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GEOMETRIQESKIE INTERPRETACII TENZOROV
I PSEVDOTENZOROV KRIVIZNY PROSTRANSTVA
NESIMMETRIQNO� AFFINNO� SV�ZNOSTI

Svetislav M. Minqiq

Rez�me. Ispol~zu� 4 roda kovariantno� proizvodno� tenzora v prostranstve
nesimmetriqno� affino� sv�znosti, my v rabotah [2], [3] poluqili 4 tenzora kriv-
izny i 15 veliqin, kotorye nazvali ,,psevdotenzorami krivizny\ �togo prostranst-
va, potomu qto oni ime�t formu i igra�t rol~ tenzora krivizny, no tenzorami ne
�vl��ts�. V [6] �vl��ts� 8 ,,vyvedennyh\ tenzorov krivizny, kak line�nye kombi-
nacii psevdotenzorov krivizny.

V [5], [7] rassmatriva�ts� geometriqeskie interpretacii pervyh 4 tenzora
krivizny. Cel~ nasto�we� raboty| dat~ geometriqeskie interpretacii vseh vyxe-
upom�nutyh tenzorov i psevdotenzorov krivizny.

1. V prostranstve LN nesimmetriqno� affino� sv�znosti Lijk mo�no

opredelit~ 4 roda kovariantno� proizvodno� [2], [3]. Naprimer, dl�
tenzora aij imeem

aijp
1
m = aij;m + Lipma

p
j � Lpjma

i
p;(1a)

aijp
2
m = aij;m + Limpa

p
j � Lpmja

i
p;(1b)

aijp
3
m = aij;m + Lipma

p
j � Lpmja

i
p;(1c)

aijp
4
m = aij;m + Limpa

p
j � Lpjma

i
p;(1d)

gde aij;m = (@=@xm)aij.

Na osnove obwih formul v [2] my poluqaem 10 to�destv tipa Riqqi

aijp
1
mn � aijp
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aijp
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aijp
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mn � aijp
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p
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i
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aijp
2
p;(3)

aijp
1
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1
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+ 4aij<mn^> + 4aij6mn^> + 2Lpmn^
aijp

1
p;

: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : :

aijp
1
mp
2
n � aijp

2
np
1
m = A

15

i
pmna

p
j �A

15

p
jmna

i
p � Lpnm(a

i
jp
1
p � aijp

2
p)

= R
3

i
pmna

p
j �R

3

p
jmna

i
p;(5)

gde

R
1

i
jmn = Lijm;n � Lijn;m + LpjmL

i
pn � LpjnL

i
pm;(6)

R
2

i
jmn = Limj;n � Linj;m + LpmjL

i
np � LpnjL

i
mp;(7)

R
3

i
jmn = Lijm;n�L

i
nj;m+LpjmL

i
np�L

p
njL

i
pm+Lpnm(L

i
pj�L

i
jp)(8)

= A
15

i
jmn + Lpnm(L

i
pj � Lijp);

A
1

i
jmn = Lijm;n � Lijn;m + LpjmL

i
np � LpjnL

i
mp;(9)

: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : :

A
15

i
jmn = Lijm;n � Linj;m + LpjmL

i
np � LpnjL

i
pm;(10)

aij<mn> = Lipm^
apj;n � Lpjm^

aip;n;(11)

aij6mn> = (LimpL
s
jn � LipmL

s
nj)a

p
s ;(12)

a mn̂ oznaqaet antisimmetrirovanie po m, n, zap�ta� oznaqaet qastnu�
proizvodnu�.

Veliqiny R
1

i
jmn, R2

i
jmn, R

3

i
jmn | tenzory i my nazyvaem ih tenzo-

rami krivizni r�dom 1-go, 2-go i 3-go roda, a veliqini A
1

i
jmn, . . . , A

15

i
jmn

net tenzory i my nazyvaem ih psevdotenzorami krivizny 1-go, . . . , 15-go
roda.

