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ON SOME HYPERSURFACES
OF A RECURRENT RIEMANNIAN SPACE

Mileva Prvanovié

Abstract. We consider quasiumbilical hypersurface of a recurrent Riemannian space and
find the conditions for such hypersurface to be conformally recurrent. We prove (assuming some
conditions) that the curvatutre tensor of such hypersurface has the form (3.10) and discuss the
case when the hypersurface is conformally flat.

1. Introduction. Let (M,g) be an (n+ 1)-dimensional (n > 3) Riemannian
space covered by a system of coordinate neighbourhoods (U,y%). Let (M, g) be a
hypersurface of (M, g) defined in a local coordinate system by means of the system
of parametric equations y* = y®(z'), where g is the induced metric. Here and in
the sequel, Greek indices take the values 1,2,...,n + 1, and Latin indices — the
values 1,2,... ,n. Let N® be a local unit normal to (M, g) and let B¥ = dy* /0.
Then

9gij = gaﬁBiaB?, (1].)
GusNOBY =0,  GugNONP =¢, ¢==1, (1.2)
BeB g = g% —eN*N". (1.3)

We denote by Eamg, Ea[; and R the curvature tensor, the Ricci tensor and
the scalar curvature of (M, ) respectively and by R;jx, Ri; and R the correspond-
ing objects of the hypersurface. Let h be the second fundamental form of the
hypersurface and let V be the operator of the van der Waerden-Bortolotti covari-
ant derivative. Then the Gauss and Codazzi equations for (M, g) of (M,g) can be
written in the form (c.f.e.g. [1], p. 149)

EQQAMB?B?B]ZB? = Rijkl - 6(hilhjk - hikhjl);
Rap,sN®B]B] B} = Vihj, — Vihj.
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Also (c.f. [1, pp. 147-148])
V,B] =¢eh,;N°,  V,N%=—h,.g"Bf. (1.4)
If there exist on (M, g) two functions «, 8 and a 1-form v such that
hij = agij + Bvivj, (1.5)

(M, g) is said to be quasiumbilical ([2, p. 147]). If 8 = 0, (M, g) is an umbilical
hypersurface. Miyazawa and Chiman [3] investigated totally umbilical subspaces
of recurrent Riemannian space. Among others, they proved that such subspece is
conformally recurrent (c.f. also [4]).

In this paper we consider quasiumbilical hypersurface of a recurrent Riemann-
ian space assuming
Vivi = 0gik + i, (1.6)
where t;, and o are a covariant vector field and a scalar function on M respectively.
Also, we suppose v,v® # 0.

The aim of this paper is to find the necessary and sufficient conditions for
such hypersurface to be conformally recurrent. After that, we prove that if a # 0,
an + Bug,v® # 0, the curvature tensor of the hypersurface has the form (3.10) and
discuss the case when the hypersurface is conformally flat.

Using (1.5) and (1.6), we can rewrite the Gauss and Codazzi equations as
follows

Eaﬁwa'B?Bng = Riji — ea®(gugjk — Gikgit)

— eaf(guvjvr + gikvivi — ik ViV — GjIViVk), (L.7)
RQQW@NO‘BJ@BZB? = gjkwl — gjlwk + Uj (Ule — UlTk), (1.8)
where 5 95
«
= — T, = 20t = — = —. 1.
w = oy = fov, Tr=PF+20t, a=57, B=57 (1.9)
As for (1.4), they became
VB! = e(agy; + Borv)N?, (1.10)
V,.N* = —(aB + Buv.v' BY). (1.11)

From (1.6), we obtain
ViViv; — ViViv; = gij(or — oty) — gij(or — otr) +vj(Vitg — Vit).
Using the Ricci identity, we get
—vo R k1 = 9151 — 9155k + v; My, (1.12)

where
oo

= @7 Sy = o1 — oty My, = Vit — Vity. (1_13)

