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BARWISE COMPLETENESS THEOREMS
FOR LOGICS WITH INTEGRALS

Radosav S. Dordevié

Abstract. We prove the Barwise completeness theorem for the logic Lay, s, for both
absolutely continuous and singular cases.

0. Let A be a countable admissible set and w € A. The logics L ; ; and
L%, s, are similar to the standard logic L4 s (see [3]). The only difference is that
two types of integral operators [; ...dz and [, ...dz are allowed.

A biprobability model for L is a structure M = (M, R?”,c?n,m,pg) where
U is a countably additive probability measure on M such that each singleton is
measurable, each R is ugn‘)-measurable (k = 1,2), and each c?n € M. (The
measure pi") is the restriction of the completion of u? to the o-algebra generated
by the measurable rectangles and the diagonal sets {x € M™ : z; = z;}.)

We shall see the difference in semantics for logics L% I and L% I ls using
the following types of models.

Definition 1. (a) A biprobability model for L§ Ihia logic is a biprobability
structure 9 such that u, is absolutely continuous with respect to pj, i.e. p1 < pa.
(b) A biprobability model for L ; , logicis a biprobability structure 9 such that
p1 is singular with respect to ps.

A graded biprobability structure for L is a structure
M = (M, R, ",k iel, jes, neN, k=12
such that:

(a) each pf is a countable additive probability measure on M™;

(b) each n-placed relation R{™ is uf-measurable and the identity relation is
p&-measurable;

(c) pk x pk, C pk i
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(d) each pf is preserved under permutation of {1,2,...,n};

(e) (#% : n € N) has the Fubini property: If B is pf,,  -measurable then
(1) For each x € M™, the section Bx = {y : B(x,y)} is pk-measurable.
(2) The function f(x) = p¥(Bx) is pk,-measurable.
(3) J 760) ity = ity (B).

Let us introduce two sorts of auxiliary models.

Definition 2. (a) A graded bxprobablhty structure for L ; ; logicis a graded

biprobability structure 9% such that pl <« p2 for each n € N. (b) A graded
blprobablhty structure for L% YA logic is a graded biprobability structure 9% such

that pl L u2 for each n € N.
We shall prove the Barwise completeness theorem for logics L%, , and

Ly, hiy that means that the set of all sentences ¥ of L4, s, which are vahd in all
blprobablhty models is £; over A.

1. In order to prove the main result for the absolutely continuous case, let
us introduce one more logic LY ; ; x, as in [5]. Biprobability models for the logic
L%, 1, x are of the form

m fm m m
M = (M R, ¢; (X 2 [ X <) "uk):el,jEJ,rEQ,k=l,2

(a countable number of new unary relation symbols [X > 7], [X < 7], forr € Q, are
added to the language of L_Af I ), where X™ : M — R is the Radon-Nikodym
derivative of py with respect to us.

The axioms and rules of inference for the logic LY , x are those of L4 as

listed in [3], — remark that both integral operators f; and f, can play the role of
[, together with the following axioms:

Azioms of continuily:

Ay /\\/\//Gk(/r(xy)dx)dy<l, (:,7=1,2)

n m kv

where dx = dz;...dz, and

1 ifr—1/m+1/k<s<r-2/k
Gi(s)=< 0 ifsgr’— 1/mors>r—1/k
linear forr—1/m<s<r—1/m+1/korr—2/k<s<r—1/k.

A, /\V\//Hk</r(xy)dx)dy<—l—, (1,7 =1,2)

n m kvt
where
1 fr+2/k<s<r+1/m-1/k
He(s)=< 0 ifs<r+1l/kors>r+1/m
linear forr+1/k<s<r+2/korr+1/m—-1/k<s<r+1/m.
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Azioms of random variable (i = 1,2):

As \//Jk(l[X < rl(z), 1[X > s)(z))dz > 1 (r>5s)
k 1

where

1 ifs>2/kort>2/k
Je(s,)=¢ 0 ifs<l/kandt<1/k

linear for other cases.

Ag \/\//Jk(lX<r] )il[X2r+1/n](x)>dx21.
Pk n=
A J (X <r=1/n)(z),1[X > r)(z) | dz > 1
A Ao )
S _ \
As \/\/ Lk Z [X > n(z)Zl[X<n](z) dz>1
p k n=1 n=1
where

1 ifs>2/kandt>2/k
Li(s,t) =< 0 ifs<1l/kort<1/k

linear for other cases.

