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ON SOME HYPERSURFACES

OF A RECURRENT RIEMANNIAN SPACE

Mileva Prvanovi�c

Abstract. We consider quasiumbilical hypersurface of a recurrent Riemannian space and
�nd the conditions for such hypersurface to be conformally recurrent. We prove (assuming some
conditions) that the curvatutre tensor of such hypersurface has the form (3.10) and discuss the
case when the hypersurface is conformally 
at.

1. Introduction. Let (M; g) be an (n+1)-dimensional (n > 3) Riemannian
space covered by a system of coordinate neighbourhoods (U; y�). Let (M; g) be a
hypersurface of (M; g) de�ned in a local coordinate system by means of the system
of parametric equations y� = y�(xi), where g is the induced metric. Here and in
the sequel, Greek indices take the values 1; 2; . . . ; n + 1, and Latin indices | the
values 1; 2; . . . ; n. Let N� be a local unit normal to (M; g) and let B�

i = @y�=@xi.
Then

gij = g��B
�
i B

�
j ; (1.1)

g��N
�B�

i = 0; g��N
�N� = "; " = �1; (1.2)

B�
i B

�
j g

ij = g�� � "N�N� : (1.3)

We denote by R��
Æ, R�� and R the curvature tensor, the Ricci tensor and

the scalar curvature of (M; g) respectively and by Rijkl , Rij and R the correspond-
ing objects of the hypersurface. Let h be the second fundamental form of the
hypersurface and let r be the operator of the van der Waerden-Bortolotti covari-
ant derivative. Then the Gauss and Codazzi equations for (M; g) of (M; g) can be
written in the form (c.f.e.g. [1], p. 149)

R��
ÆB
�
i B

�
j B



kB

Æ
l = Rijkl � "(hilhjk � hikhjl);

R��
ÆN
�B�

j B


kB

Æ
l = rlhjk �rkhjl:
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Also (c.f. [1, pp. 147{148])

rrB
�
j = "hrjN

�; rrN
� = �hrag

atB�
t : (1.4)

If there exist on (M; g) two functions �, � and a 1-form v such that

hij = �gij + �vivj ; (1.5)

(M; g) is said to be quasiumbilical ([2, p. 147]). If � = 0, (M; g) is an umbilical
hypersurface. Miyazawa and Ch�uman [3] investigated totally umbilical subspaces
of recurrent Riemannian space. Among others, they proved that such subspece is
conformally recurrent (c.f. also [4]).

In this paper we consider quasiumbilical hypersurface of a recurrent Riemann-
ian space assuming

rkvi = �gik + tkvi; (1.6)

where tk and � are a covariant vector �eld and a scalar function on M respectively.
Also, we suppose vav

a 6= 0.

The aim of this paper is to �nd the necessary and suÆcient conditions for
such hypersurface to be conformally recurrent. After that, we prove that if � 6= 0,
�n+ �vav

a 6= 0, the curvature tensor of the hypersurface has the form (3.10) and
discuss the case when the hypersurface is conformally 
at.

Using (1.5) and (1.6), we can rewrite the Gauss and Codazzi equations as
follows

R��
ÆB
�
i B

�
j B



kB

Æ
l = Rijkl � "�2(gilgjk � gikgjl)

� "��(gilvjvk + gjkvivl � gikvjvl � gjlvivk); (1.7)

R��
ÆN
�B�

j B


kB

Æ
l = gjkwl � gjlwk + vj(vkTl � vlTk); (1.8)

where

wl = �l � ��vl; Tl = �l + 2�tl; �l =
@�

@xl
; �l =

@�

@xl
: (1.9)

As for (1.4), they became

rrB
�
j = "(�grj + �vrvj)N

� ; (1.10)

rrN
� = �(�B�

r + �vrv
tB�

t ): (1.11)

From (1.6), we obtain

rlrkvj �rkrlvj = gkj(�l � �tl)� glj(�k � �tk) + vj(rltk �rktl):

Using the Ricci identity, we get

�vaR
a
jkl = gjkSl � gljSk + vjMlk; (1.12)

where

�l =
@�

@xl
; Sl = �l � �tl; Mlk = rltk �rktl: (1.13)
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2. Quasiumbilical hypersurface of a recurrent Riemannian space.