a1



On some hypersurfaces of a recurrent Riemannian space 105

2. Quasiumbilical hypersurface of a recurrent Riemannian space.
Applying the operator V, to (1.7) and using (1.10), we obtain
V,Raps BB B} B] B
+ e(agri + Borvi) Raprs N B} B] B] — e(agr; + Bv,v;)Raars N B B B}
+ e(agrr + ﬁv,,vk)ﬁwagN”Bfo‘Bf —e(agn + ﬁvrw)ﬁgngaBng‘Bf
= V. [Rijut — e (gagix — girgjt)
—505(91'11)]‘% + 9jkViV — GikV; V1 — gjl'Ui'Uk)]-
Substituting (1.8) into this equation, we find
V,Rap,s B2 BYB) B] B
+ eal(grigix — grigie)wi + (9rigi — 9rigjt) W
+ (grkg1i — gri9ik)w; + (grigrj — grkglj)wi]
+ By [gjk(viwl +vw;) + ga (vew; + vjwg)
— gji(viwg + vpw;) — gix (vjwr + vle)]
+ ea[grivi (v Ty — viTk) + grjvi(u Ty — v Ty)
+ grievr(vi Ty — v;T;) + grvr (v; T; — v;T5)]
= V. [Rijut — e (gagix — girgjt)
- 505(91’111]'% + 9k ViV — GikV;UI — gjl'Ui'Uk)]-
In view of (1.6), this can be rewritten in the form
V Rijit = Vo Rap,s BB B] Bl B + 2500, (gug;k — 9irgin)
e[(aB)r + 2a8t, — 26%00,] (guvjvr + gjkvivi — girvivr — gjivivk)
+ eal(grigix — 9rigin)oa + (9rjgi — Grigjt)
+(grkgti — gr1gir)j + (9rigrj — grkglj)ai]
+ &Bvy [gjk('Uial +va;) + ga(viag +vjoy)
—gji(viag + vpa;) — gik(vjoy + Ulaj)]
+ ea[grivi (v Ty — viTy) + grjvi(u Ty — viTy)
+grk01(viTj — v;T;) + grvi (v; T; — v, T})] .
Now, let us suppose that the (M,g) is a recurrent Riemannian space, i.e.
VoRapys = apRapys. (2.1)

Taking into account (1.7), the preceding relation becomes

V,Riji = arRijr + e(2aa, — oa,)(gugix — gixgit)
+e[(aB)r + 208t, — 28700, — aBay ] (gavjvr + gjkvivi — gikVjv — g1V Vk)
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+ Ea[(grigjk — grjGik)au + (9rj9it — 9rigjt)k
+(grkgil - grlgik)aj + (grlgkj - grkgljai)]
+ efv, [gjk(vial +uy) + gu(vka; + vjay)
—gji(viag + vpa;) — gk (Vo + Ulaj)]
+ e [grivj(val —uTy) + grjvi(0i T — v 1) (2.2)
+grk01(viTj — v;T;) + grvi(v; T; — v;T})],
where
ar = a,B’,.
From (2.2), we have
V.Rj = arRjj
+ g {(2na + Buav*)a, + avav® e — af(n — 1a + Bv,v*]a,
+2a8v,v%, + 28[a,v® — ﬁavav“]vr}
+ evjvg [(n —2)Ba, + naf, + 2naft, — 2(n — 2)ﬁ2ovr
—(n - 2)afay]
+eagri[(n — 2)ay, + 0Ty — Tov®vg]
+ cagy [(n — 2)a; + v Tj — To ;]
+ evpvg [(n — 2)Baj — oTj] + ev,v;[(n — 2)Bay, — a1, (2.3)

and

V.R=a,R+e{[2(n® +n —2)a+2(n — 1)Bu,v*]a, + 2(n + 1)av,v" By
— [n(n — 1)a? + 2aB(n — Dv,v]a, + 4(n + 1)afu,v’t,
+4[(n — 1)Bagv® — (n — 1)B2ov,0" — aT,0 v, }. (2.4)

Now, let us consider the covariant derivative of the conformal curvature tensor
Cijri of the hypersurface (M, g):

1
V., Cijkt = Vi Rijri — m(gjkeril — 9V Rit, + 9a V. Rjk — 9i Ve Rji1)
1

T Dm =) Fikgin = gigi)-

Substituting (2.2), (2.3) and (2.4) into this relation, we obtain, after some
calculation

%"
V., Cijrt = arCijpr + ms(vav“ﬂ« — Tov®vr)(9agik — girgjt)

2¢
n—2

T (gavjvr + gjkviVI — GikVjVI — GjIViVk)
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«
+ —e[(grigin = grigin) (Tav"vi = va0"Th)
+ (grjgit — grigj1) (Tav®vg — vav*Ty)
+ (grkgit — gr1gi)(Tavv; — v,0T))
+(grigjr — 9regi;)(Tav v; — v,0°T5)]

«
p— [9jk (iTy + T7) + g (v; Ty + v Ty)

=gt (T, + vk T3) — gir (v; Ty + v, T5)]
+ e [g”'vj (’Ule — UlTk) + grjUi('UlTk — Ule)
+grivi(viTj = v;Ti) + grvy (v;Ti — viTy)].

