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ASYMPTOTIC BEHAVIOR O>F BETA TRANSFORM
OF A SINGULAR FUNCTION

Zita Divis

Abstract. I 2t B(u,v) denote the Beta function and

fol o1 — )0 B-1 £(1) de
B(n=,n(1 - z))

1/2
Ballt - zl,2) = (?f(—,l;—’) + O(nfn)

for z € (0,1). Consequently, using a result of Bojanic and Khan [1], it follows that for functions
with the first derivative of bounded variation on {0,1] we have

ﬁn(fr$)=

We prove that

1/3
- 1‘(1—.‘!:) ‘ - 0 _1_
ﬂ..(f,w)—f(z)-!-( — ) (f2(=) - f1(=) + (ﬁ)

for any z € (0,1).

Introduction. Beta operators were introduced by Lupas [4] and further
modified and studied. by Khan [3], Upreti [5] and others. Khan in particular studied
the approximation properties of beta operators for functions of bounded variation
on [0,1]. With Khan, we define the beta operator as follows

1 nz=1(1 _ $\n(1~7z)—1
ﬂ,,(f,z)=/; t B(rgi,ng—x)) f(t)t.it

where B(u,v) is the Beta function

1
B(u,v) = / i1 —t) "t u,v>0.
0
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Asymptotic behavior of beta transform of a singular function 105

Ttz aim of this paper is to study the asymptotic behavior of 8,(f, z) for functions
whose derivative is of bounded variation. In [1], Bojanic and Khan have proved
that for such functions we have

Ba(fi2) = flz) + %(f’(x +0) = [z = 0)fa(lt ~ 2, 2) + °(%>
where z is a fixed number in (0, 1). Consequently, in order to study the asymptotic
behavior of this operator it is essential to know the behavior of the special beta
transform B, (It — z|, z).

In this paper we shall give a simple and direct proof of the following

THEOREM. For a fized z € (0,1) we have

Bllt = o, 2) = (%)’Zo(n%)

COROLLARY. For a function f whose derivative is of bounded variation in
[0, 1] we have for any z € (0,1) fized,

)1/2(f'(x +0) = f(z-0) + (Jﬁ)

z(l—-z)
2nmT

ul5,9) = 1(a) + (

Preliminaries. Note that the identities

2 y_ z(l-2)
Bal(t = 217, ) = T 0
2(1 — 2)B(nz, n(1 — z)) = l:—lB(m: +1,n(l—2)+1) @)

can easily be derived from basic properties of the Beta function.

In the following let 0 < a < z < b < 1. In part I of the paper we shall show
that in order to derive the desired asymptotic formula it suffices to investigate the
integral

13 n(l—-z )
= (1 —)r-2)
I = t—z|dt.
~(®) / Beria(-o) 3D 2
We shall then use Laplace’s method [2] to estimate this integral in part II of the
paper.

Part I. LEMMA 1. We have
b tnz-—l(l _ t)n(l—z)—l

fullt~al2) = | —gr—

b—a z(l - =x)
el < e S

Proof. Writing

1 a b 1
/ tnx—-l(l _t)n(l—a:)—llt_ :L‘|dt — (/ +/ +/ )tnz—l(l —t)n(l—z)_llt _ xl dt
0 4] a b
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we observe that for ¢t € [0,a] we have £ —¢ > z — a and for t € [b,1] we have
t—2z>b-z andso

a a
/ tnz—l(l _ t)n(l—x)-—l't - xl dt < ____1__/ tnz‘—l(l _ t)n(l-—z)—l(x _ t)2 di
0 r—aJjo

1

—a

1
/ tru:-—l(l _ t)n(l—x)—l(z _ t)Z dt.
0

Similarly we obtain

1 1
/ 711 — )P (o)1 g dt < L / 71 (1 = )=~ — 1) 2 dt.
b b—z Jo
Combining these estimates together with (1) gives the desired approximation.
Denote now

bynz—-171 _ s yn(l-z)-1 b nefy _ 4\n(l-z)
A1=/t (1-%) t-ajdi— [ G0 It — o] dt.
« B(nz,n(l-2z)) Jo Bnz+1,n(l—2)+1)

2
LEMMA 2. We have |Aj| < ——.
n+1

Proof. Using {2) we can write
b -1 n(l-z)-~1
tne-1(1 — ¢)n(t-2)
A= -
! _/,I B(nz,n(1 - z)) It~ 2 dt
n+1  [hne(l - )=o)
nz(l—z) J, B(nz,n(l -z))
b
1 {/ tnz-—l(l _ t)n(l—-z)—llt - 1'! dt
a