Esli pri obrazovani� to�destv tipa Riqqi my ispol~zuem 3-i� i 4-
i� rod kovariantno� proizvodno�, poluqa�ts� novye to�destva kotorye
poho�ie predyduwimi. V �timi to�destvami po�vl��ts� te �e veliqiny
R
1
, R

2
, R

3
; A

1
, . . . , A

15
, no v inom por�dke. Lix~ v poslednem sluqae po�vl�et-

s� novy� tenzor krivizny R
4
:

(13) aijp
3
mp
4
n � aijp

4
np
3
m = R

4

i
pmna

p
j +R

3

p
jnma

i
p;

gde

(14) R
4

i
jmn = A

15

i
jmn + Lpmn(L

i
pj � Lijp)

tenzor krivizny 4-go roda prostranstva LN .

2. Vdol~ krivo� C v LN kotora� opredelenna� uravneni�mi

(15) xi = xi(t)
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mo�no opredelit~ dva roda absol�tno� proizvodno� i, na osnove �togo,
dva roda parallel~nogo perenosa vektora. Dl� vektornogo pol� ai(t) go-
vorim qto �to pole parallel~nyh vektorov pervogo, t.e. vtorogo roda,
esli

(16a,b) d
1
ai = �Lipma

p dxm; d
2
ai = �Limpa

p dxm:

Sledu� Franka Gra�f [4], mo�no poluqit~ sledu�wu� geometriqe-
sku� interpretaci� dvuh rodov parallel~nogo perenosa i kruqeni� v
LN . Rassmotrim v LN poverhnostny� �lement opredelenny� dvum� in-
finitezimal~nimi vektorami dxi, Æxi s naqalom v P (xi). Koncy �tih
vektorov Q(xi + dxi), R(xi + Æxi).

Ris. 1. Ris. 2.

Esli osuwestvit~ parallel~ny� perenos togo �e roda, naprimer
pervogo, vektora dxi vdol~ Æxi i Æxi vdol~ dxi, dl� koncov poluqaem raznye
toqki S, T :

x
S

i = xi + dxi + Æ(xi + dxi) = xi + dxi + Æxi + Ædxi;(17a)

x
T

i = xi + Æxi + d(xi + Æxi) = xi + Æxi + dxi + dÆxi:(17b)

Na osnove (16) imeem

(18a,b) Æ
1
dxi = �Lipm dxpÆxm; d

1
Æxi = �Lipm Æxpdxm

i poluqaets�

(19) x
T

i � x
S

i = d
1
Æxi � Æ

1
dxi = 2Lipm^

dxpÆxm;

t.e. dl� Lijk^
6= 0 poluqaem x

T

i 6= x
S

i. Analogiqno poluqaets� dl� perenosa

vtorogo roda. No, esli vektory dxi, Æxi ispoln��t perenos raznyh rodov,
togda poluqaets� oto�destvlenie toqek S i T . Mo�no smotret~ na par-
allel~ny� perenos 1-go roda kak na perenos po odno� storone poverhnos-
tnogo �lementa (polo�itel~no�), a na perenos 2-go roda kak na perenos po



116 Minqiq

drugo� storone (otricatel~no�). Pust~ kontur PQSR poluqen perenos�
dxi perenosom pervogo roda vdol~ Æxi i Æxi perenosom vtorogo roda vdol~
dxi. �to na ris. 2 oboznaqeno: dxi(1), dxi(2).

Ispol~zu� odin (toqnee pervy�) rod parallel~nogo perenosa vek-
torov, Franka Gra�f [5] poluqila vyra�enie dl� priraweni� �vi vek-
tora vi pri obhode celogo nabl�daemogo kontura, vyra�a� ego qerez R

1
:

(20) �
1
vi = R

1

i
jmnv

j dxmÆxn:

Takim obrazom poluqaets� geometriqeska� interpretaci� dl� R
1
.

Ispol~zu� vtoro� rod perenosa, poluqaets�

(21) �
2
vi = R

2

i
jmnv

j dxmÆxn:

M. Prvanoviq [7] ispol~zuet parallel~ny� perenos vektora vi per-
vogo roda vdol~ storon PR i QS, a vtorogo roda vdol~ PQ i RS i
poluqaet (ris. 2):

(22) �
3
vi = �R

3

i
jnmv

j dxmÆxn;

a men�� rod perenosa vdol~ vseh storon poluqaet

(23) �
4
vi = R

4

i
jmnv

j dxmÆxn:

Tak my poluqaem ide� sistematiqeski issledovat~ vseh sluqaev ko-
torye po�vl��ts� kogda men�ets� rod parallel~nogo pereneseni� vekto-
ra vi vdol~ storon kontura PQRS. Est~ vsego 24 = 16 sluqaev (4 storony,
2 roda perenosa) kotorye pokazyvaem na tablice:

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

PQ 1 2 2 1 1 1 1 1 1 1 2 2 2 2 2 2
QS 1 2 1 2 1 1 1 2 2 2 1 1 1 2 2 2
RS 1 2 2 1 1 2 2 1 2 2 1 1 2 1 1 2
PR 1 2 1 2 2 1 2 1 1 2 1 2 2 1 2 1

O pervyh qetyreh sluqaev u�e govorili. V p�tom sluqae imeem
sledu�wee.

Esli vektor vi perenosits� parallel~nogo vdol~ kontura PQS, on v
toqke S imeet znaqenie

vi(s) = vi + d
1
vi + Æ

QS
(vi + d

1
vi);

s priraweniem

(24) Dvi = d
1
vi + Æ

1
vi + Æ

QS
d
1
vi:

Analogiqno, vdol~ kontura PRS imeem

(25) Dvi = Æ
2
vi + d

RS
(vi + Æ

2
vi) = Æ

2
vi + d

1
vi + d

RS
Æ
2
vi:
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Ot (24, 25) dl� priraweni� vdol~ PRSQP imeem

(26) �
5
vi = Dvi �Dvi = Æ

2
vi � Æ

1
vi + d

RS
Æ
2
vi � Æ

QS
d
1
vi:

Na osnove (16):

(27) Æ
2
vi � Æ

1
vi = �Limpv

p Æxm + Lipmv
p Æxm = 2Lipm^

vp Æxm

i to�e

d
RS
Æ
2
vi = d

RS
(�Limpv

p Æxm)

= �Limp;n dx
nvp Æxm � Limpd1v

p Æxm � Limpv
pd
2
Æxm

= �Limp;nv
p dxnÆxm + LimpL

p
snv

s dxnÆxm + LimpL
m
nsv

p Æxsdxn;

t.e.

(28) d
RS
Æ
2
vi = (�Linp;m + LspmL

i
ns + LsmnL

i
sp)v

p dxmÆxn:

Tem �e sposobom poluqaem

(29) Æ
QS
d
1
vi = (�Lipm;n + LspnL

i
sm + LsmnL

i
ps)v

p dxmÆxn:

Na osnove (26){(29) imeem

(30) �
5
vi = 2Lijm^

vj Æxm + (A
10

i
jmn + 2LpmnL

i
pj^
)vj dxmÆxn:

Tem �e sposobom v ostal~nyh sluqa�h poluqaets�

�
6
vi = 2Lijm^

vj dxm +A
8

i
jmnv

j dxmÆxn;(31)

�
7
vi = 2Lijm^

vj(dxm+Æxm)+(A
6

i
jmn+2LpmnL

i
pj^
)vj dxmÆxn;(32)

�
8
vi = 2Limj^

vjÆxm �A
8

i
jnmv

j dxmÆxn;(33)

A
9
vi = 2Lijm^

vj(dxm � Æxn) +A
2

i
jmnv

jdxmÆxn;(34)

�
10
vi = 2Lijm^

vj dxm + (�A
12

i
jnm + 2LpmnL

i
pj^
)vj dxmÆxn;(35)

�
11
vi = 2Limj^

vjdxm + (�A
10

i
jnm + 2LpmnL

i
jp^
)vj dxmÆxn;(36)

�
12
vi = 2Lijm^

vj(Æxm � dxm) +A
4

i
jmnv

j dxmÆxn;(37)

�
13
vi = 2Lijm^

vjÆxm �A
14

ijnmvj dxmÆxn;(38)

�
14
vi = 2Limj^

vj(dxm+Æxn)+(�A
6

i
jnm+2LpmnL

i
jp^
)vj dxmÆxn;(39)

�
15
vi = 2Limj^

vj dxm +A
14

i
jmnv

j dxmÆxn;(40)

gde (sm. [2])