_|_

If o =0, (2.5) reduces to
Vi Cijit = arCijpa, (2.6)

i.e. the hypersurface is conformally recurrent or (in the case a, = 0) conformally
symmetric.

If « # 0, the condition (2.6) is satisfied if and only if

4 a a
—— Wav" Ty = Tov®vr) (gugjn — gikgsn)

— 2T, (gavjve + gjkViV1 — JikVjU1 — G4iViVk)
+ (grigir — grigix)(Tavvp — vav*T1) + (9rjga — grigjt) (Tav ve — vavT},)
+ (grkgit — 9r19ir) (Tav v — 0" Ty) 4+ (gr19jk — 9regij) (Tav®v; — v v T;)
+ vp [gjk (v Ty + Tyor) + ga(v; T + viTy) — gjt(viTk + v i) — i (v;T1 + v,T5)]
(n—2) [gm'vj (e — uTe) + grjvi(Vi Ty — v 1)
+grivr(viTj — viTi) + grow (v;Ti — 0iT;)] = 0.

Transvecting this relation with viv!, we find

2
— m(gjkvbvb —vjvg) (VT — Tovvy)

+ (grjvqv® — vrvj)(vbvka — Tyvlvr) + (grrvav® — vrvk)(vbvij — Tbvbvj) =0.

Transvecting the last relation with ¢'7, we get

1 -2
vavb(vav“ﬂg — Tov®v;) =0,
n—1
or T o
Ty, = avb Uk,
UpU

because n > 3 and v,v®* # 0.
Conversely, if Ty, = fug, where f is a scalar function, (2.5) reduces to (2.6).
Thus we have



108 Prvanovié

TueEOREM 1. Let (M,g) be a recurrent Riemannian space with a, as a re-
currence vector field. Let (M, g) be its quasiumbilical hypersurface satisfying (1.6).
Then:

if « =0, (M,g) is a conformally recurrent manifold with a, = a,B? as a
recurrence vector field;

if « #0, (M,g) is a conformally recurrent space if and only if Ty, = foy,
where f is a scalar function.

In the following section we shall show that in the case a # 0, Ty = fuy, the
additional informations about the hypersurface (M, g) can be obtained.

3. The case a # 0, an + Pv,v* # 0. In the case Ty = fuvp the Codazzi
equation (1.8) reduces to

Rapys N“B BB = gjxwi — gjiwy. (3.1)
Applying the operator V, to (3.1) and using (1.10) and (1.11) we get
9itVywr — g1 Vrwy = V,Rag,s N*B; B B BY
— aRapysB2 B! BB — Bv,v'Rups By BY B) B}
— e(agrr, + Bv,v)Ragys N B BIN7 + (g + Bv,vi)Ragys N B B N°.
Substituting (2.1) and (3.1) into this relation, putting
RapsN“B]BIN” = Py, (3.2)
and taking into account (1.7), we find
Ry it = —Buv* Rojrr + ea®(grgjk — 9rkgjt)
+ ea® B(grvjvk + gjkVrvl — GrkVjUL — Gj1VrVE)
+ gjk(ea® Bov, + ea v, 0" 00 + arwy — Vo) (3.3)
— gt (ea? B v, + eafPv0%001 + apwy, — Vyowy)
—elagrk + Bvrvr) Py + e(agn + Borv) Pjy.
Substituting (1.12), we have
aRyju = ea®(grgix — grigit)
+ ea? B(grivjvk + GjkVrvL — GrkVjUL — Gj1UFV)
+ gjr[e(@®B + af?v,v) v + BueS) + arwy — Vew]
— gji[e(@®B + aB?v,v")v,vy + Bo, Sk + apwi — V,ewg]
+ Bopv My, — e(agrr + Burvr) Pjt + e(agr + Bvrvr) Pik.