Applying the operator rr to (1.7) and using (1.10), we obtain

r�R��
ÆB
�
rB

�
i B

�
j B



kB

Æ
l

+ "(�gri + �vrvi)R��
ÆN
�B�

j B


kB

Æ
l � "(�grj + �vrvj)R��
ÆN

�B�
i B



kB

Æ
l

+ "(�grk + �vrvk)R
Æ��N

BÆ

l B
�
i B

�
j � "(�grl + �vrvl)RÆ
��N

ÆB

kB

�
i B

�
j

= rr

�
Rijkl � "�2(gilgjk � gikgjl)

�"��(gilvjvk + gjkvivl � gikvjvl � gjlvivk)
�
:

Substituting (1.8) into this equation, we �nd

r�R��
ÆB
�
rB

�
i B

�
j B



kB

Æ
l

+ "�
�
(grigjk � grjgik)wl + (grjgil � grigjl)wk

+ (grkgli � grlgik)wj + (grlgkj � grkglj)wi

�
+ "�vr

�
gjk(viwl + vlwi) + gil(vkwj + vjwk)

� gjl(viwk + vkwi)� gik(vjwl + vlwj)
�

+ "�
�
grivj(vkTl � vlTk) + grjvi(vlTk � vkTl)

+ grkvl(viTj � vjTi) + grlvk(vjTi � viTj)
�

= rr

�
Rijkl � "�2(gilgjk � gikgjl)

� "��(gilvjvk + gjkvivl � gikvjvl � gjlvivk)
�
:

In view of (1.6), this can be rewritten in the form

rrRijkl = r�R��
ÆB
�
rB

�
i B

�
j B



kB

Æ
l + 2"��r(gilgjk � gikgjl)

"
�
(��)r + 2��tr � 2�2�vr

�
(gilvjvk + gjkvivl � gikvjvl � gjlvivk)

+ "�
�
(grigjk � grjgik)�l + (grjgil � grigjl)�k

+(grkgli � grlgik)�j + (grlgkj � grkglj)�i

�
+ "�vr

�
gjk(vi�l + vl�i) + gil(vk�j + vj�k)

�gjl(vi�k + vk�i)� gik(vj�l + vl�j)
�

+ "�
�
grivj(vkTl � vlTk) + grjvi(vlTk � vkTl)

+grkvl(viTj � vjTi) + grlvk(vjTi � viTj)
�
:

Now, let us suppose that the (M; g) is a recurrent Riemannian space, i.e.

r�R��
Æ = a�R��
Æ: (2.1)

Taking into account (1.7), the preceding relation becomes

rrRijkl = arRijkl + "(2��r � �2ar)(gilgjk � gikgjl)

+ "
�
(��)r + 2��tr � 2�2�vr � ��ar

�
(gilvjvk + gjkvivl � gikvjvl � gjlvivk)
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+ "�
�
(grigjk � grjgik)�l + (grjgil � grigjl)�k

+(grkgil � grlgik)�j + (grlgkj � grkglj�i)
�

+ "�vr
�
gjk(vi�l + vl�i) + gil(vk�j + vj�k)

�gjl(vi�k + vk�i)� gik(vj�l + vl�j)
�

+ "�
�
grivj(vkTl � vlTk) + grjvi(vlTk � vkTl) (2.2)

+grkvl(viTj � vjTi) + grlvk(vjTi � viTj)
�
;

where
ar = a�B

�
r:

From (2.2), we have

rrRjk = arRjk

+ "gjk
�
(2n�+ �vav

a)�r + �vav
a�r � �[(n� 1)�+ �vav

a]ar

+2��vav
atr + 2�[�av

a � ��vav
a]vr

	
+ "vjvk

�
(n� 2)�ar + n��r + 2n��tr � 2(n� 2)�2�vr

�(n� 2)��ar
�

+ "�grj
�
(n� 2)�k + vav

aTk � Tav
avk

�
+ "�grk

�
(n� 2)�j + vav

aTj � Tav
avj

�
+ "vrvk

�
(n� 2)��j � �Tj

�
+ "vrvj

�
(n� 2)��k � �Tl

�
; (2.3)

and

rrR = arR+ "
�
[2(n2 + n� 2)�+ 2(n� 1)�vav

a]�r + 2(n+ 1)�vav
a�r

� [n(n� 1)�2 + 2��(n� 1)vav
a]ar + 4(n+ 1)��vav

atr

+4[(n� 1)��av
a � (n� 1)�2�vav

a � �Tav
a]vr

	
: (2.4)

Now, let us consider the covariant derivative of the conformal curvature tensor
Cijkl of the hypersurface (M; g):

rrCijkl = rrRijkl �
1

n� 2
(gjkrrRil � gjlrrRik + gilrrRjk � gikrrRjl)

+
1

(n� 1)(n� 2)
rrR(gjkgil � gjlgik):

Substituting (2.2), (2.3) and (2.4) into this relation, we obtain, after some
calculation

rrCijkl = arCijkl +
4�

(n� 1)(n� 2)
"(vav

aTr � Tav
avr)(gilgjk � gikgjl)

�
2�

n� 2
"Tr(gilvjvk + gjkvivl � gikvjvl � gjlvivk)
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+
�

n� 2
"
�
(grigjk � grjgik)(Tav

avl � vav
aTl)

+ (grjgil � grigjl)(Tav
avk � vav

aTk)

+ (grkgil � grlgik)(Tav
avj � vav

aTj)

+(grlgjk � grkglj)(Tav
avi � vav

aTi)
�

+
�

n� 2
"vr

�
gjk(viTl + vlTi) + gil(vjTk + vkTj)

�gjl(viTk + vkTi)� gik(vjTl + vlTj)
�

+ "�
�
grivj(vkTl � vlTk) + grjvi(vlTk � vkTl)

+grkvl(viTj � vjTi) + grlvk(vjTi � viTj)
�
:

If � = 0, (2.5) reduces to

rrCijkl = arCijkl ; (2.6)

i.e. the hypersurface is conformally recurrent or (in the case ar = 0) conformally
symmetric.

If � 6= 0, the condition (2.6) is satis�ed if and only if

4

n� 1
(vav

aTr � Tav
avr)(gilgjk � gikgjl)

� 2Tr(gilvjvk + gjkvivl � gikvjvl � gjlvivk)

+ (grigjk � grjgik)(Tav
avl � vav

aTl) + (grjgil � grigjl)(Tav
avk � vav

aTk)

+ (grkgil � grlgik)(Tav
avj � vav

aTj) + (grlgjk � grkglj)(Tav
avi � vav

aTi)

+ vr
�
gjk(viTl + Tivl) + gil(vjTk + vkTj)� gjl(viTk + vkTi)� gik(vjTl + vlTj)

�
(n� 2)

�
grivj(vkTl � vlTk) + grjvi(vlTk � vkTl)

+grkvl(viTj � vjTi) + grlvk(vjTi � viTj)
�
= 0:

Transvecting this relation with vivl, we �nd

�
2

n� 1
(gjkvbv

b � vjvk)(vav
aTr � Tav

avr)

+ (grjvav
a � vrvj)(vbv

bTk � Tbv
bvk) + (grkvav

a � vrvk)(vbv
bTj � Tbv

bvj) = 0:

Transvecting the last relation with grj , we get

(n+ 1)(n� 2)

n� 1
vbv

b(vav
aTk � Tav

avk) = 0;

or

Tk =
Tav

a

vbvb
vk;

because n > 3 and vav
a 6= 0.