B(nz,n(1 - z))
1 b
—_ - nre1 _ \n(l-z); _
x(l—a:)/at (1-1) |t xldt}

tnz(l - t)n(l ~-zx)

1 5
"~ B(nz,n(1 -1z)) _/a nz(l —z)
= f{+J
~ B(nz,n(l-=z))

where I denotes the bracketed expression. We can rewrite I-as follows

I= /ab "7 (1 - t)"(l-z)(t(l 1_ 5 z(ll_x)) It — z| dt

b T — —z—
/d 2 (1 — 122 (t(l —t)t()lz(l a zt) It - o dt

[t — z|dt

[t —z|dt

=7, B (R
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Thus,
1 1
< ne—101 _ AnQ=2)-1¢y _ V2 4¢.
|1|_m(1_x)/0 "=1(1 ~ ) (t - o)’ dt
Using this inequality and (1) we find that
1 < 1 ‘
B(nz,n(l—2z))| “n+1

Finally, using (2) it follows that

J b—a B(nz+1ln(l-z)+1) b-a 1
B(nz,n(l —z))| ~ n2(l — z) B(nz,n(1 - z)) n+l1 -~ n+1
and the lemma is proved.

Remark. Notice that combining Lemma 1 and Lemma 2 we obtain the esti-
mate

b t'w(l _t)"(l_‘”)
,Bn(lt—zl’x)_/(; B(n:r+1,71(1"‘x)+1)
- b—a z(1-1x) 2
S0-0)E-a n+l a+l

With a special choice of a, = z — z/¥n, b, = z + (1 — z)/¥/n, n > 1, this can
further be estimated by 3n—2/3, Hence, with these a,, and b, we can write

b -
n tn:l:(l _ t)n(l z)
t— 2 ) =
Bn(lt = =l,2) /an B{nz +1,n{l—=z)+1)
where the constant in the remainder term thus far can be taken independent of z.

We shall conclude part I with two useful identities and estimates following
from these. Straightforward calculations lead to

t—z|dt

t —z|dt + O(n~2/3) ()

LEMMA 3. We have

[ 7% (1 —¢)r(1-2) _(n=6)z(1—z)+2
(2) Jl_/(; B(nz‘—l—1,n(1—x)+1)(t_x)2dt_~ (n+2)(n+3)

and from here it follows that for alln =1,2,... and z € [0,1]

|1l < 1/(n+1);
1 nz(1 _ s\n(l-z)
_ (1 —t) 4
(b) 2 "/0 Bt La(l—ay g o) @
_ (3n? — 86n + 120)2%(1 — z)? + (26n — 120)z(1 — z) + 24
- (n+2)(n+3)(n+4)(n+5)
and from here it follows that for alln =1,2,... and z € [0, g]

|72 < 1/n?. (4)
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Part II. We shall now turn to the study of the asymptotic behavior of the
integrals
bn (tz(l_t)l—a:)n )
I, = t—zx|dt
" -/a,. B(n:v+1,n(1—a:)+1)l d

with a, = (1 —n~1/3), b, = z + (1 — z)n"Y/3. Denote h(z,t) = zlogt +
(1 — z)log(1 — t). With this notation, we can write

bn  onh(z,?)

I, = —_—
an fol enh(z,t) dt

jt — z|dt.
Clearly hi(z,t) = 2/t — (1 —2)/(1 —t) = 0 if and only if t = = so we can write
h(z,t) = h(z,z) + %(t — z)%hy(z, ) + é(t — z)%r(z,1)

a2
= h(z,2) - o %)

m + %(t —z)3r(z,1)

where for t € [an, b,] we have

&3h

Ir(@, )< max |5 (2,v)] = 7n(2).
However, easy calculation shows e.g. that for n > 8
1 1
n < — +
@) £16( 3 + 2 )
so we shall simply write in what follows that for ¢ € [a,,b,], n = 2,3,... we have
Ir(z, )] < 7(z). 5

Next we shall investigate how will I, change when we replace the function
h(z,t) in the numerator of I, by h(z,z) — (¢ — z)?/(22(1 — z)). For this purpose
let us first consider the difference

Ag(l‘,t) = Mh(zst) en(h(:z:,:r)-—(t-—1:)2/(2::(1—1')))
— enh(::,t)(l _ e-—n(h(::,t)—h(x'z)+(t—x)7/(2a:(1-—a:))))
= enh(a:,t)(l _ e-—n(t—-:;)“r(x,t)/s).