Interchanging the indices r and j and also k£ and [ and adding the obtained relation
to the preceding one, we get

2aR, i = 2¢0” (grigjk — grrgit)
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+2(30?B + af?vv®) (grvjvr + gikvrvr — GrkvjUL — Gi1VrOL)
+ gk (Bvr S + arw; — Vyowy) — gj1(Bvr Sk, + arwy, — Vywy)
+ 971 (B Sk + ajwy — Vjwg) — gri(Bv; S + ajw; — Vjwy)
— e(agrk + Burvk) P + e(agr + Buru) P
—e(agji + Buju) Pri + e(agjr + Bujok) Py
Now, we replace the indices r, j, k,l with [, k, j, r respectively. Adding the ob-

tained relation to the preceding one and taking into account that P;; is a symmetric
tensor, we find

4aR, iy = 420> (grigjn — 9regjt)
+ 23’ B + afvav™) (grivi vk + GikVrOL — GreV;UL — G51UrVR)
+ gk [B(vr S + uSy) + arw; + qqw, — (Vewy + Viw,)]
— gjt[B(vrSk + vkSy) + arwy, + agw, — (Vewg + Viw,)] (3.4)
+ gr[B(v; Sk + viSj) + ajwi + apw; — (Vjwy + Viw;)]
— 9r:[B(v; Si + uS;) + ajw; + qqw; — (Vjwy + Viw;)]
— 2e(agrk, + Burvg) Py + 2e(agr + Buru) Pj
—2e(agj + Bvjv) P + 2e(agjr + Bojor) P

Now we have to determine P;;. To do this, we interchange the indices r and j in
(3.3) and add the obtained relation to (3.3). We get

— Bupv® Rojit — Pjv* Rorr

+ gjke(a?B + aB?v, 0" v, + arw; — V,w]

— giile(@®B + afvav*)vrvr + arwy, — Vywy]

+ grre(@® B + aB?v,v")vju + ajwp — Vjw]

— grle(a®B + aﬁzvava)vjvk + ajwi — Vjwy]

— e(agrk + Burvk) Pji + e(agr + Burvr) Pjk
—e(agjr + Bvjvg) P + e(agji + Bvjv) Py, = 0.

This, in view of (1.12), can be written in the form

2Bvpv; My,
+ gik[e(@®B + aB?v,v™) v, + apwy + BupS; — V,w]
— gjile(@®B + aBv, 0" )vkvy + arwy + BurSk — Vwg]
+ gri[e(a®B + aﬂ%ava)vjvl + ajw; + fv;S; — Vjw]
— gr[e(a®B + aﬁ%av“)vjvk + ajwy + Pv; Sk — Vjwg]
— e(agrk + Bvrvg) Py + e(agn + pv.u)Pj
—e(agjr + Bvjvg)Pr + e(agji + Bvju) Pry, = 0.
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Transvecting this with g*”, we have

e(na? B + naf?vv® + BP)vju + najw; + nfv;S; — nVjw;
— gjl[s((fﬁ + aﬁ%ava)vbvb —eaP +wya® + BS.v" — Vw®] + 26v;0" My,
= e(an + Bvav®) Py + ef(v;v* Py — viv® Pj,), (3.5)

where P = P,;,¢g%. This function can be determined as follows.
Taking into account (1.3), we get from (3.2)
P =R, NN
On the other hand, transvecting (1.7) with ¢" and using (1.3) and (3.2), we find
EQWB]@B,Z — &Py, = Rji, — g[(n — )a? + aBv,v]gjr, — e(n — 2)afvjvg,
from which, transvecting with g’*, we get

(R—R)+ @02 + (n — 1)afv,v®. (3.6)

P =

N ™

Now, let us return to (3.5). Interchanging the indices j and ! in (3.5) and
subtracting the obtained relation from (3.5), we find

ef(vjv® Py — viv® Pjo) = B(v;v® Mg — viv® Mj,)
+ %n(ajwl —qwj) + %nﬁ(vjsl —uS;) — %(ijl — Viwj).
Substituting this into (3.5), we find
e(an + Bv,v*) Py = e(na®B + af’v,v" + BP)v;v;
+ g(ajwl + qqw;j) + gﬁ(vjsl +uS;) — g(v]‘UJl + Viwj)

— gt [e(a?B + v’ — eaP + wea® + BS,v° — Vw?]
+ ﬁ(UjUaMla + ’Ul’l)ana).