Radon-Nikodym azioms (n € N; sq,...,8, € Q):

As (0<,/<\,, 1/7‘(:(:) 1[X < sip](z) - 1[X > si)(z) dz > r,)
= (./;T(:v)dzzgrisi), (s0 <851 <...< 8p).
As (M 4\ 1 / r(2) - X < sip)(2) - 1[X > :)(2) dz < r,>
n-1
= (/ 7(z) - 1[X < m)(z)dz < 'z; r.s,+1)

(s0<s1<...<s, =m, meN).
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We shall first prove the completenses theorem for the logic LY 1. x- The
soundness theorem holds because all the axioms represent known properties of
random variables and the Radon-Nikodym derivative. The method of proof is
similar to the completeness proof of Hoover [2]. It uses Loeb’s construction in [4]
which corresponds to the Daniell integral. We first state a simple case of Loeb’s
result as a lemma.

LEMMA (Loeb [3]). In an w;-saturaied nonstandard universe, let L be an
internal veclor lattice of functions from an internal set M into *R (the set of hyper
real numbers), and let I be an internal positive linear functional on L, such that
1€ L and I(1) = 1. Then there is a complete probability measure u on M such that
for each finitely bounded ¢ € L, the standard part of ¢ is integrable with respect to
¢ and its integral is equal to the standard part of I(¢).

THEOREM 1 (Completeness theorem for L% I I;X)' Every sentence which is
consistent in LY WX has a biprobability model.

Proof. Let ¢ be a sentence which is consistent in L4 S, x- Our plan is
to use a Henkin construclion to bulid a weak model of ¥, i.e. a structure M =
(M,RP[X >r™ (X < r]m,c;'-m, I")iel,je.l,req,k=1,2 where I}, is a positive linear
real function on the set of terms of L% f, [,x With at most one free varible and
parametars from M. Let C be a countable set of new constant symbols. We
use the Henkin construction to obtain a maximal consistent set ® of sentences of
K9 L X0 where K = L U C, such that:

1N vee ‘
(2) if (f, 7(z)dz > 0) € @, then (7(c) > 0) € @ for some ¢ € C.

The witness properties (1) and (2) are obtained using the rule of generaliza-
tion. Since @ is complete and contains all the axioms of K4 X the Henkin theory
® induces a weak structure 9 with universe M = C, such that every sentence in
® holds in 0.

The next step is the construction of the graded biprobability model. This
structure is formed in the non-standard universe. Using Lemma we obtain proba-
bility measures p; and ps on *M such that for each *-term 7(z), the standard part
*Ii() is the integral [ ° 7(6)™ dpx(b). Define measures pt using iterated integrals.
This graded biprobability model 9% = (*M,*R;,*[X > r],*[X < r],*cj, nE) can be
used to produce a biprobability model (N, vx) of % (see [3]).

Let X¥(a) = sup{r | [X < r1¥(a)}, a € N. Radon-Nikodym axioms guaran-
tee that 11(B) = [ X dvs, holds for any measurable set B, i.e. v L vy,

A biprobability model 9 for L4 1,1, Ca0 be expanded to a model of LY X
simply by taking X™ = dy; /du, and defining [X < r}™(a) if X™(a) < r. The set
of all valid L% 1, x sentences is X, definable, for example by the formula 3P (P
is a proof of ¥).

As a consequence of the preceding, we obtain our main result.
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THEOREM 2 (Barwise Completeness Theorem for L% i f:)' The set of all
valid sentences of the logic LY Iils is Ly definable over A.

2. In order to prove the Barwise completeness theorem for singular case, let
us introduce one more logic L% I, 1, r- That means that one more unary relation
symbol R is added to the language of L?, Il

Axioms and rules of inference for the logic L% 1, I, r are those of L4 ; together
with the following axiom:

B; ‘/;I(R(z)) dz=0 A /ZI(R(:I:)) dz = 1.

The completeness theorem for L L IR is easy to prove, The proof makes
use of the Loeb-Hoover-Keisler construction as in the absolutely continuous case.
The only remark is that for the set B = {a € N | RV (a)} we obtain »,(B) = 0 and
VZ(B) = 1, i.e. 13} L V.

A biprobability model 9 can be expanded to a model of Ly LR simply by

taking R™(a) iff a € B, where B is the set given by the condition 1 L pa. As
a consequence of the preceding, we obtain the Barwise completeness theorem for

s
Al ly

THEOREM 3. The set of all valid sentences of the logic L% his 1s Ly-definable
over A.
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