Conversely, if Tk = fvk, where f is a scalar function, (2.5) reduces to (2.6).
Thus we have
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THEOREM 1. Let (M; g) be a recurrent Riemannian space with a� as a re-

currence vector �eld. Let (M; g) be its quasiumbilical hypersurface satisfying (1.6).
Then :

if � = 0, (M; g) is a conformally recurrent manifold with ar = a�B
�
r as a

recurrence vector �eld ;

if � 6= 0, (M; g) is a conformally recurrent space if and only if Tk = fvk,
where f is a scalar function.

In the following section we shall show that in the case � 6= 0, Tk = fvk, the
additional informations about the hypersurface (M; g) can be obtained.

3. The case � 6= 0, �n + �vav
a 6= 0. In the case Tk = fvk the Codazzi

equation (1.8) reduces to

R��
ÆN
�B�

j B


kB

Æ
l = gjkwl � gjlwk: (3.1)

Applying the operator rr to (3.1) and using (1.10) and (1.11) we get

gjkrrwl � gjlrrwk = r�R��
ÆN
�B�

j B


kB

Æ
l B

�
r

� �R��
ÆB
�
r B

�
j B



kB

Æ
l � �vrv

tR��
ÆB
�
t B

�
j B



kB

Æ
l

� "(�grk + �vrvk)R��
ÆN
�B�

j B
Æ
lN


 + "(�grl + �vrvl)R��
ÆN
�B�

j B


kN

Æ:

Substituting (2.1) and (3.1) into this relation, putting

R��
ÆN
�B�

j B
Æ
lN


 = Pjl; (3.2)

and taking into account (1.7), we �nd

�Rrjkl = ��vrv
aRajkl + "�3(grlgjk � grkgjl)

+ "�2�(grlvjvk + gjkvrvl � grkvjvl � gjlvrvk)

+ gjk("�
2�vlvr + "��2vav

avrvl + arwl �rrwl) (3.3)

� gjl("�
2�vkvr + "��2vav

avrvk + arwk �rrwk)

� "(�grk + �vrvk)Pjl + "(�grl + �vrvl)Pjk :

Substituting (1.12), we have

�Rrjkl = "�3(grlgjk � grkgjl)

+ "�2�(grlvjvk + gjkvrvl � grkvjvl � gjlvrvk)

+ gjk["(�
2� + ��2vav

a)vrvl + �vrSl + arwl �rrwl]

� gjl["(�
2� + ��2vav

a)vrvk + �vrSk + arwk �rrwk]

+ �vrvjMlk � "(�grk + �vrvk)Pjl + "(�grl + �vrvl)Pjk :

Interchanging the indices r and j and also k and l and adding the obtained relation
to the preceding one, we get

2�Rrjkl = 2"�3(grlgjk � grkgjl)
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+ "(3�2� + ��2vav
a)(grlvjvk + gjkvrvl � grkvjvl � gjlvrvk)

+ gjk(�vrSl + arwl �rrwl)� gjl(�vrSk + arwk �rrwk)

+ grl(�vjSk + ajwk �rjwk)� grk(�vjSl + ajwl �rjwl)

� "(�grk + �vrvk)Pjl + "(�grl + �vrvl)Pjk

� "(�gjl + �vjvl)Prk + "(�gjk + �vjvk)Prl:

Now, we replace the indices r; j; k; l with l; k; j; r respectively. Adding the ob-
tained relation to the preceding one and taking into account that Pij is a symmetric
tensor, we �nd

4�Rrjkl = 4"�3(grlgjk � grkgjl)

+ 2"(3�2� + ��2vav
a)(grlvjvk + gjkvrvl � grkvjvl � gjlvrvk)

+ gjk [�(vrSl + vlSr) + arwl + alwr � (rrwl +rlwr)]

� gjl[�(vrSk + vkSr) + arwk + akwr � (rrwk +rkwr)] (3.4)

+ grl[�(vjSk + vkSj) + ajwk + akwj � (rjwk +rkwj)]

� grk[�(vjSl + vlSj) + ajwl + alwj � (rjwl +rlwj)]

� 2"(�grk + �vrvk)Pjl + 2"(�grl + �vrvl)Pjk

� 2"(�gjl + �vjvl)Prk + 2"(�gjk + �vjvk)Prl:

Now we have to determine Pij . To do this, we interchange the indices r and j in
(3.3) and add the obtained relation to (3.3). We get

� �vrv
aRajkl � �vjv

aRarkl

+ gjk["(�
2� + ��2vav

a)vlvr + arwl �rrwl]

� gjl["(�
2� + ��2vav

a)vkvr + arwk �rrwk ]

+ grk["(�
2� + ��2vav

a)vjvl + ajwl �rjwl]

� grl["(�
2� + ��2vav

a)vjvk + ajwk �rjwk]

� "(�grk + �vrvk)Pjl + "(�grl + �vrvl)Pjk

� "(�gjk + �vjvk)Prl + "(�gjl + �vjvl)Prk = 0:

This, in view of (1.12), can be written in the form

2�vrvjMlk

+ gjk ["(�
2� + ��2vav

a)vlvr + arwl + �vrSl �rrwl]

� gjl["(�
2� + ��2vav

a)vkvr + arwk + �vrSk �rrwk ]

+ grk["(�
2� + ��2vav

a)vjvl + ajwl + �vjSl �rjwl]

� grl["(�
2� + ��2vav

a)vjvk + ajwk + �vjSk �rjwk]

� "(�grk + �vrvk)Pjl + "(�grl + �vrvl)Pjk

� "(�gjk + �vjvk)Prl + "(�gjl + �vjvl)Prk = 0:
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Transvecting this with gkr, we have

"(n�2� + n��2vav
a + �P )vjvl + najwl + n�vjSl � nrjwl

� gjl["(�
2� + ��2vav

a)vbv
b � "�P + waa

a + �Sav
a �raw

a] + 2�vjv
aMla

= "(�n+ �vav
a)Pjl + "�(vjv

aPal � vlv
aPja); (3.5)

where P = Pabg
ab. This function can be determined as follows.

Taking into account (1.3), we get from (3.2)

P = R�
N
�N
 :

On the other hand, transvecting (1.7) with gil and using (1.3) and (3.2), we �nd

R�
B
�
j B



k � "Pjk = Rjk � "[(n� 1)�2 + ��vav

a]gjk � "(n� 2)��vjvk ;

from which, transvecting with gjk, we get

P =
"

2
(R �R) +

n(n� 1)

2
�2 + (n� 1)��vav

a: (3.6)

Now, let us return to (3.5). Interchanging the indices j and l in (3.5) and
subtracting the obtained relation from (3.5), we �nd

"�(vjv
aPal � vlv

aPja) = �(vjv
aMla � vlv

aMja)

+
1

2
n(ajwl � alwj) +

1

2
n�(vjSl � vlSj)�

n

2
(rjwl �rlwj):

Substituting this into (3.5), we �nd

"(�n+ �vav
a)Pjl = "(n�2� + ��2vav

a + �P )vjvl

+
n

2
(ajwl + alwj) +

n

2
�(vjSl + vlSj)�

n

2
(rjwl +rlwj)

� gjl["(�
2� + ��2vav

a)vbv
b � "�P + waa

a + �Sav
a �raw

a]

+ �(vjv
aMla + vlv

aMja):

Thus, supposing
�n+ �vav

a 6= 0;

we have

Pjl = C

�
vj

�
n

2
Sl + vaMla

�
+ vl

�
n

2
Sj + vaMja

��

+D[ajwl + alwj � (rjwl +rlwj)] +Evjvl + Fgjl;

(3.7)

where we have put

C =
�

�n+ �vava
; D =

n

2(�n+ �vava)
; (3.8)
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E =
n��(�+ �vav

a) + �P

�n+ �vava
;

F =
�P � ��(� + �vav

a)vbv
b � "wba

b � "�Sav
a + "raw

a

�n+ �vava

(3.9)

Substituting (3.7) into (3.4), we get

Rrjkl = A(grlgjk � grkgjl) (3.10)

+ grl(Bvjvk + vjpk + vkpj + LQjk) + gjk(Bvrvl + vrpl + vlpr + LQrl)