Thus, supposing
an + Pvgu® #0,

we have
n n
le =C [Uj <§Sl + ’UaMla> + U <§S] + ’Uana> ]

+ Dlajw; + qqw; — (Vjw; + Viw;)] + Evju + Fyji,

(3.7)

where we have put

Ié) n
= D=——— .
an + Bugv®’ 2(an + Bugv®)’ (3:8)
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naf(a + fo,v®) + P
an + Bvg,ve

aP — af(a + Br,v*)vpv® — cwpab — eBS,v* + eV, w®

an + Bu,v®

Substituting (3.7) into (3.4), we get

E =

’ (3.9)
F=

Ryt = A(9ri95k — 9ri9j1) (3.10)

+ gri(Bvjv, +vipr + vkpj + LQjr) + gji(Bvyvy + vepr + vipr + LQi)

— grk(Bujuy +vipr +up; + LQj1) — gji(Burvg + vepr + viepr + LQ i)

+ N(vjveQri + v,u1Qjk — vrveQji — VU Qrk),
where we have put
2 € 2. .4 B

A=¢(a”+F), B:§<3a6+ﬂ VeV +E+EF> (3.11)
m =S <g + e’:‘nC) + 2eCv* My, (3.12)

1
L=—+4+2D, N-= QSED, Qr = arwy + qqw, — Vywy — Viw,. (3.13)
o a

Thus, we have

TueoreM 2. Let (M,g) be a recurrent Riemannian space. Let (M,g) be its
quasiumbilical hypersurface satisfying (1.6). If, in addition,

Cl;éo, na-}-ﬁvaq;a?ﬁ()’ Tk:kan

then the curvature tensor of the hypersurface can be expressed in the form (3.10),
where the functions A and B are given by (3.11) and (3.9), the functions L and
N — by (3.13) and (3.8), while p; is an 1-form determined by (3.12), (3.8) and
(1.13). As for the function P, it is given by (3.6).

If pp =0 and Q;; =0, (3.10) reduces to

Ryjr = A(9rigik — 9rr9jt) + B(9rvjvr + grevrvi — grivjvr — gjivrvg),

i.e. the hypersurface is a space of quasi-constant curvature. For example, if
a=const.# 0, and 8 = 0, the conditions p; = w; = 0, according to (1.9), (3.12)
and (3.8), are satisfied. The condition w; = 0 implies ;; = 0. On the other hand,
if 3 =0, then B =0 and the hypersurface is a space of constant curvature. Thus

THEOREM 3. Umbilical hypersurface of the recurrent Riemannian space sat-
isfying a = const. # 0 is a space of constant curvature.

As a consequence of Theorem 3, we have (c.f. [5, Theorem 1])

CoroLLARY. Umbilical hypersurface of a Cartan-symmetric Riemannian
space satisfying a = const. # 0, is a space of constant curvature.
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We get from (3.10)
Rji = gje[(n — 1)A + 2p,v® + LQabgab + Bu,v°]
+vjuE[(n —2)B + NQupg™] + Qjk[(n —2)L + v,v*N]

+ (n - 2)(pj1}k + pkvj) - N(’l}k’l)ana + Uj’l}aQak), (314)
R=n(n—1)A+4(n — 1)p® + 2(n — 1) PQapg® + 2(n — 1) Buv®
+ 2N (Qug ™y 0” — Qur™0). (3.15)

Substituting (3.10), (3.14) and (3.15) into the expression

1
Crjrt = Rrjii — ——= (gjx Rt — gji Ror + g Rji — griRj1)

n—2
R
+ m(gjkgrl — gjigrk)
of the conformal curvature tensor, we find

2 a a
Crjr = N{ m(gjkgrl — 9i19rk)(Qabg bvpvp — Qapv"0")

+ Qrvjvr + Qjrvrv — Q1vrvr — Qrrviv

+ gik2 (00" Qat + 10" Qar — Vv Qrt — Qupg™vrv1)

- ngiZQ (00" Quk + ViV Qur — VaV  Qrk — Qupg™ vrvy)
+ ng:l2(UkUana + 00 Qak — vav* Qi — Qupg® ;)
_ng:k2 (00" Qta + V" Qja — Vav" Qi — Qabg“bvjvz)}'

Thus, we have

CORROLLARY. Let (M,g) be a recurrent Riemannian space and (M,g) its
quasiumbilical hypersurface satisfying (1.6). If, in addition,

a#0, an + Bu,v* #0, Ty = for, Qi; =0,
(M, g) is conformally flat.
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