A
2

i
jmn = Lijm;n � Lijn;m + LpmjL

i
pn � LpnjL

i
pm;(41)
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A
4

i
jmn = Limj;n � Linj;m + LpjmL

i
np � LpjnL

i
mp;(42)

A
6

i
jmn = Lijm;n � Linj;m + LpmjL

i
np � LpjnL

i
pm;(43)

A
8

i
jmn = Lijm;n � Lijn;m + LpmjL

i
pn � LpjnL

i
pm;(44)

A
10

i
jmn = Lijm;n � Linj;m + LpjmL

i
np � LpjnL

i
pm;(45)

A
12

i
jmn = Limj;n � Lijn;m + LpmjL

i
pn � LpnjL

i
mp;(46)

A
14

i
jmn = Limj;n � Linj;m + LpjmL

i
np � LpnjL

i
mp;(47)

psevdotenzory krivizny.

Mo�no skazat~ qto naprimer prirawenie �
5
vi poluqaets� kak re-

zul~tat parallel~nogo perenosa vektora vi vdol~ rassmatrivaemogo kon-
tura, esli vi perenosits� po otricatel~no� storone �lementa vdol~
storony PR, a po polo�itel~no� storone �lementa vdol~ ostal~nyh
stranic. Tak poluqa�ts� geometriqeskie interpretacii dl� tenzorov R

1
,

R
2
, R

3
, R

4
i dl� psevdotenzorov qetnogo indeksa (dl� nekotoryh neskol~ko

raz).

3. Qtoby poluqili geometriqeskie interpretacii psevdotenzorov
krivizny neqetnogo indeksa, rassmotrim parallel~ny� perenos kovari-
antnogo vektora vi vdol~ togo �e kontura kak v x2.

Dl� kovariantnogo vektora vi opredel�em dva roda parallel~nogo
pereneseni� sledu�wimi uravneni�mi

(48a,b) d
1
vi = Lpimap dx

m; d
2
vi = Lpmiap dx

m

i tem �e sposobom kak v x2 poluqaem priraweni�

�
1
vj = �R

1

i
jmnvi dx

mÆxn;(49)

�
2
vj = �R

2

i
jmnvi dx

mÆxn;(50)

�
3
vj = R

3

i
jnmvi dx

mÆxn;(51)

�
4
vj = �R

4

i
jmnvi dx

mÆxn;(52)

�
5
vj = 2Limj^

viÆx
m � (A

9

i
jmn + 2LpmnL

i
pj^
)vi dx

mÆxn;(53)

�
6
vj = 2Limj^

vidx
m �A

7

i
jmnvidx

mÆxn;(54)

�
7
vj = 2Limj^

vi(dx
m + Æxm)� (A

5

i
jmn + 2LpmnL

i
pj^
)vidx

mÆxn;(55)

�
8
vj = 2Lijm^

viÆx
m +A

7

i
jnmvidx

mÆxn;(56)

�
9
vj = 2Limj^

vi(dx
m � Æxm)�A

1

i
jmnvidx

mÆxn;(57)

�
10
vj = 2Limj^

vidx
m + (A

11

i
jnm + 2LpmnL

i
jp^
)vidx

mÆxn(58)

�
11
vj = 2Lijm^

vidx
m + (A

9

i
jnm + 2LpmnL

i
pj^
)vidx

mÆxn;(59)
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�
12
vj = 2Limj^

vi(Æx
m � dxm)�A

3

i
jmnvidx

mÆxn;(60)

�
13
vj = 2Limj^

vidx
m +A

13

i
jnmvidx

mÆxn;(61)

�
14
vj = 2Lijm^

vi(dx
m + Æxm) + (A

5

i
jnm + 2LpmnL

i
pj^
)vidx

mÆxn;(62)

�
15
vj = 2Lijm^

vidx
m �A

13

i
jmnvidx

mÆxn;(63)

�
16
vj = 2Lijm^

viÆx
m � (A

4

i
jmn + 2LpmnL

i
jp^
)vidx

mÆxn;(64)

gde A
1
, A

15
psevdotenzory krivizny (9, 10), a

A
3

i
jmn = Limj;n � Linj;m + LpmjL

i
pn � LpnjL

i
pm;(65)

A
5

i
jmn = Lijm;n � Linj;m + LpjmL

i
pn � LpnjL

i
mp;(66)

