(x+,\2)d$_f(/\)M .

N —
FN(/\1+)\3+9) '171'?'
< C(IM]+ Aol + 2 JINAM T AT ) b L
< Cr(Mb+ el + E)Ir;l‘eg; N In(2Ne) + g5

b) For every o and 3 we have

1
1 | onte 4 odonty+ Rz =y dedy =
112
27 1 2
2 [ onta+a)on(e+ B dz+o( 5 | eh(@)ds).
n I
Proof of Theorem 1. We have

corlv 0, I = (o7 ) [ on(@ron)»
N
x Y [E(X (81) X (2) X (t3)X (ta)) — E(X(12) X (t2)) E(X (ta) X (t4))] X

ty,t2,ta,t4=1
 e—iti(@+NFita(z+ M) Hita(y ) —ita (v 1) 4 dy

N

1 \? )
= (m) /rx? on(z)en(y) Z [Salt1,to,t3,ta) + S2(t1,13)S2(t2, ta)+

ty,t2,83,t4=1
+ Sa(t1,14)S2(t2, ta)]6"”‘(z+)‘)+“’(’+>‘)+“°(y+“)_i"(y+“) dz dy.

Using the formula (2) we get cov(fN(A), ?N(p)) = J, + J2 + J3, where

1 \2

6) Ji= (—-— / <PN(I)<PN(y)/ Fa(A1, A2, Az, A)n(Ar + A2 + Az + Ag)x
271’N 112 114

% Fy(h — 2= \)Fx(Aa +2+ N Fx(As +y+p)Fr(a = y = p)dArdrodrsdedz dy

—0 (% /n <p%,(x)dz)
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(e.g. Zurbenko [1]) and

2
5= (o) [ ox@ent) [ sz 2x
XFEn(w+z+ A)Fy(—u+y+ p)Fn(—v -y — p)dudvdz dy,

2
5= () [ox@ent) [ fs@mnu=z-2x
X Fy(v+z+ NFy(-v+y+p)Fn(—u—y— p)dudvdz dy.

Using the periodicity of the functions f, ¢x and Fx and Lemma 1.a) we get the
following form for the integral Jo:

Ja :/ goN(x)goN(y)Qﬂ_N Fy(u—2)Fy(—u+y— A+ p)f(u+ A)dux

/ Fy(v—y)Fn(—v—p+z+A)f(v—p)dvdz dy
n

3 3 3
:ZZ/ N (z)eN y)a‘xb dxdy—‘ZZJu;

i=1j=1

X AN

where

) 5 f(u)

N Nz —y+Ar—p), b=

a; =

Fy(z—y+A—p),

In(2N
= Cuby(Ja] + Iy — A+u|+2e)|FN(x—y+A p ) RENE),

ln(?Ne)

by = Ciba(|el+ly— A+ pl+26)|Fn(z -y + A —p—0)| —

as = 019271'2 ba = 019471'2
87 T8NeZ’ 3T TgNez

and |6;| < ¢ for i € {1,2,3,4}, where € > 0. Further, using Lemma 1.b) we have

T = SOV [ en(@en () File = y+ A= ) de dy
= SO | ona == Wy Fhe —)dody
= IS [ pnle = Npw(e - Wz +o (;v- / go?v(a:)d:c> |

Let ¢ =In"% N, where § > 2 and

Gi={(z,9)|—7+r<ze<r+ A -r+p<y<r+upu}
G={(z,y)|-nr+A<z<r+ A —v+pu<z—z<74pu}.
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For the addend Jy, we have (we consider the addend Jz; similarly):

ol € CLF(Y) /ﬂ len(@)en @)I(l8] + 12+ A — pl + 26)x

N
x |Fy(z—y+ A=) Fn(z—y+A—p— 9);ded

=GN [ tonte = Now(u = mlly =i+ lo = o+ 20)x
x |Fn(z — y)Pn(z —y ~0)|dady
= IR [(le— 2=l + s pl+29
x lon(@ = Npn (@ — z = Pl Fn(z)Fy(z — ) dz dz = I + I3 + 733,

1) = GO [ otz = New(e =2 = i)z =2 = )l
x |Fn(z)Fn(z — 0)|dz dz
<C1f(/\)1nN {]FN(z)FN(z~6)ix

<[ (o = = = Won(e — Npwle = ==l da | s

Cif(M)a N 2 o7 Lz
< WIONN [ gy (% [ Peh@ran T [ dhioas)

1/2
O(lnNN / 222 (z) da:%/ o3 (z) d:z:) ,
I3 = clf(/\)m - f low(z ~ Ngn (2 = 2 = )z = WFN(2)Fn(z = 0)| dzdz

< fo()k) f lon(z — Npn(z — 2 — p)|x
x (Jz = Al + |A = pD|Fnv(2)Fn(z ~ 6)] dz dz

1/2
—o (B [ ki [ehie)  +in-uio (5 [ chiare),
I n N Jn

16N

79 = 20 7(0)! [ lon (2 = Now (2 —  — 1) Fx(2) Py (2 — 6)} dz dz

=0 (%Lw!v(w) dm) :

The same way we get

1
J,.j:o(__jgoﬁ,(x)dx), for ij = 13,23,31,32,33,
N Jn
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ir S G [ fowtdow @Il + 1y A+ pl+26)(ul + 2+ 3 = i + 26)

X[Fn(z+A—y—p)Fn(e+ A —y—p—0)|dedy
= 22N [ ot = Moy - Wiz = M + g N+ 20)x
(e il 1y — 1]+ 20 F(e — ) Fi(e -y — )] do dy
301—;,—2-/6 lon(z = Men(y— milz — Al + Jy = pl + |X — p] + 26)*x

X |Fn(z — y)Fn(z —y — 0)| de dy

(S [t [ire)
+|A—mo(1“va [ ehi@ras) o3 [ dian),

and finally we have

= 21001 [ ona = New(e — ) de + ]2~ u|0(l“ ~ [ ko)

+0 (hzﬁv /11m25012v(z)dx/r[<p?v(m)dx>l/2+o(%/nw?v(z)dm).

Analogously one can find

_ %f(A)f(p)L<PN(z—/\)301\’(3"*'“)‘1-‘”'*")‘—/40 <lnNN/HSO12v(-"3)d2>

In® ¥ 2,2 2 s 1 2
+0 | 2 on(z)de [ on(z)dz +ol 5 en(z)dz ).
o I N Jn

Then, (3) follows by (6), (7) and (8).

(8)

Proof of Theorem 2. The equality (4) is an easy corollary of Theorem 1. Since

—-TS

wp 1S0) = B < G [ lepn@lde+o [ lzpx(allas)
(this inequality is given in [2]) and

sup +/NBx|Ef() - ,\)|:O<\/NBN /rl lxgoN(:r)|d:c)

~r<AL
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= o VFEw

sup [En(A) = Zn(N) = sup VNBN|EfN(A) = f(A) = o(1), N — oo,
—r<ALw —r<ALw

x/BNn

By |te(t)] dt): O(NY2BY?) = o(1), N — oo,
—‘N'/BN

it follows that the equality (5) is also valid.
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