� grk(Bvjvl + vjpl + vlpj + LQjl)� gjl(Bvrvk + vrpk + vkpr + LQrk)

+N(vjvkQrl + vrvlQjk � vrvkQjl � vjvlQrk);

where we have put

A = "(�2 + F ); B =
"

2

�
3�� + �2vav

a +E +
�

�
F

�
(3.11)

pl = Sl

�
�

�
+ "nC

�
+ 2"CvaMla (3.12)

L =
1

�
+ 2"D; N = 2"

�

�
D; Qrl = arwl + alwr �rrwl �rlwr: (3.13)

Thus, we have

THEOREM 2. Let (M; g) be a recurrent Riemannian space. Let (M; g) be its

quasiumbilical hypersurface satisfying (1.6). If, in addition,

� 6= 0; n�+ �vav
a 6= 0; Tk = fvk;

then the curvature tensor of the hypersurface can be expressed in the form (3.10),
where the functions A and B are given by (3.11) and (3.9), the functions L and

N | by (3.13) and (3.8), while pi is an 1-form determined by (3.12), (3.8) and
(1.13). As for the function P , it is given by (3.6).

If pl = 0 and Qij = 0, (3.10) reduces to

Rrjkl = A(grlgjk � grkgjl) +B(grlvjvk + grkvrvl � grkvjvl � gjlvrvk);

i.e. the hypersurface is a space of quasi-constant curvature. For example, if
�=const.6= 0, and � = 0, the conditions pl = wl = 0, according to (1.9), (3.12)
and (3.8), are satis�ed. The condition wl = 0 implies Qij = 0. On the other hand,
if � = 0, then B = 0 and the hypersurface is a space of constant curvature. Thus

THEOREM 3. Umbilical hypersurface of the recurrent Riemannian space sat-

isfying �=const. 6= 0 is a space of constant curvature.

As a consequence of Theorem 3, we have (c.f. [5, Theorem 1])

COROLLARY. Umbilical hypersurface of a Cartan-symmetric Riemannian

space satisfying �=const. 6= 0, is a space of constant curvature.
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We get from (3.10)

Rjk = gjk[(n� 1)A+ 2pav
a + LQabg

ab +Bvav
a]

+ vjvk[(n� 2)B +NQabg
ab] +Qjk[(n� 2)L+ vav

aN ]

+ (n� 2)(pjvk + pkvj)�N(vkv
aQja + vjv

aQak); (3.14)

R = n(n� 1)A+ 4(n� 1)pav
a + 2(n� 1)PQabg

ab + 2(n� 1)Bvav
a

+ 2N(Qabg
abvpv

p �Qabv
avb): (3.15)

Substituting (3.10), (3.14) and (3.15) into the expression

Crjkl = Rrjkl �
1

n� 2
(gjkRrl � gjlRrk + grlRjk � grkRjl)

+
R

(n� 1)(n� 2)
(gjkgrl � gjlgrk)

of the conformal curvature tensor, we �nd

Crjkl = N

�
2

(n� 1)(n� 2)
(gjkgrl � gjlgrk)(Qabg

abvpv
p �Qabv

avb)

+Qrlvjvk +Qjkvrvl �Qjlvrvk �Qrkvjvl

+
gjk
n� 2

(vrv
aQal + vlv

aQar � vav
aQrl �Qabg

abvrvl)

�
gjl
n� 2

(vrv
aQak + vkv

aQar � vav
aQrk �Qabg

abvrvk)

+
grl
n� 2

(vkv
aQja + vjv

aQak � vav
aQjk �Qabg

abvjvk)

�
grk
n� 2

(vjv
aQla + vlv

aQja � vav
aQjl �Qabg

abvjvl)

�
:

Thus, we have

CORROLLARY. Let (M; g) be a recurrent Riemannian space and (M; g) its

quasiumbilical hypersurface satisfying (1.6). If, in addition,

� 6= 0; �n+ �vav
a 6= 0; Tk = fvk; Qij = 0;

(M; g) is conformally 
at.
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