Hence, using an elementary inequality (e — 1| < |z|el*!) and (5) we can now
estimate for ¢ € {a,, by)

a2, 0] < Bl = ofy(@)e e ntazenr)s, (®)

Since bp — a, = n~1/3 it follows that

1 b 2 )
I, — n(h(z,2)=(1-2)*/(2z(1-2))) |y _
B(nz +1,n(1-2)+1) -/a,. ¢ It = =l dt
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: 1
<
= Bnz+1,n(l-z)+1)

. ' : =)
/ |As(z, t)| |t — z|dt < 'n'y(:z:)e'Y("')J2 < 7(‘”):

where the last inequality follows using estimate (4). Hence we have just shown that

i i LN
"“/a B s Lai=) 1D b=t (H)

n

and combining this result with (3) we arrive at

LEMMA 4. We have

. ba en(h(::,a:)—(t—x)’/(Z:(l—s))) ; B O 1 .
Bl sl )= [ Gt sla 0 ). ()

Note that the constant in the remainder term depends on z.

In the following lemma we shall further simpify the integral to be estimated.

LeMmma 5. We have

Ba(lt — z],2) =

fbn e—n(t—z)2/(2z(l—z))lt - 1.' dt 1
9n Of == 1.
fol e—n(t=2)2/(22(1-2)) 4y ( >

Proof. Consider the difference

e bn gn(h(z,2)-(t-2)"/(25(1-7)) t i f:: e=n(t-2)"/(22(1-2)) |t _ g| dt
3=/a B(nz+1,n(1—z)+1) It = =[dt = [ emn(t-2)*/(22(1~2)) g

bn
« / P Mz 2)= (=P (@2 (=2Ms _ g dix
Gn

1 1

X L

{fol enh(z,t) d¢ fol en(h(x,z)—(f—x)’/(zz(l-—z))) dt}
fa”: en(h(z,2)=(1-2)* /2= (1-2))|¢ — z| g

T [Len(re )=(1=2 (2= (1-2) g

fol (enh(z,t) _ en(h(z,z)-(:—x)’/(zz(x—z)))) dt

fol enh(zt) J¢

x

Estimating |t — z| < b, — an, = n~'/3 in the first integral, the first fraction in the

last product can simply be estimated by n~1/3. In the second fraction, we first use
inequality (6) so that we obtain

(o) Ja €Dl = afP

Azl < n~Y3ny(z)e?
| 3' = 7( ) f01 enh(x,t) dt
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and then proceed e.g. as follows

1
/ enh(z,t)lt _ 22‘3 dt = (/ +/ )enh(z‘,t)lt _ ziS dt
0 t-z|<1/vA  Jt-z|>1v/n

1 1
< L ™= gp 4 \/ﬁ/ e"h(“)(t —z)tdt.
0

= p32 J,
Hence, combining these inequalities with (4) we finally obtain
: 2 C(z)
2/3
|As] < n?3y(z)e?®) . ) S 7E)

and the lemma is proved.

Proof of the Theorem. In view of Lemma 5 it suffices to show that
fab: e-n(:-xf/(zza-z))lt — z]dt D) o 1
fol e—n(t—2)2/(22(1-2)) 4¢ —V wn + <;)
Denote by K, L, the integrals in the numerator and denominator, respectively, of
the fraction on the left side. Substitution ¢ —z = /2z(1 — z)v/n in both integrals

then leads to .
2 —_ n
K, = x_(l_gz-/ e"":!vldv
n en

znt/8 (1 — z)nl/

——eeae and dn = . ’
V2z(1 - z) V2x(1 - z)
_ +00 2 Cn 2 teo 2
K, = 22(1n z) {/ e~" [vldv+/ e’ vdv—/ e vdv}

_ 2z(1-z) {1 _ L —en3y(at-2y) _ le_(1-z)n1/3/(zz)}
- 2 2

where ¢, = —

n

_22(1—-=) e=e@m/?
= ~ + O( ~ ), c(z) > 0.

/
/

Similarly we obtain

L":\/M*‘O(E%}(‘;)’ c(z)>0.

From these representations of K,, and L, the theorem follows.
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