A
7

i
jmn = Lijm;n � Lijn;m + LpjmL

i
pn � LpjnL

i
mp;(67)

A
9

i
jmn = Lijm;n � Linj;m + LpjmL

i
pn � LpnjL

i
pm;(68)

A
11

i
jmn = Limj;n � Lijn;m + LpmjL

i
np � LpjnL

i
mp;(69)

A
13

i
jmn = Limj;n � Linj;m + LpmjL

i
np � LpnjL

i
pm(70)

tak�e psevdotenzory krivizny [2]. Qtoby poluqit~ geometriqesku� in-
terpretaci� psevdotenzora krivizny A

15
, zametim qto na osnove (8) imeem

(71) R
3

i
jmn = A

15

i
jmn + 2LpnmL

i
pj^

i (51) mo�no napisat~ v forme

(72) �
3
vj = (A

15

i
jnm + 2LpmnL

i
pj^
)vidx

mÆxn:

4. V rabote [6] my poluqili tenzory eR
1
, . . . , eR

8
, kak nekotorye

line�nye kombinacii psevdotenzorov krivizny. �ti tenzory v upom�nu-
to� rabote my nazvali \vyvedennymi" tenzorami krivizny prostranstva
nesimmetriqno� affinno� sv�znosti. Tak imeem:

eR
1

i
jmn = 1

2 (A1 +A
3
)ijmn = 1

2 (A2 +A
4
)ijmn;(73)

eR
2

i
jmn = 1

2 (A7 +A
13
)ijmn = 1

2 (A9 +A
11
)ijmn;(74)

eR
3

i
jmn = 1

2 (A8 +A
14
)ijmn = 1

2 (A9 +A
11
)ijmn;(75)

eR
4

i
jmn = 1

3 (R3 +A
11
+A

13
)ijmn^

= 1
3 (R3 +A

12
+A

14
)ijmn^

;(76)

eR
5

i
jmn = (A

1
�A

7
)ijmn �A

13

i
jnm = �A

7

i
jmn � (A

11
+A

15
)ijnm;(77)

eR
6

i
jmn = (A

2
�A

8
)ijmn �A

14

i
jnm = �A

8

i
jmn � (A

12
+A

15
)ijnm;(78)

eR
7

i
jmn = (A

3
+A

7
)ijmn �A

13

i
jnm = A

9

i
jnm + (A

13
�A

15
)ijnm;(79)

eR
8

i
jmn = (A

4
+A

8
)ijmn +A

14

i
jnm = A

10

i
jmn + (A

14
�A

15
)ijnm;(80)
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gde naprimer (A
1
+A

3
)ijmn = A

1

i
jmn+A

3

i
jmn i analogiqno v drugih sluqa�h.

Na osnove (34, 37) poluqaets�

�
9
vi +�

12
vi = (�

9
+�

12
)vi = (A

2
+A

4
)ijmnv

jdxmÆxn;

t.e., ispol~zu� (73):

81a (�
9
+�

12
)vi = 2 eR

1

i
jmnv

jdxmÆxn:

Mo�no skazat~: Esli vektor vi perenosits� parallel~no i dva raza ob-
hodit vyxeupom�nuty� kontur, pervy� raz kak v 9-om, a vtoro� raz kak
v 12-om sluqa�h, polnoe prirawenie est~ (81a). Tak�e imeem

(81b) (�
9
+�

12
)vj = �2 eR

1

i
jmnvidx

mÆxn:

Tem �e sposobom poluqa�ts� geometriqeskie interpretacii i os-

tal~nyh tenzorov krivizny eR
2
; . . . ; eR

8
:

(�
6
+�

15
)vj = �2 eR

2

i
jmnvidx

mÆxn;(82a)

(�
8
+�

13
)vj = 2 eR

2

i
jnmvidx

mÆxn;(82b)

(�
10
+�

11
)vj = 2 eR

2

i
jnmvidx

mÆxn;(82c)

(�
6
+�

15
)vi = 2 eR

3

i
jmnv

jdxmÆxn;(83a)

(�
5
+�

16
)vi = 2 eR

3

i
jmnv

jdxmÆxn;(83b)

(�
9
+�

10
+�

12
+�

13
+�

15
+�

16
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